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PREFACE 


Hi. 


Xhis textbook is an attempt to 
blend arithmetic content and method for the teacher or fntnre teacher. 
Because the elementary teacher usually teaches arithmetic m only one 
grade, content and method are organized by grades instead 0 y 
arithmetic topics. This does not mean that the teacher shoul Itaow 

only that par. of each arithmetic .opicusuallyreservedforacrtam 

grade. To the contrary, teachers should know arithmetic by both topics 

“itwotld be as hopeless a task to find a 
program as it would be to find a typical 

sequently, no claim is made that t ' P™j^ m 0n (he other hand , ma ny 
grade represents a con ;“ SUS . by rith ^ etic and publications by expert- 
sets of contemporary texts m . . , „ r ams described in 

mental groups were used in the synthesis of the programs 

this book. concents for the teacher and 

Four chapters develop mo ern ^ ^ num bers, the integers, 

offer an elementary present development of the 

the rational numbers, and the real numb r . Jhedc^ to 

natural numbers from basic concep e comp lete than is usually 

integers, rational and rea ters shou ld assist the elementary 

found in texts of this kind Th P ndersta „ding many features of 

and junior high school teacticr 

current trends in arithmetic. ithout content is a dry and un- 

The writers believe that method metho d does not assure 

fruitful subject and that conten ' solving, helping the excep- 
learning. Evaluation, diagnosis, F mac ] e a part D f t he program 

tional learner, and other topics learning are provided. Rather, 

of each grade. No steps for tench! g ^ * c(hod as a meaningful 
the writers have tried to present 

whole for the teacher or future teacher. 

DONACD E. Shipp 

Sam Adams 
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It is difficult for us to imagine a 
hool program that does no. include 

,ch programs. Since arithmettc became^^part of^ ^ ^ ^ ^ 
hool curriculum, the nature o change d drastically. Indeed, 

lethods by which it «. Jang , f changes ^ „ 

An 

ie following points of View : A The Arithme tic Curriculum 

B . Methods of Teaching Arithmetic 

C. The Learning of Arithmetic 

D. The Education of Teachers 
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It is difficult for us to imagine a 

school program that does not 

such programs. Since ant m material taught, as well as the 

school curriculum, the nat “ r<! ° hav(; change d drastically. Indeed, 
methods by which it ’ that furth er changes will occur as 

there is ^ery rcasun bl^ and lcarni „g arithmetic. An 

research reveals better y changes in content. 

the following points of view: Tllc Ar i thm etic Cirrieolom 


B. Methods of T caching Arithmetic 
c. The Learning of Arithmetic 
D. The Education of Teachers 
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The word “curriculum” is widely 
a. The Arithmetic Curriculum used and variously interpreted. 

-After qualifying verbiage is removed, 
however, most definitions come back to the very basic meaning, “that 
which is tau g hl. Obviously, curriculum is related to method in that 

effort T T° n af thcr “ produce leam!n S- Nevertheless, an 
7 , Cl0Sdy “ ‘ hc basic conce P' of curriculum 

as that subject matter which is included in a particular course. 

THE ARITHMETIC CURRICULUM IN EARLY SCHOOLS 

Early civilizations used svstemc of .• , 

developed fairly elaborate systems of eo E ’ *7 S ° me ° f ,hl!nl 

h still a basic instrument in certain Z T' abaCUS> Which 
believed to date back as far as thl sixth^ 7 qUanU ““ v,: work " 15 
adequate for the needs of its users- hence 7 B '°' “ d ' V!CC "" 

undenvent very little change. ’ “ r many ccn 'unes, it 

theyhadtotl,?gZ n -r h tZ™'7an n a " d co . raputation were used, 
with a certain amount of tutoring ya<xompl “J 1 «I through practice, 
metic was taught only to those who „ a Ti". rudimentary arith- 
Generally, arithmetic was "legate"' 'I 1 “ ?* ' “ ork - 
schools of the Ancient World. For ,» , a m,nor Position in the 
Greece, "Due to the cumbcrsomencs X s a 7f P th'e SmilhI **** ° f ancient 
their antipathy to commercial and „,t. numer al system and 
pursuits, .raining i„ arithmetic aooL , u PraCtical occupational 

““of !h 8 E r0bably nclt a PPreciably beyond siZ] h”" VCry mea S er > 
l? f tkc fin 8 CI5 and an abacus." V “ pIe “unting svith the 
he European merchants who brooch v 
T'™ !°, Europe saw imputation as a ve' Hi “ du -Arabic number 
assumed that they taught the practical 1 ^ USeful a «- It can be 

teemh" 5 and apprcn,ic<:5 - The schools onTZ Sdence to ,heir 
be utefuT'Z' C0 " CCntra " d on those ph Jes “ ““S thc 

studv ne 0 ; trad “ m '"- Effort, to i^eT, Would 

« n m™ r ^ m !; , ' : "' r ' ,ar B'lyunavaiU„g m/ 0 ' 1 " B 8“1emen” in 

criterion If S ‘r , y ° f ari,hm «ic was basfd Z '•“"'il the eighteenth 
entenon of usefulness. alm °rt exclusive,® „ n thc 

p.V™"' Sm ' ,h - -*««« Bto- (New Vert. Ph .. 

k - Phitosophicat Library, t95 5) . 



THE ARITHMETIC CURRICULUM 5 


THE ARITHMETIC CURRICULUM IN AMERICAN SCHOOLS 

The educational concepts that were dominant in England at the time 
America was being settled also became dominant in America— simply 
because these ideas were the only ones the settlers knew. Thus a pure y 
classical type of education was established in America, with the Latin 
grammar school occupying a position of great prominence at t 
secondary level. It is hard to imagine a community as beset with 
dangers, discomforts, and hardships as was a typical New England 
village during the Colonial period. It is even harder to imagine these 
people establishing schools where the chief aim was to teach Latin 
Greek, and sometimes Hebrew-this in a new world where there ™ tan 
urgent need for surveyors, navigators, bookkeepers, and many other 

workers in specialized areas. grammar schools 

Catalogs indicate that some of he larger t.ai g . . ; ved 

did give passing attention to the rudiments of anthmettc, but 
far less time and attention than did the classics. sponsored 

s;sr;iir s - r -' 

certainly there was great need for . U at dea l about 

Some of the textbooks used ^ th e Sckaol- 

the arithmetic curriculum ^ British publication, but “adapted to the 
master’s Ass, slant, on S'" a ' l y ^ a re SCV eral recommendations, 

United States.” Included m the ^ M academi es. The author of 

some of which were written y h The second page of text 

this text believed “ a ' addition and subtraction table, followed by a 
matenals contained an advance beyond page 

multiplication table. Thn» student, in order^ ^ ^ book . 

2, must know facts now SP and tablcs> „j t h practically no 

essentially a compendiu 

attention given to und '"““ appeared early in the nineteenth century 
The pubhc thigh school firs. ^ ^ education al system until 

but did not becom h j 1 , came specialized mathematics courses, such 

after the Civil War. t schools, but arithmetic still occupied a 

as those now found m .the am , secondary curr.culums. 

prominent position i 


2 Nathan 


Dabol W**— ■* (E- - * 
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otecu d hvT' in . prac r tlc , al training ' h0wever ' someh ° w became 
™ Udn„ d r nmSO ,1 ' C mind ” ° r ramtal discipline idea. Thus, 
tau h Lel' be' T " ntUry> n,an >' arithm «ic problems were 
mind F„ ' USe * -T' difficult a " d -ercised the 

.821437437 ml ° ne “"V " C h °° kI had ,he students change 

Another ' ’ ' r C ° mm0n fraction - Thc answer is iSitH 

emphl givclllCal° r ll: C me " ,al ““P 1 ™ ™«P« «• the 

rnetic 4 included this problem "AUA ^ «»«*«* in mental arith- 
day, replied that ? of the rim Y ’ bei ° S asked the hour of the 
midnight minu of equaled f of the time to 

remembers that suchlerlisl 0 c ' VaS thc timc? " When one 

appreciate the unhappy lot of thelmd *, 1“ thc head ’” onc can 
concept of mental discipiine ^ 

THt MOn„ N CURRICULUM ,N R, m „ n , c 

mctichasalongandhonOTablfhUto’rl% m °K m curtcuIum m arith- 

K 

The number system For m-. 

the teacher !,tm u n " on ' And with the’he^ r ' Ure of numbers 
elemental ”1 ,0 bui, d a concept of nib P ° f, “ chin S materials, 
an anthmettc experiences “ that «*n the mos! 

n, /», imm,,, , prr ulc to understanding. 

'lr.it . ically *££*£** aPPmach used 1^1' [*« 

A fc " dccad « ago, f 0r tcachl "& has been 

JJ'"*rhRa> Xreii i pc ’ "hen a student 

<; Urn.*,. A,.'" 'NV„ y orl 

|f/| ■ -'-HrS^gS-Vhp^. 
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came to the “multiplication tables,” he didn’t move until he could 
recite the facts included in it. Thus, he might spend weeks on end 
drilling on an exercise which was, to him, rote memory. Now it is 
recognized that these facts have meaning and hence can be taught 
meaningfully. Also, instead of learning all the facts in one prolonged 
session, he studies part of them one year and part another so as to 

lighten the drudgery. _ ^ . 

This docs not imply that the modern student studies fewer facts than 
did his predecessor. The big change is that he now studies them as 
concrete processes that have meaning, and he takes a few at a time, n 
either ease, the goal is mastery of the facts-add.t.on, subtraction 
multiplication, and division. But the content for each year has been 
changed so as to make learning the facts a gradual process. 

Measurement. The modem arithmetic curriculum includes various 
topics associated with measurement. Now hmveyer, the emphasn 
on measures that have meaning to «rtn^ ” 
length, weight, volume, and others. Th.s ts .n “ 

earher practices when students labored mightily with t un ts which were 
meaningless to them. Consider, for example, the : s.uden « D, who 

learned that 20 grains make 1 scruple “hT arithmetic curriculum 
such measures have d'^ppeared xhe mca sures presently 

because they are too specialized for general use ^ ^ of 

included in arithmetic books have, > 

practicality. . , 

Social usa S e. One of the big changes 
material is presented at a time weniuo^ schoc ,i and home 
Problem situations are based show children who look like 

activities, or other such a "' ica l childhood activities. Generally, 

children and who are engaged i typ results. There is a vast 

the problems are designed to yie r ' modern books and earlier ones 
difference in this respect betwee hen-and-a-half lays an 

presentingsuchitemsastheoldsmndard, 

egg-and-a-half in a day-and a 

THE CHANGING AIMS IN ARITHMETIC TEACHING 

The herdsman in the East who droppe t d o a o P a b c o r e r «pondence, a very 

xrrts - - sincc ihis 
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Franklin’s interest in practical training, however, somehow became 
obscured by the “training of the mind” or mental discipline idea. Thus, 
until well into the twentieth century, many arithmetic problems were 
taught solely because they were difficult and hence exercised the 
mind. For example, one arithmetic book 3 had the students change 
.821437437 ... to a common fraction. The answer is iSMH. 

Another manifestation of the mental discipline concept was the 
emphasis given to mental arithmetic. One textbook in mental arith- 
metic included this problem. “A lady, being asked the hour of the 
day, replied that J of the time past noon equaled 5 ‘ of the time to 
midnight, minus . of an hour; what was the time?" When one 

appr^ate ,h ' ^ “7*“ ' Verc ‘° bc donc “ in ,hc head,” one ean 

0 P n Xf menMd^ 0t I"* S,Udenl durin S ,hc P“° d when the 
oneept of mental discipline dominated the teaching of arithmetic. 

ms modern CURRICUIUM in arithmetic 

reached, however, and the sam A 7 ° u tlmatc answers have been 
function. ' !amc developmental processes continue to 

young cWldrefSned”o™aXoffft e !t Was consi dered adequate if 

though i, might be a meanZless ^ , nU M mbCrS fr ° m 1 10t >. even 

“ ab ° U ‘ ° ur number system "ti, "t*’ ch,Idren “ re laught a 
>0. the fact that 16 means six-ten a„a 7 ' hat We use a base of 

th , a gr i! a ' deal of axentlon. And withT'r.^' StrUCturc ° f "umbers 
>racher hopes to build a concept 0 f n materials, 

elementary arithmetic expedenc^i ‘ hat 
Vf fmiamntal T _ ' understanding. 

■*«**, Aw „ k example, when a student 

p la: Christopher Sower 
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came to the “multiplication tables,” he didn’t move until he could 
recite the facts included in it. Thus, he might spend weeks on end 
drilling on an exercise which was, to him, rote memory. Now it is 
recognized that these facts have meaning and hence can be taught 
meaningfully. Also, instead of learning all the facts in one prolonged 
session, he studies part of them one year and part another so as to 
lighten the drudgery. 

This does not imply that the modem student studies fewer facts than 
did his predecessor. The big change is that he now studies them as 
concrete processes that have meaning, and he takes a few at a time. In 
either case, the goal is mastery of the facts — addition, subtraction, 
multiplication, and division. But the content for each year has been 
changed so as to make learning the facts a gradual process. 

Measurement. The modern arithmetic curriculum includes various 
topics associated with measurement. Now, however, the emphasis is 
on measures that have meaning to children — simple money units, 
length, weight, volume, and others. This is in marked contrast to 
earlier practices when students labored mightily with units which were 
meaningless to them. Consider, for example, the student of 1830, who 
learned that 20 grains make 1 scruple or 3 scruples make 1 dram. Many 
such measures have disappeared from the arithmetic curriculum 
because they are too specialized for general use. The measures presently 
included in arithmetic books have, by and large, met the test of 
practicality. 

Social usage. One of the big changes in arithmetic content is that 
material is presented at a time when it should have meaning to children. 
Problem situations are based on children’s games, school and home 
activities, or other such areas. Texts show children who look like 
children and who are engaged in typical childhood activities. Generally, 
the problems are designed to yield realistic results. There is a vast 
difference in this respect between our modern books and earlier ones 
presenting such items as the old standard, “If a hen-and-a-half lays an 
egg-and-a-half in a day-and-a-half” type of problem. 

THE CHANGING AIMS IN ARITHMETIC TEACHING 

The herdsman in the East who dropped a pebble into a pile for each 
sheep that went past him was using one-to-one correspondence, a very 
simple, crude device for determining the size of his flock. Since this 



8 THE DEVELOPMENT OF ARITHMETIC TEACHING 


raclhod was adequate for his immediate needs, he made no particular 
effort to improve upon it. Similarly, the fruitseller who sketched a crude 
abacus in the dust deposited on a flat surface was using arithmetic at a 
level such that she had no incentive to work toward improvement. 
Consequently, for many centuries, rudimentary arithmetic was taught 

™ at a“y .fwTe^ ** “ d " y th “ 

concern id r ab0 “' ,h '. pIacc of arithmetic in education changed. The 
concept or mental discipline displaced practicality as the purpose of 

one ^e™ n "uo C ' Schools - shift ^major 

B™k?wto “ VM d^ dUal bU ‘ 2 fcW ” a ”“ sta " d out - Edward 
credit to ^Cn ^bum " “ mCntal “*metic,r gave 

Of mental (YVh*^ 0 ' 111 ^! 11611 ^ alathm o dc ' 

quickness of perception newness n fS ^ pr ° perIy tau S ht > * gives 
and an intellectual power and m- ?t' 8 *’ tou S hnes s of mental fibre, 
elementary branch’ by no 0ther 
teachers sought to develop vounv • i '"V tbat ’ for man y dcc ades, 
muscles— through vigorous exercise “ “ Sh ' hey we rc developing 

" ,hC g ° a > 

Pmturc. This did not mean a Y *? gan ,0 into the 

Rather, efTort was directed toward T v g ° a ' ° f Practicality. 

instead or miniature adults The an' .' eachlng chlldr «n as children 

I:'"' ac,M '« which children ,!;l KUSedint “rWngariU 1 meUc 

luanons were real; concrete material norn,all >’ '"joy. Teaching 
■ n?e or approach was criticized " CrC extensively used. This 

I, “"v S ° r arithmetic subject matt c ? ^ gar ‘ coati ng arithmetic or 
h d ™; 8 t"' a n-ajnr in ^ neWtn >P ha ». however, 

■n hc mode ™ — 

■nX‘lZ P 'r K °"' v '™r an wache™ Und ' r mental 
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emphasis. Thus, children are being taught to understand many 
operations which for years were taught as rules, formulas, and pro- 
cedures. For example, the process of borrowing in subtraction was 
long taught as an abstract procedure. It is now presented to students 
as a logical method of number treatment which, when understood, can 
be carried out quite successfully by most students without the use of 
rules and step-by-step methods. 

It can he seen that the goals toward which teachers strive in the 
teaching of arithmetic change over the years. As long as society is 
changing, aims of teaching must change. 

THE EVOLVING COOTENT OF ARITHMETIC 

Just as aims have changed, so has the content of arithmetic changed. 
Emphases — concepts of the importance of certain processes, for 
example — are constantly being revised. 

As an example, one might consider the role of counting in arithmetic. 
In earlier American schools, the teacher’s first goal was having all her 
students learn to count by rote to 100. This was merely a matter of 
saying number names in a sort of chant which had little meaning for 
anyone. More recently , the emphasis has come to be placed on rational 
counting — counting things. Indeed, it is an open question whether 
rote counting is counting at all, since no things are being enumerated. 
Too, the idea that "this must be learned before we go to anything else” 
has largely been abandoned. 

There have been certain changes regarding the use of cardinal and 
ordinal numbers — notably, that the two are different and are not of 
equal difficulty. Incidentally, a cardinal number tells bow many 
(“I have four brothers”), whereas an ordinal number tells the position 
in an order or sequence (“I am the fourth child in our family ). The 
latter concept is generally considered to be more difficult than the 
former; hence it is developed fairly slowly. 

One major change regarding arithmetic content is the attention 
being given to the structure of numbers. Textbook writers now consider 
a knowledge of the number system to be so important that they give 
some work on it at each grade level throughout the elementary school. 
That 42 means 4 tens and 2 ones; that, in 111, the progression from 
right to left involves a multiplier of 10-these facts and many others 
are now presented in a way which shows that there are reasons for 
doing what is done. These reasons can be seen and understood. Terms 
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like place value and place holder become part of the student’s arithmetic 
vocabulary at an early age, since these terms describe certain vital 
characteristics of the Hindu-Arabic numeral system. 

In teaching the four fundamental operations (addition, subtraction, 
multiplication, and division), the biggest single change probably is the 
current emphasis on understanding why things arc done as they arc. 
Also, learning a set of facts is now broken down into smaller assignments. 
For example, most arithmetic texts introduce the addition facts a few 
at a time, thus scattering the task o\er a period or two or three grade 
levels. 


Common Tractions, long the mainstay of the menial discipline 
advocates, have been given less anti less attention in recent years. One 
reason for this reduced emphasis was the low social utility of many of 
the common fractions formerly included in elementary arithmetic, 
meruit “ 1° mted ° Ut ' hM c "' 3in fractions were 

recln/lv r T ' ha ' cm P basiz ' d i" arithmetic. More 

received a«em 0nC - Pt n ° mm0n frar ' ion! 31 ra,ional numbcrs ba * 
attention m the upper elementary grades. This is a departure 

from the soaal utility criterion but is based upon the development of 

l, U ^ ma , n r lng ° rrraC,i0nS » "““ban. Ate, it is generaHy trim 
that decimal fractions are easier to use thin mm m r • ^ . 

chLdren 1 tiUhav^roubirSh rf I^^y|j| Ipanor ! ri, ^ In '‘ ic ~ and 

change in problem solving is ih c lendencv'tl " m ° S ' ! ‘5 nint:anl rcccnt 
situations. Problems about pets nlanni™ meaningful problem 
dominoes are Tar more effc P ctiv’e P in e.iV * VaCatlc,n ln P' Dr Paying 
attention than problems about “Hosv mLh ^ eu® “ St “ d,:n, ’ S 

cost...?-’ Also, in problem soMmsTn ^ 6 barrcls of fish 

to use realistic data that will yield r’ H 1 ™ dcrn textbook writer tries 
Some Simple geometnr h, t f caso "able results, 
level. Usually this is built around 1IUr ° duccd at thc “Pper elementary 
Playground, wrrh a mini upon the room or 
A certain amount of attention hart, 0 " S1 ' C ’ 1 *° Icarnin S definitions. 

but fewer units are now included. F.ir„ ‘° Units of measure, 

work in measurement to useful ’■mitTr!!-”' b ' en made t0 limit the 
many of the measures that used m e “ Critcrion haa eliminated 
"° rk - '° EgUrc eminently in arithmetic 
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The study of arithmetic content continues to interest several groups. 
The work of some of these groups has led to the introduction of many 
new topics, such as set theory, number bases, and elementary statistics, 
into certain elementary programs. The mathematical nature of the 
number system and number operations are being considered in the 
upper elementary grades. 


CHANCES IN GRADE PLACEMENT OF TOPICS 

The idea of teaching children grouped into grades is relatively new 
in education, since formerly teaching was done, however hastily, by 
working with individuals. Consider the plight of the teacher who tried 
to teach, on an individual basis, 72 students, ranging from beginners 

to high school level. . , 

With the coming or the graded school, the situation in arithmetic 
became quite confused. Nobody knew, for example what should 
constitute fourth-grade arithmetic or how it should differ from fifth- 

^oletpproalh was to leave a text unclassified as to grade level. 
For example David Eugene Smith published an arithmetic text in 
1901 which was entitled simply Primary Arithmetic .« He “P la ” ed * at 
this text was adequate for the first four school years. This eliminated 
the necessity of placing topics or processes specifically in a single grade 
When gride placemen, of topics finally became wtdely accepted, it 
was essentially I rule-of-thumb operation, since little or no research 

was to place topics a example, some authors introduced 

confusing for ^‘^““^Vever, there has been a great deal 
Within the past fe ’ jcs Such work has resulted in 

of research regarding dlffi J hi hcr grade levels than was 

moving many anthme ic P y of inches, feet, and yards, a 

formerly theease these units separately, 

modern arithmetic prog S and thc d even 

with the inch at fiist-grade level, *e to of topics has 

bet " It’ whX student could be expected to understand the 
process. 

, David Eugene Smirh, — (New York G,„n and Company, ,004). 
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Recently, there has been some evidence of a reversal of the trend just 
described. Arithmetic texts have been criticized as being too easy; 
it is said that some of the processes should be introduced at an earlier 
grade level. If research indicates that this contention is valid, pre- 
sumably some topics will be moved to a lower grade level. Such 
changes may be seen in some arithmetic texts. 

Arithmetic is a living, growing area of study. New topics, processes, 
and operations are constantly being developed and added to the body 
of subject matter. With each such addition comes the question of 
where to place it. Only research can determine the difficulty of the 
new topic. Hence, grade placement should be at such a level that 
mastery of the new material can reasonably be expected of students. 


CHANGES IN SEQUENCE OF TOPICS IN ARITHMETIC 

The sequence of topics, and the way in which the teaching of an 

and nwc n holot'' i r rrCqUCml> ' i " UStra,K * basic between logic 

the PCS tionTa'. al" "T y£ar \ totb °° l; a “*°r* in arithmetic took 
the position tha a logical approach was the best approach in teaching 

aSs; - ,5“’ issf “f ■ *• 

»c shall master the muliinlir,,;™ r, » ~ USC th “ a PP roach: “Now 
on this awesome tabic undl he c " I • G '" eralI >'> a student stayed 
through 12 x 12 and hr did ,, ° U , d rcC1,e a '. of thc fact s from 1 x 1 
he was on the table,. Threats" cablei^ anytt T B clsc during the time 
these that "motivated" a student toT Punishment— any of 

And at the end of this operation th hl! ,abl « would be used. 

all or the facts in multiplication ’ C Stu cnt knew . f ° r the moment, 

com‘\v^^:XT d r^“ sy ; h r ver ' >--« p— 

given ground 

''families” or groups. After the familiar? ^ muIti P licati °n facts in 
undent works ., « * 

program, delay complete masielj ,1,?™'!°"; Many arithm ' tic 
grade; although some ^ “ 

° n '^ * tb£ 

once learned always known,” paremsTd be '°S'Cal to assume that 

>* ob — d 

g a «n. Thus, in teaching 
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multiplication facts, most teachers will reteach the ones that were 
learned earlier, then introduce new ones. 

Another factor that has influenced the sequence of topics is the 
previously mentioned research on difficulty of topics. In earlier years, 
for example, students were taught from the first to write division 
remainders as common fractions. As information about the learning 
process and the difficulty of operations became available, however, 
students were taught to write remainders simply as remainders. Now, 
the common-fraction way of writing this quantity is usually delayed 
until the upper elementary grades. 


INCREASED EMPHASIS ON SOCIAL ARITHMETIC 

As was mentioned earlier, arithmetic content underwent certain 
changes in keeping with growing knowledge about the learning 
process. Arithmetic, however, has always been affected to some 
degree by social conditions. For example, in the area of measurement, 
communities would establish units in keeping with their own needs 
frequently, these units would be entirely different from tern, 
neighboring community. Trade between these societies, however, 
would ultimately bring the two systems of measures into harmony with 

Ca Indeed, r 'early arithmetic was probably established on the basis of 
social need alone. The sheepherder who used a one-pebble-for one 
Seep system of enumeration was using a system that met his immediate 

S0 This n pattem changed considerably, ofconrse, during the period when 
mental discipline was the with ," « 

Obviously, a problem could made consider the 

without, socia s^oan, luce *e textbook problems were well-suited 

problems in a local area. s.nce the^extboo ^ # ^ , ost , 

to the job of mlnd ; s “ e ‘ d l. f ld a of t hc remainder at cost, he would 
of his hens and found that if s ^ so]d j of the remainder, he 

receive 40 dimes, but if he P hc have?’ When it is 

would receive 20 dimes. How m y , he p e lp of pencil and 

man coudd stay inThe^cldcken business a long time without encountering 
need for such mental gymnastics. 
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The modern program of arithmetic instruction has evolved on the 
basis of logic, psychological laws, and social need. Writers of textbooks 
constantly strive to present problem situations that are real to the age 
group under consideration. Thus, children’s games arc the basis for 
many problems. 

Nevertheless, it remains for the individual classroom teacher to show 
that arithmetic functions in her own community. Only she can base 
realistic problems on wheat in a wheat-producing area — or cotton in a 
cotton-producing area. One teacher from a coastal community has 
pointed out that student interest in his fifth-grade arithmetic class 
soared when the group worked problems about shrimp or fish. 
Problems about growing apples or mining coal— both foreign to the 
community-aroused little response. Whatever the efforts of textbook 
producers, therefore, only the teacher can make full use of social factors 
m the teaching of arithmetic. 


. 0U p‘ d ' aS regardin S “social utility” are undergoing a gradual expan- 
sion. For example, an understanding of abstract number concepts is 
coming to be recognized as having social value. The content of many 
arithmetic programs reflects this re-interpretation of the term. 


THE CHANCING SOLE OF MATE MALI IN ARITHMETIC TEACHING 

aritoetic'teal'i? T? """P'"" 1 3 Cyd ' ” ari «™ctic work and 
early societies was teed' “ n fP ond ' ;n “ concept found in 

Also! the “ ° f ' as counters, 

to arithmetic. ° ^ extens,on this same general approach 

was the dominSfphfll^h^m^i^Z " hen “'"P* 1 discipline 

teacher operated on the premise that dS . Were sus P ect i smcc the 
abstract. Furthermore, any alterant 3nd,me,lc 'T as b f its v ery nature 
light made it easier, and that was u„d re *'"i!i 3nthmetiC “ any ° ther 

was little use of concrete objects dcslrab 'e- Consequently, there 


-w. RAUJC1.15. 

In recent years, however educate, i, 
lint, instruction in arithmetic h so ° ^ V< \ KalK ' d that , from the very 
other subjects. In reading for exam ^“mt from instruction in 
one meaning. But beginners are / L „ has only one symbol and 
some lime, in efTect usL two i ‘ 3Ught a "d “3” about the 

Of developing an understanding Then comcs the difficult task 

ond symbol. g 01 thc quantity described by this word 
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It has been found that young children make their best progress when 
numbers are introduced by use of concrete objects — pencils, books, 
cardboard disks, even children themselves. The same method is 
valuable in teaching certain phases of the fundamental operations. For 
example, in learning the addition fact 3 + 2 = 5, a student can check 
himself by counting three pencils in one stack, two in another, and 
verifying that combining these groups yields a single group of five 


pencils. 

A good teacher realizes when a particular student has worked long 
enough with manipulative materials and is ready to move to semi- 
concrete representations. Thus, instead of having him use three pencils 
and two pencils in groups, she shows him pictures of such groups of 
pencils. This is somewhat more difficult, since he doesn’t actually 
handle the pencils. 

Only the teacher can work with students in the concrete phase; 
obviously, textbooks are not adapted to such teaching. As students 
move into the semiconcrete phase, however, the pictorial representations 
in texts or workbooks are very valuable. Also, as w,l be pointed .out m 
detail later, there are many films, filmstrips, manipulative devmes, and 
other visual aids that can assist the teacher at the semiconcrete 

'Tt'is as true now as it was during the mental discipline period that 
arithmetic basically deals with abstractions. But , 1 It ab Mrue tht 
abstract concepts have little meaning for small children H en e t 
modern teacher starts young children a. the concrete le 
them as rapidly as she can to the semiconcrete level and ultimately 
abstract treatment of arithmetic. 


NEW EMPHASIS ON EVALUATION 

For maximum efficiency in 

the pupil, theteacher-and at in c^^ati^n a continuing process, 
of progress is being made, tie , evaluation— homework, 

Many phases of arithmetic work^im us is the backbone 

seatwork, study habits, and others, testing 

of the evaluation process. teacher-made test. 

There is no. and cannot be a replacement for thema ^ ^ 

Only the teacher can judge when a test is neede h VP ^ ^ 

of testing needed. Only the teacher can us the : result 
correction of defects in the learning process. Hence, 
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or oral, that are devised by the teacher, analyzed by the teacher, and 
used by her in the teaching process can never be replaced by tests 
ordered from a publisher. 

Considerable attention is being given to testing in arithmetic. For 
example, the use of inventory or readiness tests, usually oral, for 
beginners is recommended. Frequent use of diagnostic tests, designed 
to locate specific difficulties, is also recommended. And there is no 
substitute for frequent testing as a means of providing work incentives 
for students. 


Standardized tests for use in arithmetic teaching are numerous, and 
they do have a place in the teaching process. Many teachers, for 
example, like to use a standardized test near the end of the school year 
to appraise the standing of their class in terms of the national norms. 
Others like to use such tests at the beginning and end of the school 
year as a method of measuring progress. School administrators some- 
times use standardized tests to determine grade level for new students. 

teachtf ^ lesIre^Ttht hdp that X 

maA a s n Vhtca 1S „ r h eqUir<: *' a " grade lcveIs *° P™ student, 

^ith mS child™ P KPCC f y ,h ° my probfcm r ° r I”* »ho work 

!h0U ' d kce P factors"^ 

came from so that she can U . C SUre she ^ nows where every mark 

necessary; (2) she should be aware\h?t P sheT te C . XplanatlonS where 
as arithmetic; (3) she should u l markin S people as well 
be used as an &£££ ““ 
marking can be recommended Frequemlv 1 T’ gcncral P lan of 
d.e.a.e the patterns used in a particular community ' ^ CUSt ° mS 


b. Method* of Teaching Arithmetic ^*y give attention to methods 
««j ! eac Isn’t teaching just 

If. m a given situation, one person i«°- ln » What comes naturally?” 

others, with equal logic, fill the role Jf* V qualifies as a teacher and 
the inevitable result ? ° f Iearners > isn’t teaching-learning 
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BACKGROUND FOR TEACHING ARITHMETIC 


Most people can, on the basis of their own experience, cite instances 
that negate the position just mentioned. Many will recall teachers who 
were well versed in subject matter but who were very poor teachers. 
Some teachers consider that telling is teaching, although learning is an 
active, rather than passive, process. Others can’t simplify explanations 
sufficiently. Then there are the chalkboard scribblers, the mumblers, 
and many others — frequently strong on subject matter but poor 
teachers nonetheless. 

Teaching arithmetic is essentially a building operation, with each 
grade level adding to the structure. But each builder need not evolve 
his building techniques from the grass-hut stage. Rather he is trained 
to profit by the research of others who preceded him. And thus it is 
with each arithmetic teacher. A great deal of investigative and 
developmental work has been done regarding methods of teaching. 
Isn’t it only sensible for a contemporary teacher to profit from such 
research? If some methods have been shown to be better than others, 
isn’t it logical that a modern teacher spare herself and her class the 
ordeal of working with the poorer methods? . .. , 

But aren’t good teaching methods essentially the same in all areas? 
This position, frequently taken by students is analogous again to the 
building industry Does it follow that a good plumber would be a good 
carpenter, sinccL.h work on the same structure ? 

differs from teaching social studies, language arts physical education, 
or music for the obvfous reason that in each area the .cache- working 
toward certain specific goals. And the goak differ for th ' dl ^ 
subiect areas Indeed, many students recall certain of their earlier 
teasers who were outstanding in some areas but mediocre in others 
Thr teaching and learning of arithmetic have several unique 
feamres One previously mentioned, is that each year of arithmetic 
v • h souarely on that of the previous year, so that gaps in the 

work is based squarely on ^ is not done , ,he student is 

learning process must b characteristic of the learning 

erippied ” * “ J^antitative thinking is relatively new to a 
ofan hmetic « that * q ^ ^ ^ thcjob of teaching 

m , dent "omening for which he, a, the time, sees little need. A 
the student someth! g jn ^ process of i earni ng arithmetic, 

third feature is number facts (such as 2 + 3 - 5). 

SaX ma"Sis type of exactness is new to small children. 
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It is apparent, then, that in arithmetic, a child is called upon to do a 
type oflearning which, to him, is new and different. It follows that 
special techniques of teaching are needed in carrying out this operation. 


EARLY METHODS 


An elderly man, describing his experiences in school, recently 
remarked that about all he ever heard his teacher say was “Next.” 
Essentially, the teacher heard each pupil recite his lesson. Little actual 
teaching was possible, since all pupils at all grade levels were taught all 
subjects— individually. Later, when the technique of grouping students 
by grades became standard practice, more time was devoted to teaching 
and less to ‘‘hearing lessons.” 

During the period when mental discipline was the dominant goal in 
“f h ° dS ° f tCaCh!ng " ere the ultimate in simplicity. In 
A tvn M ? r ™ n ' aI arlthmet,c ' discipline reached its peak of perfection, 
wo rl'r-^r mighl be as f0ll0ws: (» the tocher 
counc Sincl h P aT ‘° ^ Thc stud ™ s Ks,ened intently, of 
remember the nmH ^ ° r "’ ri,in S ma terials to help them 

the problem (31 'Tv"' a A student would be called upon to work 
me promem. (3) This student would rise reneat ,h . ■ 

the solution. (4) Mistakes would I* <S "eted ht ,h ^ " S 7 

class. Other corrected by the teacher or the 

the one just described* Nror 00 ™?^”^ 11 ' ^ * U d ° Sely P aralleIed 
social significanc^rincc the conditio " ^ ^ ™ lh ° d ° f h * vin * 
<Uso, many of the principles ofeood ™P° sed " cr e far from reality, 

were violated by such a urnred _ Cb ’" g as arc now recognized 

exercised the mmd P B "‘ ,hcre be no doubt That it 

and exercises used in arithmet' 1 " dl!C ' Plln ' : dominati °n. the problems 
Oddly, however, little attention ' eX ' S •"*'* fre< l“ently very difficult. 

arithmetic. The question of “why'wdo^I! "" ' h ' baS ' C P rinci P lcs of 

an > attention. In presenting a n "^ at We do ” se * dom received 
follow ed this pattern: (1) zLiZZ^’ writers usually 

(2) a rule would be stated (freaurmV* 1 ^^ 3111 ^ 8 W0ldd be worked; 

seises would bo given. sl f r,r« ^,h aUC !, ): W bng 

would be verbal problems apply",/, CTd ° rthe there 

w ere usually presented with ° pera "™ s under study. Rules 

they were based. m ™i°n of the logic upon which 

Modem studies psychology have * 

hate shown that when rules arc 
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learned without any basis of understanding, the learning is usually 
temporary. This might, in part, show why teachers a few generations 
ago frequently found it necessary to “turn a class back”; that is, go 
back and restudy material already covered. Possibly by the latter part 
of the school year, the rules and manipulative patterns learned earlier 


in the year had been forgotten. 

Another feature of earlier arithmetic teaching was the little attention 
given to correlating learnings in the various areas. Rarely did anyone 
mention that arithmetic had much to offer in understanding one’s 


environment. Ordinarily, the teaching was dominated by the text, and 
texts can be correlated with a classroom situation only with assistance 
from a resourceful teacher. Hence, many problems were artfully 
contrived— to be difficult but not necessarily to be meaningful. Con- 
sider, for example, problems about paving roads with chewing tobacco . 
Or compound interest problems involving loans for eight years, 
compounded semiannually, for fifth-graders. . 

Generally, therefore, arithmetic was something that was studied in 
arithmetic class, then put away for the day. If it ha an> carry ove 
value into other subject areas, such values were usually ignored. 


MODERN METHODS 

Specific methods of teaching arithmetic in the modem school are 
presented later in this book. But some general charactenst.cs 

methods are worthy of note. *1,- n n»«enf.Hav 

One of the biggest and 

emphasis on understandings. Th . t memorization 

methods, where a great deal of attentton was 

of rules and formulas. This does not '^P^ 0 ^ sequ ’ cnce ofleatnings 

savers as formulas are no long ^ made t0 evo l vc formulas 

has been changed. Currently, P Formulas (area = length x 

on the basis of understandings op statements of principles that 

width, for example) are nines' sets ofsymbo.s to be 

are understood and accepted 

memorized. . f one com mon fraction by another. 

A case in point is m the d.v.s.on of. ^ th e terms of the 

For many years, indents earn ^ » with practice work-a great 
divisor and proceed as m m P . ons wcrc asked D r answered as 

deal of it— following. Usua y, q Modern texts usually give 


to why this was done— it was just 
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several pages of explanation and illustrative material on this process, 
and from these a pattern of operation evolves, the pattern being the 
rule just cited. The hoped-for result is that the learning will be based 
upon understanding. 

Another technique widely used in present-day arithmetic is the 
individualization, so far as is feasible, of instruction. In a sense, 
America’s schools have completed a cycle as far as the attitude toward 
the individual is concerned. Early schools were ungraded, the teacher 
giving fleeting attention to each pupil. With the coming of the graded 
school, some teachers tended to move all pupils along at the same rate. 

his, of course, meant that the rate of progress was geared to students 
or average ability. The rapid learner was being held back; the slow 
learner was being left behind. 


Now, however, there is general acceptance of the principle that 
learnmg is an individual process. It follows logically that attempts be 
Practical ^ .j CC01 ? in sty~ w hich completes the cycle just mentioned, 
work h ° WeVer ’ limit the teacher ^ her efforts to 

Soma ^ a " y ' eChniqUeS are bei "S used a * b «'- 

learners .n 1,“' Small ; grou P P™«dures, remedial work for slow 
* « r eo r ' V0 ; kf0r rapid lrarnm ’ a " d « b '"-er possible, 
a emionthei” • lndlV,dUal Studen,s on s P' ciaI Problem!. Some 

See LS WH 8 '° ,eaChing machi "« 'hat would help the 
teacner m individualizing instruction. 

basicairabstacTF aCCept the faCt that numbers are 

difficult for small child hC H th ' y rec0gnize ,haI abstractions are 

-odoah£”r“ 

Rather, he works with r ^ before other topics are introduced. 

numbed .ud y °t ™ h m 7e^“ “ ^ “ rIy P has “ bis 

small child than docs just ‘‘six ” £ P “ m ' am , a gr=at deal more to a 
students use objects or count en , Ce ’ m tbcir brsl num ber work, 
numbers. A go^d ^ ™‘ h 

concrete and toward the abstract "T* Studenls awa y from thc 
"CA. such as common fractions' Z ?* 7 " she «■ Sore «yP» of 
the help of concrete materials ’ ' f' er ’ are frequently taught svith 

lcvcl , matcnals even at the middle and upper elementary 


MEANINGFUL content 


^'r;:;,:;t n r, hav ' b « a ... , 

B ,h ' P ast *™al decades. Gen, 


of arithmetic 
goal has been 
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including problem activities built around situations that are meaningful 
for children. Textbook writers have tried to shift the emphasis from 
the world of the adult to that of the child. 

This change in content can be illustrated by certain topics that are or 
were used as bases for problems. Around the turn of the century, the 
following situations were used in various primary arithmetic texts: 
growing wool, shipping freight by rail or barge, operating life-saving 
stations for ships, and buying farm land. These and other similar 
topics, although well-suited to problem working for adults, had little 
meaning when presented to small children. On the other hand, 
modern lower-elementary texts usually base problems on such topics as 
planning a party, working with money, going to the circus, and other 
types of activities which would be real to most of the children of the 
grade level in question. This does not mean that the content has been 
“watered down”; rather, the applications of number work are based 
upon children’s normal activities. . or 

Another change of content has been a dc-emphas.s of abstractions. O 
course, numbers are by their nature abstract and ultimately are dealt 
with as abstractions, but problems based upon remote or hard-to- 
visualize situations get far less attention than was formerly the case. 
Consider the previously cited “If a hen-and-a-half lays an egg-and-a- 
half in a day-and-a-half . . . .” Such a situation defies the VISuall2 ‘"S 
ability of even the most astute dreamer. Also, earlier programs g 
Attention to such problems as “24 is f of how many tunes 

! S^ich' teaching material is very different from that incorporated in 
mos ldcm pfograms. Today's teacher finds i« P -£ * « ^ * 
great deal of arithmetic through play acuvtUes. Teach r ednmns o 
textbooks and teachers' manuals to accompany the various 
much help to teachers in setting up such situations 

The school store typifies the type of 'caching jus ; ment 
r lor. nlav store but many classrooms set them p m 

of course, is J ofa skilled teacher, a class can work 

realistic. And under the i P . . ; ts sc hool store, 

on an amazingly diverse group oflearn.ng activities in 


THE ROLE OF DRILL 

For many years, the 

drill Textbooks ,. Add thc following, '' “Subtract as 

S3? m Si^y “Muitiply.” Aitbough texts did vary, it was 
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generally true that a large percentage of course time was devoted to such 
drill exercises. 

It is still accepted as a basic principle of learning that “knowledge of 
facts is transient unless there is an extended period of exercise, but 
there have been several changes in the application of this principle. 
First, the drill exercises are broken into smaller units, so as to minimize 
the student’s feeling that he is being overwhelmed with hours of repeti- 
tive work. Second, many ingenious methods are being used to vary the 
routine for the student. Third, extensive research as to relative difficulty 
or various types of exercises has enabled writers of textbooks to observe 
an increasing order of difficulty in exercises. Fourth, much effort has 
been given to developing techniques which would make drill more 
used i^h V' Ud ' ntS 'c " exam P le - santes and activities are widely 
o oeram H -nT 8 bCr faCtS ' Fifth ' in thc m ° de ™ arithmetic 

Sd n0t PreCCde u " d ' rst a"ding or the processes being 

Ra”ra,L7on d ha b s\t7gLll S : h V e‘d at * *° ^ 

methods by which drill can be effectively udlS!"'"' * Varie ‘ y ^ 


me«™;:r b tmX : i orim n c ^ 

part of the course. generally considered to be a vital 

p^m; h b ;;;ro n f;x F 7:L o di'„ y ;r e ri or ^ 

cfTorts arc being made to base nr Hi C as ^ e ^ to w °rk — specifically, 
than that of the adult. Indeed ° r n W ° rld of the child rather 

didn’t seem to come from either world"* problcms ln earlier texts 

with problem solving. One factor d ‘ fficuIty many students have 
many students are poor readers ’it Mo "'t “ thC " Ced t0 re!ld - Since 
have trouble In problem soU , logically, that they should 
Many teachers, hosvcver can ci, 

who still progress slowly problem'* 5 " St '' d " lt5 wh " read well but 

that problems usually com ai n P b IL' VOrk \ A P“*le explanation is 

matter. A student must not oT°7 ,han “"»** reading 
arrive at a course or action to be used i 1 C ° m P reh e"sion, he must 
Consequently, some students who can ' , S ° IuUon ° f ‘he Problem. 

no can read a story acceptably, find i, 
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difficult to read at the high level of comprehension required in problem 
solving. 

During the past several decades, numerous attempts have been made 
to arrive at a method of step-by-step procedure which would simplify 
the solving of “word” problems. These have proved to be of doubtful 
value. After all, if problem solving is reduced to a stereotyped proced- 
ure, one may wonder whether it should even be called problem solving. 

Nevertheless many teachers have found certain types of approaches 
helpful in teaching problem solving. Some of these are (1) drawing 
diagrams, (2) studying the vocabulary, (3) estimating answers, (4) 
using dramatizations, (5) “talking through” the problem, (6) using 
concrete objects. Yet despite these and various other techniques, it is 
still quite common to hear a student remark, “I can do the operations, 
but I have trouble with problem solving.’ 


THINKING IN ARITHMETIC 

We are frequently told that ours is a quantitative world. Yet man in 
his primitive state had little occasion to think quantitatively, c 
developed such techniques only when they were needed, and they were 
usually rudimentary in nature. 

A limited amount of number development occurs m the early h e of 
a child. In his preschool world, he encounters few ^nations that 
require him to do quantitative thinking. He may know that 
favorite television shol starts at 6:30; he may know « 
games, or he may successfully count by rote to UXL Few pr«chool 

number work in the home, so that there .s little help Iron, 
developing an awareness of need proves confus i ng to 

Another aspect of thinking in anlhme,,c ' Vl1 ? hls earlier years, 
some children is the exactness that f han certa in other 

f meaningfu 1 terms 

But the degree of exactness required of him when £££ 1 “ C “. 
eight pencils no more and no less-, new an Mum * 
ment of this type of thinking is a slow and frequently 
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It u hoped, of course, that as skills in quantitative thinking arc 
developed, they will carry over into other areas or study. In order to 
encourage this, many teachers make an effort to coordinate the study 

other su“ "° rt in SC!enCC ' S ° Cia ' S,UdicS > lan S ua S c arts, or 
real-life problem atTa^at^adilS"^ rCSP °" d "h“ 1° 

on Cl a U lo e an rableraSOn ,a “' iM,allm ' nt «r paymenL'r in.eTest 


c. The Learning of Arithmetic 


U uould make the lives of teachers 


- ii-u IbdUICIS 

and students much easier if they 
always rememhered.” Learning U wLtr aSSUme tIlat “ oncc learned, 
and growth is generally slow L CniCt “ 8 rowlh Process, however, 

volves repeated^contacts tZ’SZST*'' ““’mctic in- 

can say how many times he learned mate " al - To illustrate: Who 
long division? ’ or g°t. and relearned the process of 

LEARNING A CUMULATIVE PROCESS 

innuenced the the natu rc or learning has 

'"tinned earlier, some books 1* Mng . ,hrou B h 12 twelves. As was 
families La Thcse sa me facts are „ P 1 th,:y kn ew th = 

““'rgradej ^' «udy of so, 


stud 


addition *T gh "ewer text, ,e„7 ‘ , " 15 f °™d in the 

have followed ,ht ,0PiC! 1<>Wer grade l7 e l s “ 'L S ' Udy ° f 

through 6- Graef palcern: Grade ] study d.L'* 3 textbook Seri 

addition 7d add ' S ’ Udy addi 'l°" C L t""" faCtS W ith sur 
addition f" cts '" S tW °'.P la « numbed SUms <* 12, colnu 

Although the tin, ^ Wltl1 carr ying a n d to l StUdy tile re mainii 

movcs •HroughThVS S ‘ Udyi "g additiem addHi ° 

operation during tach S ° mc ,im c is used ? “ ' hc stude ' 
§ each year of elementary arithmetic!^ ° f ‘ h 
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One result of the cumulative approach is that teachers are able to 
build toward the more difficult operations. Recent inquiries about the 
level of difficulty of the operations in arithmetic help us to decide at 
what grade level the operations should be taught. Because of the 
cumulative learning processes used in arithmetic, however, a student 
who fails to grasp a principle in a lower grade, will be handicapped m 
related work at subsequent grade levels. Thus, a student who fails to 
comprehend the concept of borrowing at thud-grade level may su be 
making errors in borrowing at sixth- or seventh-grade level. For this 
reason, arithmetic teachers need to develop a dragnosttc approach to 
much of their work. 


PSYCHOLOGY OF ARITHMETIC 

r I to include a detailed description of 

the psy^th^og^of arithmetic ii^this book, bu, certain genera, principles 
will be mentioned. 

ex., XT Society for the Study of Education 

The drill theory- The i a ive , rca tmcnt of the teaching of 

Yearbook for 1930' P^""^ point of view. This view had 
arithmetic from ,h ' S 'T ke an d his associates, initially as laws, but 
been presented by Thor proce! . Generally, this approach to 

later as descriptions oft might b e described thus: (1) a 

learning as applied to a re se ; (2) if the response produces 
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have been published. Out of these and related research projects has 
grown the realization that the best learning is that which is based upon 
real, meaningful situations. 

One result of the meaningful teaching approach has been the realiz- 
ation that maturation is of major importance in the teaching of arith- 
metic. One of Thorndike’s descriptions of learning was that, when a 
person is ready to act, action gives pleasure, whereas inaction results in 
annoyance. Conversely, if a person who is not ready to act is forced to 
act, annoyance is the result. As applied to arithmetic, if a child is forced 
to operate at a level which has no meaning for him, the learning that 


results will be transitory. 

As previously mentioned, studies of the learning process have shown 
that, for many decades, children were being taught material in arith- 
metic which was both meaningless and so difficult that few students were 
experiencing success in it. As a result, many topics formerly taught m 
the third grade have been moved to fourth or even fifth grade. 

Maturation is also a factor in determining the rate at which a student 
progresses from the concrete to the abstract. Moving too fast gives a 
student a sense of frustration because he is not ready for abstract work; 
moving too slow is equally annoying, since the use of concrete objects 
by a student ready for abstract work produces a feeltng of lack of 
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structure of the Hindu-Arabic decimal system of numerals and the 
basic computational processes to elementary algebra and geometry and 
the nature of logic. They point out, however, that a traditional college 
course in these topics designed to develop mechanical skills would be 
unsatisfactory. The elementary school teacher needs to know how to 
develop principles and the understanding of concepts. These writers 
also recommend that teachers of arithmetic in grades seven and eight 
minor in mathematics. 

A common error in setting up mathematics courses for elementary 
teachers is to give much attention to content but to assign the classes to 
professors who lack the proper perspective. Such courses as taught by 
graduate students, by mathematicians who feel that their status has 
been compromised, or by people who have no knowledge of, or interest 
in, the problems of an elementary teacher would be of doubtful value. 

Methods. At the opposite extreme from the subject-matter specialist 
is the methods advocate. Through such catch phrases as “we teach 
children, not arithmetic,” he tries to convince himself that skillful 
teaching is all-sufficient. Incidentally, his tribe is not numerous on the 
current educational scene. It is usually accepted as fact that, regardless 
of skill in teaching, one has little chance for success in trying to teach 
what he does not know. Hence, knowledge of teaching methods alone 
would not ordinarily be considered as adequate training for the 
elementary teacher. 

SUBJECT MATTER PLUS METHOD 

Out of the conflict just described, various compromises have been 
reached. One is that an elementary teacher needs a certain amount of 
college training in mathematics but this training should be of a nature 
that will contribute to the teacher’s arithmetic background. Another 
is that teaching arithmetic requires certain types of skills that are not 
normally required in teaching other subjects. Hence, some work in 
these specialized methods is important to the teacher. 

Although practices in this area vary widely from one state to another 
or from one college to another, a fairly typical program might be to 
give elementary trainees a year of college mathematics (six semester 
hours) along with a two- or three-hour course in arithmetic methods. 

The mathematics advocates say more mathematics should be required; 
the methods advocates take the opposite position. But this seems to be a 
fairly effective compromise. 
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Presumably no one could claim that final answers have been reached 
in the training of arithmetic teachers. It is important that elementary 
teachers, administrators, and college personnel constantly seek new and 
better ways of providing such training. It is hoped that we can refrain 
from going overboard for new ideas simply because they are new — or 
discarding older practices just because they are old. 

One problem that deserves careful attention is the matter of teacher 
attitude toward arithmetic. Recently, one of the authors made an 
informal survey (presently unpublished) among a group of college 
juniors and seniors, all of whom were planning to be elementary 
teachers. This survey found that less than 10 per cent of the group 
liked arithmetic, whereas more than one-half of them expressed an 
active dislike for it. Such attitudes are likely to be taught to children, 
since teachers find it very difficult to conceal their true feelings in such 
matters. 


Something to Think About 

1. How would you describe your own attitude toward mathematics? 

2. \\ hat person or experience was particularly instrumental in forming 
your attitude? 

3. In your opinion, is it possible for a teacher who dislikes mathematics 
to teach students to like it? Explain. 

4 ' t,CgrCC , does mcntal discipline function in a modern mathe- 

matics program 9 

X LW d SUTl“ •° 11 " P[°P cr S radc placement of a topic in arithmetic? 
L pon what bans is such a decision made? 

C ' metric balance between content and 

method,,,, irammg clcmcn. ary teachers? Explain. 

consider m 5 he 0 ihcmOTe'nrr^' ln ?™ t Ii,cralurc ' "bat do you 

arithmetic a Prepare a class re^rt^ntoTthem." ^ “ aChi " E ° r 

fl. Arc Federal funds being used in the ^ . 

. e ,cac hmg of arithmetic? Explain. 

■ ° r 

10. Many teacher, say ,l,a, l™, do , , . 

do. Can you find any research that n ^ ar "b m «‘t 'ban girl, 
that w ou | d , U p porl thjj position ? 
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XVapid developments in science 
and technology have focused attention on mathematics. The general 
public has been made aware of the important role mathematics plays 
in our society. It is likely to play an even more important role in our 
future. As a result, searching examinations of the teaching of ele- 
mentary school arithmetic and high school mathematics are being 
made. 

A textbook on methods of teaching arithmetic presupposes some 
basic knowledge of number and number operations. Sufficient knowl- 
edge may or may not have been acquired by the prospective or present 
elementary school teacher. Since there has been a definite trend away 
from teaching arithmetic as a series of mechanical operations to 
teaching arithmetic as a logically developed structure, teachers must 
understand more about number, numerals, and operations than ever 
before. A portion of this textbook is devoted to information that should 
help the teacher appreciate the systematic concept of our number 
system and the role it has played in human development. 

This chapter presents the following topics : 

A. What (s Mathematics? 

B. Numbers and Numerals 

C. Counting 

D. Systems of Numeration 

E. Sets and Numbers 
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A- What is Mathematics? 


What is mathematics? Is it various 
operations we do with numbers? 
, „ . Is it a body of “truths” that have 

been discovered ?” Maybe it is just man’s way of describing the world 
about him. But what about the abstract (lights of fantasy taken in some 
branches of higher mathematics? Are these related to “reality”? 
EtTorts to give a concise, meaningful description of mathematics are 
unavailing. Court' observed that mathematics has two aspects. It 
furnishes us with a description of the world we “see” around us and tools 
for describing other parts of the world. This may be described as the 
functional side of mathematics. Then there is the philosophical side of 
hema nes. This side is concerned with study of the foundations of 
mathemaucs and the extent of the validity of mathematical processes. 
I h ! r 0P J S,d ' ° f Httle interest to non- 
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This is the way the scientist approaches a problem. From the gathered 
data, the scientist attempts to formulate a general rule or principle 
which describes the situation from which the data were taken. This is 
called the inductive method of reasoning. 

Abstract reasoning is another method. Certain propositions may be 
accepted as true. Working with these assumptions, then certain other 
propositions may be proved. This is called deductive reasoning. Mathe- 
matics is usually considered to be the science of deductive reasoning 
However, the mathematician and the scientist use both of these 
methods of reasoning in their experimentation and problem solving. 

Mathematics is systematic. A number system is not simply a collection 
of varied and sundry ideas, operations, definitions, and “facts.” 
Instead, a number system is a single, logically constructed structure 
with many complex and interrelated parts. These parts may be 
studied or examined separately, but out of this examination should 
come some understanding of the whole. Examinations of number 
systems have shown that we have not one number system, but many. 
An understanding of the relationships between number systems is 
essential to an understanding of mathematics. 

What is number? What are num- 
B. Numbers and Numerals bers? Are numbers things you use 

in counting? If so, then what are 

or any of the other fractions? Are they numbers? Is a number the 
mark you write on the chalkboard, or is it simply a symbol for some- 
thing? Are number operations something you do with numbers, or are 
they something you do with symbols? 

These questions indicate something of the kinds of problems which 
concern those engaged in improving the teaching of arithmetic. Some 
of the current difficulties in arithmetic teaching may stem from a lack 
of understanding of these seemingly simple questions. The elementary 
school teacher may or may not be comforted to know that great mathe- 
maticians and philosophers have pondered the foregoing questions and 
have not reached agreement on the answers. 

BASIC CONCEPTS OF NUMBERS 

Several points of view have been adopted by those interested in basic 
foundations of numbers. A summary of some of these points of view 
will aid the teacher in understanding “modern mathematics. 
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Inluilionim. Those holding to this concept of mathematics emphasize 
intuition, experience, and immediate insight as the source of under- 
standing of number. Our intuition forces us to recognize certain 
concepts related to quantity or plurality and to draw certain con- 
elusions which are clear and undisputable. The intuitionists call many 
number concepts self-aid, nt. Related to these concepts are those which 
hoid that basic number concepts are a part of our being once and for 
all. fsumber concepts are said to exist a priori, that is, apart from 
human reasoning or experience. In other words, we come to under- 
stand number because the universe just exists that way. 


Fcnndism. Others believe that we may reduce number to a few 
deep-ljang propositions which we know by intuition or accept without 

undcfJd'"’ 0t a Cr COnCeptS ° rnumb " may be deduced from these 
accc P' cd Propositions. This is also called the Somatic 
of the early ifd"' Thc undefincd Propositions are called axioms. One 
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logic seems to be a huge system of tautologies and its propositions— 
truths without content. Subsequent efforts by Russell and others have 
satisfied some of the critics of the logicist’s approach to number. 

Modern ideas of number. By restricting the use of such words as “all” 
and “infinite,” the theories of sets or classes offer possibilities of a 
systematic development of number concepts. Our language plays a 
part in how we form concepts, including number concepts. Suppose 
we return to our question, “What are numbers?” How do we explain 
any abstract concept to a person? We would show him various 
examples of how the word representing the abstract concept is used. 
Consider the question, “What is beauty?” We would cite as examples: 
“She is a beauty”; “Its beauty has faded”; “Beauty is only skin deep”; 
“He appreciates beauty”; “True beauty comes from within.” We 
would combine this word with other words, use different syntactical 
patterns, explore all the ways our language permits us to use the word. 
The person who can use the word in all these ways understands it. No 
kind of “definition” can give him a better understanding. 

The question, “What are numbers?” may be approached from this 
viewpoint. We simply illustrate in many ways the uses of the word 
“number” and the numerals. Out of this usage comes the understanding 
we seek. Obviously, the instances of number which may be demon- 
strated are limited. We may demonstrate some intuitively evident 
group of things and say “three chairs,” or “ four erasers.” For large 
groups, however, this demonstration of an instance of number breaks 
down. We may use numerals in examples to illustrate their use in 
counting. By these means we develop certain elementary concepts of 
number and number symbols. 

If we developed only these elementary concepts and usages, most of 
mathematics would be forever beyond our grasp. We develop certain 
concepts that are compatible with reality or experience, and from 
these the necessary rules of arithmetic follow. No rules of logic can be 
more basic than the manner by which we first learn about numbers. 
The more advanced propositions of arithmetic, however, should be 
demonstrated as logically derived truths based on the elementary 
concepts. 

INTUITIVE CONCEPTS OF NUMBERS 

The numbers 1, 2, 3, 4, . . . are called natural numbers. This name, no 
doubt, arose because of an intuitive feeling that the counting numbers 
had an existence apart from the mind of man. We also use fractions 
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such as 4 and 5 . Now, fractions do not arise through any process of 
counting, but arise when measurements are made. Obviously, natural 
numbers and fractions are two kinds of numbers, yet we equate natural 
numbers and fractions. For example, we say that the fraction f equals 
the natural number 3. This is written in what is called an equation. For 
example, 


6 

2 


= 3 


\\ ith our intuitive concept of fractions and natural numbers, we under- 
stand this. But natural numbers and fractions may be developed in a 
strictly logical manner unrelated to intuitive feelings for quantities or 
parts of wholes. 


St.ll a different kind of number arises as a result of measurement 
hen we consider a number such as the square root of 2. Usually, this 
number is written by the symbol “ \/2.” A rather famous proof, to be 

™' d la ' cr ‘ has sh ° wn that ‘he V 2 cannot be equated to either 
^natural number or a Tract, on. Such numbers arc called irrational 
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language to confuse an object with its name. Fouch and Nichols 3 have 
identified several ways in which people confuse numbers and the names 
of numbers. These range from confusing the size of numbers with the 
physical size of the written symbols representing them, to confusing 
number operations with the processing of numerals or number names. 

What are number symbols? There are ten symbols used in the 
decimal system of numeration. These are listed below: 


0, 1, 2, 3, 4, 5, 6, 7, 8, 9 

The name of a number is a numeral. Numerals are composed of the 
symbols just given. Also, the name may be a word. The symbol “3” 
is distinguished from the number 3 in written discourse by enclosing it 
in quotation marks. In a similar fashion, we distinguish between a 
word and its referent. 

Much emphasis has been placed on accurate language in connection 
with modern mathematics. Beberman 4 emphasized the need for pre- 
cision of language and pointed out that the University of Illinois 
Committee on School Mathematics has given careful attention to the 
problem of helping children distinguish between symbols and referent. 

It should be realized that a number may be written many ways. 
Listed below are several names for the number 5 : 

five 3+2 9-4 V25 125 1 ' 3 

f§ v cinque funf 

In the same way, a fraction may have several names. Some of the 
names for the fraction f are 

seven halves 7—2 

V? ¥ “ f f + 1 

Although the foregoing symbols all refer to the same number, namely, 
the fraction f, note that quite different symbols are used. Changing 
symbols to a standard symbol referring to the same number sometimes 
involves operations on numbers. 


3 Robert S. Fouch and Eugene D. Nichols, “Language and Symbolism in > Mathe- 
matics,” The Growth of Mathematical Ideas, Twenty-Fourth Yearbook National 
Council of Teachers of Mathematics (Washington, D.C.: The Council, 1959), pp. 


4 Max Beberman, An Emerging Program of Secondary School Mathematics (Cambridge; 
Harvard University Press, 1958), pp. 4-23. 
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Some writers have advocated very precise language to avoid con- 
fusing numbers and numerals. 5 Others, while recognizing the need for 
precision, seem to feel that insistence on this distinction in writing or 
speaking may become somewhat tedious. 6 If the reader is likely to be 
uncertain about which is meant, the number or the numeral, perhaps 
the distinction should be made clear. Most writers apparently still use 
the word “number” to refer to either a number or the symbol for it. 
That practice has been followed in this text with occasional reminders 
where needed. 

NUMBER AND NUMBER SYSTEMS 


Wc should understand the difference betw een a number system and 
a numera system. By a numtwl system we simply mean a set of symbols 
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Note that the order in which the “4” and “5” are written does not 
matter. The rule may be stated this way: If a and b are any pair of 
natural numbers 3 then: 

a + b — b + a 

This property is called the commutative law of addition. 

This binary operation may be extended to three numbers. The three 
numbers 2, 4, and 5 may be added by adding the first two numbers and 
then adding the sum to the third number. If the additions are carried 
out, it may be seen that the pair selected to be added first does not 
affect the final sum. For example: 

(2+4) + 5= 6+ 5 = 11 
Also, 2 + (4 + 5) = 2+ 9 = 11 

The rule may be stated as follows: If a, b, and c are any three natural 
numbers, then: 

(a + b) +c = a + (b + c) 

This is called the associative law of addition. 

Multiplication of numbers. An intuitive idea of multiplication may also 
be formed. If a and b are any pair of natural numbers, then to multiply 
a by b set up a rectangular array of objects. Let there be a objects in 
each row and b objects in each column. The natural number associated 
with all the objects in this rectangular array is called the product of a and 
b. This is written b x a and is read “ b times a .” 

For example, 3 times 4 may be set up as follows : 

* * * * 

* * * * 

* * * * 

The natural number associated with this set is 12. Therefore, 

3 X 4 = 12 

It is easily seen that 4 times 3 is also 12. Therefore, order does not 
matter in multiplication of natural numbers. The rule may be stated 
this way: If a and b are natural numbers, then 
a x b = b x a 

This is called the commutative law of multiplication. 

Multiplication of natural numbers, like addition, obeys the associative 
law. This means that : 

(c x b) x c = a x {b x c) 



« THE DEVELOPMENT OF NUMBER CONCEPTS AND NUMERATION 

The operations of addition and multiplication combine to give a 
fifth law. This law may be illustrated by considering the array of 
objects by which multiplication was intuitively defined. The array 
below illustrates 4 times 8. 



This would be written 4x8. Suppose this array of objects is separated 
into two groups. The union or addition of the two groups would 

* * * ***** 

*** ***** 

*** ***** 

• ** ***** 

equal the original group by our intuitive definition of addition. The 
first group may be thought of as 4 x 3, however, and the second group 
as 4 x 5. Therefore, 

4 x 8 = (4 x 3) + (4 x 5) 

Also, each row of 8 objects may be thought of as 3 objects added to 5 
objects. That is, 

8-3+5 

Therefore, the total number of objects in the array may be thought of 
as 

4xB-4x(3+5) 

Now, since 4x8 has been written two different ways, it is correct to 
equate these two different symbols for the same thing. 

4 x (3 + 5) = (4 x 3) + (4 x 5) 

In general, if a, b, and c are natural numbers, then 
a x (6 + c) — ( a x b) + (a x c) 

Tim is culled the dutrilulm taw end indicates that multiplication is 
distributive with respect to addition. 

Frequently, in a series involving multiplication and addition, the 
parentheses are left out. It i, understood that the multiplications arc 
done before the additions. 
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Number systems. Intuitive ideas of the natural or counting numbers 
and two binary operations have been presented. It was found that 
these operations on natural numbers obeyed five laws. At this point, 
one may begin to make generalizations about the meaning of number. 
The intuitive idea of number as a counting device may begin to give 
way to an abstract concept of number as simply an entity that obeys 
certain rules. Any set of objects or entities for which the binary 
operations of addition and multiplication may be defined, and for 
which these two operations obey (he five laws, may be called numbers. 

A number system may be defined as any set of objects or entities on 
which two binary operations called addition and multiplication arc defined, 
such that both operations are commutative and associative and multi- 
plication is distributive with respect to addition. 

With this definition there is not just one number system, but many. 
Number systems become more than just an intuitive idea of quantity. 
Modem mathematics is concerned with the logical development of 
number systems and number operations, given a few basic assumptions 
or definitions. It will be shown later that the natural number system 
is a part of a larger number system which is part of a still larger system, 
and so on. In each of these systems there are defined two binary 


operations that obey the following laws: 


1. 

a + b = b + o 

commutative law of addi- 
tion 

2. 

(a + b) + c = a + (6 + c) 

associative law of addition 

3. 

a x b = b x a 

commutative law of multi- 
plication 

4. 

(a x b) x c = a y {b x c) 

associative law of multi- 
plication 

5. 

a x (b -i- c) = (a x b) -r {a * (} 

distributive law of multi- 
plication with respect to 


addition 


Basic to all concepts of number it 
C. Counting counting, r.scn the most pnmitne 

tribes bate shots n some concepts of 
number. The evolution or counting from the most primitive culture, to 
the present has paralleled the development of civ, I, ration. 
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The origin of number has caused much discussion and some con- 
troversy in connection tilth the study of arithmetic. Although there 
has been much research on the use of number in primitive cultures, the 
origin of the concept of number and the process of counting remains 
largely unknown. 

The evolution of man into tribes or groups required at least simple 
counting. The chief needed to know how many tribesmen he had or 
how many animals he possessed. Probably the earliest method of 
counting was by using some kind of tally. In counting sheep or warriors, 
a one-to-one correspondence would be kept with fingers, pebbles, sticks, 
or marks in dirt or on a stone. 

P Tf' ', ri A“ haVC be ' n found ,hat a PP a rendy had concepts 

I 2 ;," ’ J ’ a "r d many ‘ They " ould devc, °P a fe "' "’ ords 

ndicate numblrr T u * he " 0rd “ ma "y" "' as used *° 

maiwkindsofatf T" C ‘ r com P rrf >'™°n- Other studies show that 
many kinds of an, mats possess a primitivenumbersense or counting sense. 


bcc P aTe m orfa^Uari.' dma h y u em ° fl “■»«*» become overlooked 
numeral lEemT -rh * tem - ° fc "’ a “"sideration of 

characteristics of the deril"^, ^ *“ ^ U " d — d ^ 

coun^ s n ;;„: r d 2 - * 

was referred to as much. Other trih ’ A ” y quantit y above 4 

name beyond 3, indicating that 3 would beTf “ Y' "° BUmber 
counting. “ be use d as a base for further 

of the hand formed*!! com-eniem'mamh^ Th ' fivc fin S OT 

tallying objccis. Some South device for counting or 

count by hands, thaTis V 3 aT" ' ribcS haVC b "" ° b *rved >° 
and so on. Even now numbed " d '„ hand and >. hand and 2 ” 

Very probably, when 7e fi nC e„ r" T ***■ 
counting, the fingers of the oil, i ”" C ha " d carac to bc used in 
natural that the base 10 uould ml 30 " crc soon usetb It is only 
delaiU of how ihe Hindu-Arabic N ° °" e k " 0 "' s the exact 

developed and was later spread in ^ T‘ Cm ’ U! 'ng a base of 10, 

r spread to most of the world. It is though! 
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that the symbols for the nine digits and zero, much as they are written 
today, were in use before the eleventh century. 

The duodecimal system seems to have been used in prehistoric times. 
It still exists in many of our measurements. The number of inches in a 
foot, ounces in the ancient pound, units in a dozen, hours around the 
clock, and months in the year are examples. This base may be divided 
into several integral fractional parts. The Duodecimal Society of 
America disseminates information and literature on the advantages 
of the dozen base. Publications of this group have pointed out many 
advantages in using a duodecimal system of numbers. 

A scale of 20, the vigesimal, was also used in prehistoric times. 
Languages of such widely separated peoples as the Aztecs of Mexico 
and the ancient Celts show traces of the 20 base system of numerals. 
The Aztecs had an elaborate system of numerals using 20 as a base. 
Present French use of quatrevingl (4 -20) for 80 and similarly derived 
expressions are evidence of the use of 20 as a number base. 

Babylonians employed the number 60 as a sort of base. The 
sexagesimal base still exists in the division of degrees, hours, and 
minutes into 60 parts. It is probable that 60 came into use because it 
has so many integral divisors (2, 3, 4, 5, 6, 10, 12, 15, 20, and 30) which 
made working with fractional parts easier. 

MODERN CONCEPTS OF COUNTING 

Although the decimal system of numeration is now in use almost 
throughout the world, numeral systems with other bases are being 
used. Modem computers are employing the binary numeral system 
because it uses only the symbols “0” and “1.” These can easily be 
made to correspond to '‘on” and “off” for certain kinds of electronic 
circuits. These circuits can then be stacked together in large quantities 
to perform operations on numbers expressed in a binary system of 
numerals. Conversion from one base to another is needed in these 
operations. 

Reasons for counting. Counting may be done for two reasons: to 
answer the question, “How many?” and to answer the question, 
"Which one?” In the first case, where quantity is involved, the 
number is said to be a cardinal number. In the second case, where 
order or position in a series is involved, the number is said to be an 
ordinal number. These different uses carry over into the number names. 

The ordinal use of "first,” “second,” “third,” and so on, is easily 
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recognized as indicating order or position. The number names “one,” 
“two,” “three,” and so on, may in common usage represent quantity 
or order and, therefore, refer to cardinal or ordinal use of number. 

Just as in the days of primitive man and the tally, the idea of one-to- 
one correspondence is basic to counting. Objects being counted arc 
placed in a one-to-one correspondence with the set of natural numbers. 
This is done by pairing an object and a number name. The set of 
number names is ordered. The last number name paired with an 
object in the group of objects being counted is the cardinal number of 
the group. 

Mapping. A more modem concept is the idea of “mapping.” A 
mapping is a matching operation between two sets of objects. (A 
collection of objects, of any thing whatsoever, is commonly referred to 
as a set, or a class.) Suppose in December you want to know how many 
payments are left on your car note. The last payment is in April. You 
might call off the names of the months, January, February, March, and 
April, and, for each month, turn down a finger. The mapping would 
be as follows: 

January — ► little finger 
February — ► ring finger 
March — ► middle finger 
April — ► index finger 

Since the thumb remains, you would conclude that you had four 
payments to make. Notice that the mapping proceeds in one direction. 
Now, if the set of fingers turned down is considered, then double- 
headed arrows may be used to show that, for each of these fingers, 
there is a month. In this case, the two sets are said to be in a one-to-one 
correspondence. 

Now consider a set of names of people mapped into the set of names 
of days on which they were bom. 


Edward >. 

Monday 

Lemos — 

Tuesday 

George — *" 

, Wednesday 

John — ,-s > 

Thursday 

Winston ^ „ 

, Friday 

Tommy 

Saturday 

Rodney ^ 

Sunday 
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This mapping differs from the other one. Two names are mapped into 
Tuesday and into Friday. This is a many-to-one mapping. 

Bertrand Russell has observed that, in Christian countries, the 
relation of husband to wife is one-to-one; in Mohammedan countries, 
it is onc-to-many; and in Tibet, it is many-to-one. The accuracy of the 
first-named example may be open to doubt, but this illustrates the 
concept. 

Two sets are in a one-to-one correspondence when there is a 
reversible mapping that assigns to each member of one set one, and 
only one, member of the other set. When two sets can be put into such 
a correspondence by some mapping, they are said to contain the same 
number of objects or have the same cardinal number. 

It may readily be seen that associated with each cardinal number 
there is a collection of sets. All sets consisting of pairs of objects are 
associated with the number “two.” Sets consisting of only a single 
object are associated with the number “one,” and so on. All sets will 
belong to one of these collections of sets. Determining how many 
objects arc in a set is the same thing as determining the collection to 
which the set belongs. Russell used this basic idea to define number. 

Counting is done by matching objects with number names. We 
count four objects by saying, “one, two, three, four.” We have then 
placed the four objects in a one-to-one correspondence with a set (of 
natural numbers) having the cardinal number “four.” Therefore, we 
say we have “four” objects. This has been a summary of counting and 
sets that has appealed rather strongly to our intuitive sense of number. 

A more logically derived “definition” or concept of the natural numbers 
will be presented later in this chapter. 


As man and his culture developed, 
D. Systems of Numeration the need for some kind of perma- 

nent device for recording numbers 
grew. Early uses of tallies, pebbles, or notches were attempts at 
recording quantities. People probably used speech to communicate 
thousands of years before they learned to write words. Likewise , people 
used number names long before they devised signs or symbols for 
numbers. The word “three” was in use long before the numeral “3.” 
In the discussion that follows, the term number system will frequently 
mean “system of numeration.” This is in accord with common 
usage. 
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The simplest sort of written number system involved the additive 
principle. Different symbols would be used for 1, 10, 100, and higher 
powers of 10. The symbols would simply be repeated the necessary 
number of times. Where bases other than 10 were used, symbols for 
20, 50, 60, or other numbers would be employed. 

More than five thousand years ago, the Egyptians used such a 
number system. The hieroglyphics which they used have been found 
inscribed on stone. A simple version of their numerals is as follows: 

' " III INI III III III! liil |?| n 

II III III Mil III 

i'n nnn nnn nnnn g° 
nn nnn 


repeatin^each^^boWhenc^ess^ry number of times^^Fbr example,^' 

rrrrr 999 rim n „ 


T , . ® * 99 non mi 

1 his represents the number 23 567 

- grouping system is 

used to write R oman nume J are symbols 


TheP 100 500 WOO 

i ne Komans used svmhnk fr>r - 

for the numbers 5, 50, and 500 P 'tiT “u' 01 '* ’°’ 100 ’ and 1000 > and 
in forming certain numbers, such as IX fo”™ princi P le « also used 
40 and XC for 90, or 10 less’than 50 and m ?' V ‘ ha " I0 1 XL *r 
principle may be seen in such numbe wr " 100 ' The additive 

meaning one more than fire and one mo ^ 6 and XI for H. 

CX for 110, meaning 10 more than arT d^o 0 ’ a " d LX for 60 and 
subtractive principle was used very little * 3 " d f° m ° re than 10 °- The 
V tile in ancient and medieval times. 
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In ancient times, a number might have been written as follows: 
1964 = MDCCCCLXIIII 

Using the subtractive principle, the number would be 
1964 = MCMLXIV 

Computation using Roman numerals, in comparison with the 
Hindu-Arabic decimal system, must be considered rather inconvenient. 
Nevertheless, although more modern systems of numerals were 
generally known in Europe in the eleventh century, Roman numerals 
were used in bookkeeping until the eighteenth century, partly because 
it is relatively easy to add and subtract Roman numerals written 
according to the additive principle. This is shown in the accompanying 
example: 

Addition Subtraction 

DCCC L X VIII (868) DCCC L X VIII (868) 

CC XVII (217) CC XVII (217) 

M L XX XV (1085) DC L I (651) 

Multiplication and division using Roman numerals are much more 
difficult than with modem numerals. Usually, some device, such as a 
counting board, was needed to multiply numbers. 

MULTIPLICATIVE SYSTEMS 

Some early systems developed into what is called a multiplicative 
grouping system. If the base 10 was selected, then there would be 
symbols for 10, 100, 1000, and so on. Also, there would be symbols for 
1, 2, . . . , 9. These two sets of symbols would be used with multiplica- 
tion to show how many units of the larger symbols are used. For 
example, 

2476 = 2(1000) 4(100) 7(10) 6 
where the proper symbols would be employed on the right side. 

An example of such a system is the Chinese, later adopted by the 
Japanese. The system employed symbols similar to the following. 

- - s- -B-tr 

1 2 3 4 5 6 

)( -i * £> ^ 

7 8 9 10 1 00 WOO 


Example : 


2476 = 
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CIPHERED SYSTEMS 


In a ciphered numeral system with base 10, symbols are adopted for 
1, 2, . . . , 9, 10, and for multiples oflO, 100, 1000, and so on. Although 
such a system uses many different symbols, the representation of 
numbers is short. 

Early Greeks had a method of writing numbers by making use of the 
initial letters of the number names. These were combined in a simple 
additive system. The Ionic, or alphabetic, Greek numeral system 
employed the letters of the Greek alphabet. Letters and the numbers 
they represented are as follows: 


1 a alpha 

2 p beta 

3 y gamma 

4 <5 delta 

5 e epsilon 

6 F vou 

7 £ zeta 


8 i} eta 

9 0 theta 
10 t iota 
20 k kappa 
30 A lambda 
40 ft mu 

50 v nu 


60 £ xi 
70 o omicron 

80 it pi 

90 P koppa 
100 p rho 
200 a sigma 
300 r tau 


400 v upsilon 
500 $ phi 
600 x eh* 

700 rp psi 
800 to omega 
900 sampi 


Bars or accents were used for larger numbers, as in the Roman numeral 
system. Examples of numbers in the Greek system are 

18 = uj 84 = ni 643 = xny 


POSITIONAL SYSTEMS 


10 T Thm n ,he' Arabi , C nT tem " a PO!i,i ° nal nUmcral •»*«» with base 

m a y be U :;;tm r ed 1 i°ntb: , ror bO,!:0 - *’ 2 ' 9 - N ° Wa "Vnumber 

‘-.(10') + «.-,(10«) + . . . + 0,(10*) + 0,(10) + „ 0 

(10* means 10 x 10, 10* means 10 x 10 x 10- in , ,n. 

the number obtained by usine 10 as a r n S en eral, 10 means 

9,i =0,1,.. „ F „ y "‘" S ° “ : a fact ° r " hmes.) Where 0 S ,^ 

■ lor example, the numeral 7862 means 

7(10*) + 8(10*) + 6(10) + 2 . 

7000 re Th; BstandTfcB x "iM or Mo"a”d * T* f ° r ? * ,00() ^ 
60. The numeral 7862 means ’ d the 6 stands for 6 x 10 or 

7000 +800 +60 +2 

on thc positbn ! * 

the 3 stands for 3000. ’ nds *° r 3 ^' In the numeral 3692, 
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SYSTEMS OF NUMERATION WITH OTHER BASES 

Some electronic computers are constructed to perform mathematical 
operations on numbers expressed with bases other than 10. The binary 
base, the quinary, and the octonal bases are used. The duodecimal 
(12) base has been suggested for common use. As mentioned earlier, 
there is even a Duodecimal Society of America which proposes to 
conduct research and educate the public in mathematical science with 
particular relation to the use of base 12 in numeration and mathematics. 

The binary base. The only digits in the binary system of numeration 
are 0 and 1. So simple is this system that even counting is confusing. 
The first eight binary numerals are 

1. 1 5. 101 

2 . 10 6 . 110 

3. 11 7. Ill 

4. 100 8. 1000 

Note that the numeral following 111 is 1000. In the system using the 
base 10, the numeral following 999 is 1000. It may be easily seen that 
expressing large numbers in the binary system will be a long, tedious 
process involving many digits. For example, 

183, 0 = 10110111 2 

and 

512 l0 = 1000000000 2 

Computation using binary numerals and converting from the binary 
system to the decimal system will be discussed later. 

The quinary base. The quinary base system of numeration uses five 
symbols: 0, 1, 2, 3, 4. The first few numerals in this system are 

11. 21 21. 41 

12. 22 22. 42 

13. 23 23. 43 

14. 24 24. 44 

15. 30 25. 100 

16. 31 26. 101 

17. 32 27. 102 

18. 33 28. 103 

19. 34 29. 104 

20. 40 30. 110 


1 . 1 

2 . 2 


3. 

3 

4. 

4 

5. 

10 

6. 

11 

7. 

12 

8. 

13 

9. 

14 

10. 

20 
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Note that the numeral 100 follows the numeral 44, whereas in the 
decimal system the numeral 100 follows the numeral 99. Computation 
with quinary numerals and converting to the decimal system will be 
discussed in a later chapter. 

The duodecimal base. The duodecimal system contains a dozen digits. 
The symbol “ T” is used for 10 and the symbol “2s” for 11. These have 
been called dek and el. In this system, it may be seen that the quantity 
one dozen is expressed by “10” and may be called do. The quantity 
one gross, or a dozen dozens (144), is expressed by “100” and may be 
called gro, for gross. 

In counting, we count 1, 2, 3, 4, 5, 6, 7, 8, 9, T, E, 10, or one, 
two, . . . , nine, dek, el, do. If the counting continues systematically, 


Duodecimal System Decimal System 

11 = l do -f 1 unit = 13 

12 = 1 do -f 2 units = 14 

19 = 1 do + 9 units = 21 

IT = 1 do + T units — 22 

1 £ = 1 do 4- E units = 23 

20 = 2 do + 0 units = 24 

99 = 9 do + 9 units = 117 

9T = 9 do + T units = 118 

9£ — 9 do 4- £ units = 119 

TO = T do 4- 0 units = 120 
EE = E do + E units = 143 

100 = 1 gro = 144 


1000 = 1 do gro = 1,728 


Theduc^amaUy^ of numeration offers the advantage of a base 
with the factors 2, 3, 4, and 6 instead or simply 2 and 5. This simplifies 
the writing of many fractions in the duodecimal notation. For example. 


Fraction 

one-half 

one-third 

one-fourth 

one-sixth 

one-eighth 

one-ninth 

one-tv\elfth 


Decimal 

Duodecimal 

.5 

.6 

.3333 . . 

.4 

.25 

.3 

•1666 . . . 

.2 

.125 

.16 

• 1111 ... 

.14 

•0833 . . . 

.1 
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Computation with duodecimal numerals and converting to the decimal 
system will be discussed in a later chapter. 


The preceding sections have pre- 
E. Sets and Numbers sented a very brief summary of 

some of the beliefs concerning the 
basic foundations of number. Philosophers and mathematicians do 
not agree about the ultimate basis for defining numbers. Some have 
believed number to be intuitive and an inherent part of man’s 
personality. Others have sought a basic list of axioms from which 
number may be deduced. More recently, the logical development has 
been emphasized. By making use of certain simple definitions of sets or 
classes, a logical development of number may be effected. Whether 
these definitions arc more elementary or basic than the simplest 
concepts of cardinal or counting numbers may be open to question. 
For example, in such a development of number, one needs to use such 
terms as “single” and “pair.” Whether these concepts are more basic 
than the concepts of “one” and “two” may be disputed. 

This section presents a simplified, logical development of the cardinal 
or counting numbers in a way understandable to the non-mathematics 
major. This presentation should help the arithmetic teacher to under- 
stand the modern approach to number. The role played by sets and 
set operations in laying a foundation for number and number operations 
should be appreciated. 

SETS OR CLASSES 

There are many collective words in use in the English language. 
Some of them have been demonstrated. The term set as used in mathe- 
matics, however, differs from its everyday use, such as when we say a 
set of dishes, a set of toys, or a set of teeth. 

A set will be defined as a collection into a whole of definite, well- 
defined objects of our thought or perception. These objects are said to be 
in, or to belong to, the set. They are called elements or members of the set. 

One way to describe a set is to enumerate or list its elements. For 
example, a family may consist of the father, mother, son, and daughter. 
George, Tommy, Winston, and John are a set of teachers. An eraser, a 
piece of chalk, a ruler, and a book make a set, as do the vertices of a 
square. In all cases, the objects can be perceived or conceived. 
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Symbolic representation. A set may be symbolized by a capital letter or 
by listing or writing the elements of the set. For example, 

A = {a, b, c f d, e] 
or B — {1, 2, 3, 4, 5} 

In listing or writing, the elements of the set are enclosed in braces. The 
right-hand side shows the elements of sets A and B. We may say that 
a is a member of A by writing 

aeA 

or that 4 is a member of B by writing 


The symbol e means “belongs to” or “is a member of.” We may 
denote that/is not a member of A by writing 

/M 

A set may be a collection of points in the cartesian plane. It may be 
a collccuon of number-pairs. For example, 

f -((5,0), (5,4), (1,4), (1,0)) 

° f th ' 0rdered num b e f-pairs represents a 
pomt. A set may also be made up of sets. For example, 

A ■= {U), (1,2), (1,2,3)} 

is a set of sets of numerals. 

con^ainT^ An empty set 

the bowl is an empty set On,. apples. The set of oranges in 

the bowl. The number is tb ^ Speak of the number of oranges in 

enrolled in a g irh‘^ c L ^ ^ ***** of boys 
nagms gym class is an empty set 
Now, u should be noted th-u «K*. *1 * 
concept. We can talk about it The , ^ ** ,S SOmeth " m S* is a 
symbol. A pair of braces { \ \ v ; ih "I?* 7 ° r nuI1 set even has a 

nU lZu' ““ imp ° rtan,t sai,nd " presents ,he 

tile same elements. When nc'havc T'-'n ** ' vllcn ,he > r con <ain 
then It i, just another of d / 7. ’ rcad “set A equals set 5,” 
designated by A. The order of u-ri/ t° S , thc Same sct of c ^menU 
dilfcrcnce. Tor example the vt e . emcnts * n a set makes no 

Hon many ways can you write the s« { ^ 4, ')“ mC “ ' hC 
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Substls. The set A is called a juto of the set B if every element of A 
is also an element of B. Consider the set A = {a, b, c} and the set 
11 = fa b < <■. d )- Every element of A is also an element of B; therefore, 
A is a subset of B. A set may be a subset of itself. Why? 

Consider the set A = {a, b, c). The subsets of A are 

fa f }> {a, b ), {a, c}, {b, c) 

M {4} {<} { } 

There arc eight subsets of d. The null set is by definition a subset of all 
sets. Wc write the fact that one set is a subset of another as follows: 
A <= B 

For example: {a, b) { a, b, c). If A = Ji, then A is said to be an 
improper subset of B. The set A is said to be a proper subset of B if there 
is an element of B not in A. Write some examples of proper and improper 
subsets. 

The null set may be defined as the subset common to all sets. It is a 
subset of itself. Now, how do you define a set with a single element in 
it? We may exhibit many sets with a single element. But we need to 
start getting away from the concrete and to the abstract if we are to 
build a number system. A set with a single element is a set whose only 
proper subset is the null set { }. This is only a tentative start toward 
defining the natural number 1. 

OPERATIONS ON SETS 

In order to define formally natural numbers using the “set” or 
“class” idea, certain operations on sets must be defined. 

Union of sets. By union of a pair of sets we mean the set of all dements 
which belong to either or both of the pair of sets. The symbol for 
union is as follows : 

A uB =C 

If A and B are sets, then A union B equals set C. Set C is the set 
composed of all the elements in either A or B or both. For example, 
if A ~ {a, b, c } and B = {d, e,f} 

then, A U B = (a, b, e, d, e,f) 

Also, consider these sets : 

Let X = {1, 2, 3, 4} and Y = {3, 4, 5, 6} 

then X uf={I, 2, 3, 4, 5, 6} 
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Union is sometimes called sum. Make up other examples of sets and their 
unions. 

Intersection of sets. By intersection or a pair of sets, up mean the set of 
all elements that belong to both the sett. The symbol for the inter- 
section of a pair of sets is n. l*or example, A intersection 11 is svritten 

A nil 


Consider the sets A = (a, i, c) and 11 = {i , ,,/}. 

Th cn, d nfl=-( ) 

the null set, since there are no elements common to .1 and 11. Now, 
consider the sets -Y = (1, 2, 3, -1) and Y - (3, 1, 5, C). Then, 

-V n r ■=- (3, •)) 

Intersection is sometimes called product, but it dilTers from our usual 
intersections Pr °' “ P ° ,h " '*° m P l,! ”f «/*, mi fni their 

dSTSI 1,aVC , "° ?! cmcnu in comni "" «C called disjoint trtr. 
Disjoint sets have the null set as their intersection, 

,hon,t':i7,r; Tho .'° m P' emn ”‘ 1 V of a subset is composed or 

sci B 

S' mat uTa “ ""’-’"'"'"“T a "S'« in 23 t” 

containing al/thtcWuuX'thCTseu^ '° gCn " al ,Ct 

various way, and is called the uimL/sct ' rlr eLam IT’’ ^ !" 

universal set be the letters of n, i , * orcxam plc, sve may let the 

sideration svould have onlv l c 3 b la bct. Then all sets under con- 
Examples are ‘ V dCm ' nti ’ whid > letters of the alphabet. 

t, r,l {o} 

We denote the universal set bv U If,... 1 

are taken from the universal set ri ,' aVC a SC1 '* "'hose elements 
if, consists of all those elements in U nottn A° mP ' Cm,:m ° f A ‘ WrittC " 
Intuitive concepts of sets A vi«,ai • . 

drawings, usually called V m dij^m?^ 0 "^” 15 may bc madc by 
agrams. The points in a large rectangle 
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Figure 2.1 

may be considered the universal set U. Sets may be represented by 
circles within the rectangle, and the elements of the sets may be thought 
of as the points within the circles. Such a representation will depend 
upon our intuitive concepts of points and sets of points, since a definition 
of points and related ideas is as difficult as a definition of number. 

Several cases of the union and intersection of sets will be illustrated. 
Also, subsets and complementary sets mil be demonstrated. Shaded 
areas indicate the union and intersection of sets as well as the comple- 
ment of a set. 

Case 1. Let the points in the rectangle (Fig. 2.1) be the universal 
set U. Let circles A and B represent sets within U which have no 
common points. Then, A union B (written A u B) is the set of points 
consisting of all points in set A and all points in set B. The shaded area 
(Fig. 2.2) represents A U B. Now, A intersection B (written A r B) is 
the set of points consisting of all points in both set A and set B, that is, 
the points common to A and B. Since A and B have no points in 
common, the intersection of A and B is the null set (Fig. 2.3). 

Case 2. Let the circles A and B (Fig. 2 A) represent sets which have 
some points in common. Then A U B consists of all points in A not in 
B, all points in B not in A, and all points common to A and B. The 
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shaded area shown in Fig. 2.5 represents A kj B. Now, A n B consists 
of all points common to A and B. The shaded area (Fig. 2.6) represents 
A n B. 

Case 3. Let circles A and B represent sets such that B is a proper 
subset of A. Then circle B (see Fig. 2.7) is entirely within circle A. The 
union of A and B, written A u B, is set A in this case (Fig. 2.8). The 
intersection, A n B is set B (Fig. 2.9). The complement of set A, 
written A, is that part of the universal set outside of A (see Fig. 2.10). 

Equivalent sets. Consider a pair of skates, a pair of arms, and a pair 
of pencils. Each of these pairs forms a well-defined set. What do these 
sets have in common ? It is not their shape, size, color, or use. The only 
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common characteristic is their plurality. The same thing is true of 
sets each of which contains a trio of objects. 

How do we know whether a pair of sets have the same plurality? We 
do this by counting. If they have the same number, sve say they have 
the same plurality or “manyness.” Since we are now in the process of 
denning numbers, we cannot yet count or say they have the same 
number. Suppose we have a set of cups and a set of saucers. Place a 
cup m each saucer. If there is a cup in each saucer and no cups left 
ver, then we know the sets have the same plurality. Notice that sve 
have not satd the sets were equal, only that they have the same plurality. 

A Pair of ' S " 3 ’ A a " d B - ™ ^q^ivrrlent if to 
“ementTs a single element of B and if to each 

"an dr" * ** words, 

from set / " ■’ ' * “ « “T P* * with an element 

left in either set A oAet^TmlT^n d"*’ WiU bC n ° clcmcnts 
example, consider sets A and Foe 

A ~ {a, b, c } 

B = i*f y, z) 

One way of showing the correspondence would be 

Write all the sray^wteh a'one-t^ 6 " 8 * COrTes P OI,dcni:e each way. 
between the elements of sets A and U5° C corres P° ndenc e may be set up 

correspondence Prop'S^ 1 ' ° f ! ' U ' vhich do not have the one-to-one 

c =( 1 , 2 , 3 , 4 } 8648 

B = a) 
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Note that we may set up a correspondence between 1 and 2 andjy, 
and 3 and z, but there is no element in B to correspond to 4. One 
element in C is left when we pair the elements of sets C and B. There- 
fore, u'c do not have a one-to-one correspondence between sets C and 
B. Sets C and B are not equivalent. One-to-one correspondence is a 
property possessed by equivalent sets. 

There arc two ways of writing equivalent sets: 

A <-> B or A ~B 

These are read “ A is equivalent to B” Note that if A ~B, then 
ft ~ A; that A ~A\ and that it A ~B and B ~C, then A ~C. Any 
operation possessing these three qualities is called an equivalence relation. 
From its definition, one-to-one correspondence may be seen to possess these 
qualities. 

FROM SETS TO NUMBERS 

We are now ready to define number, or at least a certain kind of 
number. Notice that in all of our discussion of sets we have not used 
any number names. A preliminary definition of the number 1 was 
made. The numerals or symbols for numbers used in examples of sets 
could just as well have been any other kinds of marks on the paper. 
References have been made to “single” and “pair” with the expectation 
that these terms involving plurality would have meaning in the same 
way that other words in our language have meaning. Several other 
concepts and definitions are needed before we are ready to go from 
sets to numbers. 

Successor of a set. Let us consider the set A = [a, b, c}. There are 
several subsets of set A. (See previous section on subsets.) You will 
recall that A is a subset of itself. Also, you may recall that sets may 
consist of sets. For example, 

Z = {{a}, {a, b}, {a, b, c}} 

Thus, the set A — {a, b, c) may itself be an element of another set. Now, 
consider the set A as an element and construct a new set consisting of 
the elements of set A and set A, itself, as an element. This set would be 

{a, b, c, {a, b, c} } 

We shall call this set the successor of A, and designate it by the symbol 
"j(A).” Note that the set A is an element of the r(i4). Write the successor 
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of the scl X = {a, b }. The successor of a set is the union of the set with a 
set whose only element is the set itself. 7 

Standard sets. Now, standard sets may be defined and names given to 
them. The first standard set is the null set { ). 8 Its name shall be zero, 
and it will be symbolized by writing 

0 = { } 

Now we may construct the successor of zero. This is the set composed 
of the elements of the null set (has no elements by definition) and the 
null set considered as an element. Therefore, s( 0) — (0). Note that 
we have a union of the following sets: 

1. The null set { } 

2. The set whose only element is the null set ({ } } 

That is, 

m = i ) u « » 

This may be written: 

40) =ou({)}.|)) = (0} 

The successor of 0 is a set consisting of a single element, namely, 0. 
This set we shall call one , and its symbol will be “1” That is, 

1 -,(0) ={0} 

The successor of 1 is the union of 1 and the set whose only element 
is 1. This may be written 

s{l) = 1 u {1} = {0} u {1} = { 0> 1} 

This set we shall call two and give the symbol "2.” 

The successor of 2 is the union of 2 and the iet with 2 as its only 
element. That is, 

42) = 2U{2} = (0, i> u (2} 

" (0 ’ ^ u «°> l > } = 1, (0, 1» = {0, 1, 2} 

This set we shall call thee and give the symbol “3.” 

P ;.“ W '' EU ™“ York, Chelsea Polishing Co. 1960), 

8 Ibid. 
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The next standard set is the successor of 3. It is the union of the set 
called three with the set whose only element is the set called three. 
s(3) = 3 U {3} = {0, I, 2} u {3} 

= (0, 1, 2} u {{0, 1, 2}} = {0, 1, 2, {0, 1, 2}} 

= {0, 1, 2, 3} 

This set will be called four , and the symbol will be “4.” 

This process may be continued indefinitely, and names and symbols 
given to the standard sets. Note that the names and symbols given to 
the standard sets play no part in the definition of the sets. In other 
words, many different systems of numeration (written symbols) may be 
used to designate the standard sets. 

Equivalence class. Having defined standard sets, we may now consider 
collections of sets. First, from our definition of standard sets, we may 
see that they arc ordered. They are ordered in the order in which they 
were constructed. 


0=0 

zero 

1 =(0) 

one 

cT 

11 

<M 

two 

3 = {0, 1, 2} 

three 

4 = {0, 1, 2, 3} 

four 


Now consider the set A = {a, b , r, d). We can obviously put this set into 
a one-to-one correspondence with the standard set 4 = {0, 1, 2, 3}. 
We could conceive of many sets which could be put into a one-to-one 
correspondence with 4. In fact, we could select many sets which could 
be put into a one-to-one correspondence with any other of the standard 
sets. The collection of sets which are equivalent to a standard set is 
called an equivalence class. 

Cardinal number. An equivalence class is a collection of sets. The 
standard set used to define each equivalence class has been given a name 
and symbol. The cardinal number of a set is defined as the equivalence 
class to which the set belongs. The name and symbol for the cardinal 
number will be the same as the name and symbol assigned to the 
standard set used to define the equivalence class. Thus, the cardinal 
number of a trio will be the class of all trios. The class of all trios will 
be the cardinal number 3. 

The cardinal numbers are ordered just as the standard sets from 
which they take their names are ordered. The terms “larger cardinal 
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number” and “smaller cardinal number” may be defined as follows: 
the set A has a larger cardinal number than the set B if the set B is 
equivalent to some proper subset of A. Zero is obviously the smallest 
cardinal number. The cardinal number 1 is larger than 0. Using the 
standard sets, 0 = { } and 1 = {0}, as examples of sets having cardinal 
numbers 0 and 1, we see that the only proper subset of 1 is { } which is 
equivalent to 0. In the same manner, we may show that 


0 is less than 1 

1 is less than 2 

2 is less than 3 

The symbol for “is less than” is “<” and for “is greater than” is “>.” 
Therefore, we may write: 

0<1<2<3<...<99<100<... 

Now the cardinal numbers arc ordered and may be used to indicate the 
plurality of a set. If a set is empty, it is said to have the number aero, 
irthe set is not empty, we assign the cardinal numbers in order begin- 
”2“ ,1° m ™. : be ; s (dcm ' nts > of ‘he set. The last-named cardinal 

answer he Cardma ' n “ mb ' r ° f < b ' This is called counting. This 
answers the question of plurality or “manyness” or a set 

seu couMeir C , ardinal " Umb ' r? From ° ur d '<Mtion or standard 
lune cariin \ h Cardinal numbm - ™ could go on con- 
„ defied ^ we co 1H U T r ° r ' Ver - F ° r Cardi " al named 

numbers A n is“a d to 7" “7™ * ° ne - The * of cardinal 

of dement ° r c °" tai " “ infinite number 

Natural n unbtTs. Some writ ere st A c_._ . . 

symbols whose meaning lies only in the nUmbers a! abstract 
them.' Others simply use “cardinal “ “ 5ed “ m anipulate 

and "counting numbers” to mm mberS> natura l numbers,” 

cardinal numbers will simply be called In fact > OUr 

bees arc defined, and the kind must be sn other klnds of num - 

doubt as to the kind of number meant Chh ^ ™ ° rd ' r “ eliminate 
cardinal numbers arc “whole numbers” t'J “ Scd lo rcfer ( ° our 
an “ n °n-negative integers.” 

Ope^non/Tie Charlol.e IV. >„ge, ~N„ mh „ and 

Couneil orTeachen of Mathematics, (\Vasfa^pi^^ l £^^^^earbook,^ National 
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LOGIC AND LEARNING 


In the elementary grades, children learn to count by memorizing 
the number names and by assigning the number names in order to each 
member of a set of objects. The first process is called rote counting ; the 
second is called rational counting. Later, children learn to assign numbers 
to sets of objects by the way they are grouped without “counting each 
object. Obviously, there is a limit to how far these concepts of number 
may be extended. Large groups cannot easily be assigned a number. 
In fact, we can conceive of groups which we could not count in a 
lifetime or in any finite period of time. The way by which children 
learn number concepts, by using objects and learning number names 
in many different contexts, is a perfectly good one. Only relatively 
elementary number concepts, however, can be associated with objects 
in the manner by which children learn. Abstractions and the use of 
symbols must be learned if the more advanced ideas in mathematics 
are to be a part of the child’s knowledge. 

How many people can give a satisfactory answer to the question, 
“Why do we invert and multiply in order to divide by a fraction . 
“Why docs a minus times a minus give a plus ?” Relating these concepts 
to physical objects is difficult. A logical development of numbers will 
help to provide an explanation of some of the operations performed o 
numbers. Also, such a 

afe r c « ■»* P™ P ecU,i f r “ “ 

are calico to™ y . derstandtag 0 f number and number 

numerals being used Abetter und ^ rf ^ ^ ways of 

operations can result from a cios 

logically developed. 

Something to Think About 

Can you define number? Write a one-paragraph description of wha. 

you think number is. . . 

2. Which term, mathematics or number is more inclusive E’pl ' 

3 Exactly what is the difference between a number and a numeral. 

I! - -ildren may come to confuse numbers and numerals. 

Give several examples. 

5. What is meant by “intuitive” concepts of number. 
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6. What arc the necessary components of a number system? 

7. List the basic ideas behind the Hindu-Arabic system of numeration. 

8. Try performing some number operations using an additive system of 
numeration. A ciphered system. 

9. How may positional systems of numeration with bases other than 10 
be of use in understanding our base* 10 system of numeration? 

10. Make up examples of sets. Represent them symbolically. Find the 
union and intersection of these sets. 

11. Illustrate some examples of sets and set operations by use of Venn 
diagrams. 

12. What advantages does a logical development of number have over 
other ways of conceptualizing number? 
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JLhe title of this chapter does not 
imply that there is a generally accepted scope of arithmetic activities 
assigned to first grade. Indeed, it is doubtful whether any two arith- 
metic programs would agree with each other on suggested content for 
any grade level. The authors, however, hope that, out of this diversity, 
they can present some fairly typical content topics at various grade 
levels, along with some information regarding methods of teaching 
applicable to each. 

This chapter includes the following topics: 

A. Readiness Tests 

B. A First-grade Arithmetic Program 

C. The Slow Learner 

D. The Rapid Learner 
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As was mentioned earlier, many 
A. Readiness Tests students enter first grade with very 

little background for, or interest in, 
number study. Such comparative terms as longer and shorter, larger 
and smaller, or more or less have been adequate for most purposes; 
parents or older siblings have taken care of the more quantitative 
situations. Some small children know when their favorite television 
show comes on, but usually cannot read time from a clock or watch. 
Number songs and games are sometimes learned from parents or phono- 
graph records. These most commonly stress rote counting (one, two, 
buckle my shoe), and this is easily forgotten. Hence, the entering first- 
grade student usually has little background in quantitative work, 
mainly because he has not felt a need for skills in this area of learning. 

Some school systems, public and private, are giving considerable 
attention to nursery-school and kindergarten training for preschool 
youngsters. Generally, it seems that number work does not get major 
emphasis in such training, since most sets of arithmetic texts do not 
include a “primer.” Hence, we may safely assume that the number 
work in many preschool classes is “incidental and accidental.” 

On the other hand, it is not particularly unusual to find a few students 
in a class of beginners who, through parental teaching or because of 
a tendance at an arithmetic-oriented kindergarten, are well started on 
number fundamentals. Such students might count rationally to 10 or 

r£r 0S,mC gr ° UP !“ f0bJeC,S i" * variety of arrangements, or know 
the basic concepts of addition and subtraction 

Jd I i{ f be S ' e " tha ' pu P ils « a particular grade 

Hence ear 17 "* ““ placl: > l« the first grade, 

read n«s sil V " r .’ many ,<!ach ' r5 lik = give some sort of 
“7 ’ ’ Pr ° V,deS a P ° im departure for the work of 

do T n7”ir b vredie77ri::rii77 bi '- 

the students in her class Heir * ' Sb °“ ld start Wlth number work for 
test suited to their own student grlupT " aCl " rS Prrfer *° im P rovlse a 

55 aspects ot number work: ability to count, 

.. E. Hollister and Aimes o _ 

// (Boston: D. C. Heath & Company, Arithmetk in Grad ‘* 1 
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ability to recognize number quantities, ability to match number 
symbols, and ability to recognize the number symbols. 

Such a test can be adapted to local needs and can be administered 
individually in ten minutes or less to most students. Of course, teachers 
would want to keep a simple record of the results of such a test. 

What is the principal function of such a test ? Essentially, it tells the 
teacher something of the background of each pupil, thereby permitting 
her to start each at a level suited to his needs and abilities. 


Many people recall that, a few 
B. a First-grade Arithmetic decades ago, the first task con- 

Program fronting beginners in arithmetic was 

to learn to count by rote to 100. 
Indeed, for some students, this was the first-grade program, since 
progress in this abstract assignment was sometimes very slow. One 
student illustrated how much such a chore meant to him when he 
mentioned that he was trying to learn the alphabet to a hundred. Now, 
it is generally accepted that assignments are carried out with greater 
efficiency if students are given tasks that they can perform in a reason- 
able length of time and if they see a reason for doing the work involved. 
The job of learning to count by rote to 100 failed to meet these criteria: 
it was a fairly long-term assignment, and students saw little use for it. 
Out of this has grown the realization that a fairly specific program of 
instruction is needed at first-grade level. 

UNDERSTANDING THE NUMBER SYSTEM 

There are as many different approaches to teaching an understanding 
of the number system as there are textbooks in arithmetic. Hence, no 
attempt is made here to point out a “best” way. Obviously, most 
teachers will be influenced by the text, work-text, or other such 
materials available to them. 

One-to-one correspondence. One approach is to begin with a very simple 
type of quantification, that is, one-to-one correspondence. Here, a 
student is called upon to match objects in one group to objects in another 
group, without any particular effort being made to associate number 
names with either group. This might involve such activities as giving 
a pencil to each student or matching books with cards. In many 
programs, the student then moves to one-to-one comparison, still a 
rudimentary form of quantitative thinking. Here he determines 
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whether there are enough balls for each student to have one or whether, 
on a worksheet, there are as many lollipops as children. Later, of 
course, he will recognize this as a rudimentary form of subtraction. 
From here, he would logically move to rational counting. 

Rote and rational counting. Perhaps it should be mentioned again that 
rote counting, the mere calling of number names, serves little purpose 
in a modem arithmetic program and hence is given a minimum of 
attention. From the first, however, children are given work in rational 
counting, that is, the counting of objects. This ability is basic to further 
progress. 


Although it is still recognized that number work is essentially abstract 
in nature, we know enough of the learning processes of smaller children 
to realize that abstractions are difficult. Hence, in the earlier phases of 
number work, a great deal of attention is given to the use of concrete 
objects. Since rational counting involves counting things, most teachers 
make extensive use of the concrete in teaching this type of counting. 

It ts recognized that, although texts or teachers' manuals can suggest 
games or activities for students in which they work with concrete 

i„S“ Iy V he ' eaC, " r ‘ S P ° Siti0n ,0 handle this P 1,i,sc of 

instruction. The very best the text can do is to provide pictorial and 

other semiconcrete representations of objects. 

In the early phase of work on rational counting teachers use manv 

r? 

something along this line. Th'es” oTco'urse “TbeT’ W 

cannot be touched or handled as’™ iw' e * P ™“ d ” but 

ra..on7coinuW ,h ofs^nt ”* kad “*° 

workbooks, wZheeTc," ' ““ H ™. 

available to help the student The “t V typeS ° f matenals are 
shown by pictures rather than the actuaTshoes. ° f * ** ° f shoeS “ 

rational counting ‘“t nlndiridual Tauer ' “ ' hC ° f 
' P fadUty ^ ”“*** counting to IM^S^ “ 
Cardinal and ordinal numbtrs Since r,,' , 

tnany types of numbers, cardinal numkl* 0113 countin S yields “how 
Hence, cardinal numbers are taunt,. re!Ult from such counting. 

taugh. along with rational counting. At 
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the concrete level, students are called upon to count out eight sheets of 
paper or twenty pencils. Semiconcretely, they are asked to tell how 
many monkeys are in the cage pictured in their book. Even less 
concrete would be the task of taking twelve steps forward. Most texts 
give many suggested activities for helping students with cardinal 
numbers. 

Ordinal numbers describe a position in a sequence. Generally, we 
associate such terms as first, or third, or tenth with ordinals. There are 
exceptions, however. For example, when Johnny gives his birth date 
as March 14, 1955, he is using numbers in the ordinal sense. 

It is usually accepted that ordinal usage is difficult for children. 
Many students who could count out twelve marbles would not be able 
to point out the seventh one counted. Consequently, most of the first- 
year programs do not go beyond “tenth” in ordinals. Some go only to 


fifth. , 

Incidentally, one source of difficulty with ordinals is the names used. 
Although the relationship between “six” and “sixth is fair y obvious, 

the relationship between “one” and “first” or “two and second is 

somewhat obscure-hence, difficult to comprehend. 

Of course, teaching materials that can be used for any other type of 
counting activity can be used in working with ordinals Also many 
teachers* find natural teaching situations to use such as the lunchroom 
line The usual competition to be first or second in line can be helpful. 
One little boy was told by his teacher that because o h 

would have to go to the last place m line. In a 
his old position, explaining brightly that he couldn t be last since 

place was already taken. 


„ s The study of number structure as applied to the 

— ^ 
“rtvSfroTt^, but the actual study of number structure 

starts with the two-digit numbers. nlace-value pockets. 

One of the most widely used techm ? . a$ a sturdy plywood 

Several types are available commerc^ , teac h erSj however, 

model sold by the John materials as 8- x 1 1-inch 

prefer to improvise them, g - rtIT1 , n talized with staples, with the 
envelopes. These can be comp „ Th are rea dily mounted 

compartments labeled “ones and tens 
on a tack-board for class demonstration (Fig. 3.1). 
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Some teachers get good results in number structure by having 
students outline a ones” block and a “tens” block on their desks, using 
ordinary chalk. With an adequate supply of counters, students 
can follow at their desks the demonstrations being shown by the 
teacher. 


Many teachers introduce this phase of work by adding counters— 
pencils, popsickle sticks, or other objects— in the “ones” pocket until 
ey reach ten. Then, through questioning, they lead the class to 
understand that this pocket is overcrowded. Suggestions are invited as 
'f ^ SUaUy the class provide the plan that some of the 
““ ^°, UW 8° ln ‘° lhc ”“™” pocket. Some teachers make this a 
^ c‘ hCy t3k ' 10 °" eS and ’ by a grouping device 
* band, change them to 1 ten. Obviously, this, now that 
it is a ten, belongs in the “tens” pocket 

For examnlfr^ 5 ^ be bui “ ar °“" d thc P^e-value pockets. 
HaXSed a ,e H «‘ 8 V ° lum " r “ pUt 16 in th ' ^ckets. 
"prove” hu wtrl bv h ta T ” ' h ' a PPropriate pockets, he might 

a description of his number. 8 k' and Writ!ng 

writes a 1 above this rnm™ » 0 . * P°cket contains 1 ten, he 

6, he writes a 6 above it (Fig" 32)' HeT "T*’’ P ° CketS conta!ns 

\ S- ■■£)■ He has now desenbed the contents 



Figure 3.2 
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of the pockets by writing 16 while seeing them visually. Many similar 
activities can be used. Since it is the system that is being emphasized, 
most teachers concentrate on the tens, twenties, and thirties during 
first grade. 

As is generally true in number work, students are led forward from 
the concrete toward the abstract as rapidly as they can move. For 
example, after working with sticks in place-value pockets— about as 
concrete as it can get— students are usually moved into semiconcrete 
work in the some area. This might be illustrated with the student who 
is asked to draw 16 circles on the board. Then he is led, through class 
discussion, to sec a ten and 6 ones in the number. Sometimes, the first 
ten circles will be enclosed in a box or compartment in order to bring 
out more clearly that this is 1 ten. It is of vital importance that the 
students sec the difference between a ten and 10 ones. 

Also, at this stage children can work on the smaller numbers m a 
number chart. Later, this will evolve into the hundr d board or 
hundred-chart. Since much of the early work starts with the concrete, 
there is no particular use for the zero as a point departure. The fir 

of course, follow the same pattern. , studied depart in a 
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recognition is a part of several readiness tests, and many programs 
introduce it very early in first grade. Semiconcrete groups (“How many 
monkeys in the picture?”) are studied, and teachers are encouraged to 
use concrete materials for the development of this concept. 

Almost from the first, teachers observe two different approaches 
which students use in working with groups. Some students look at five 
objects in a group or in a picture of a group and, without conscious effort, 
see it as five. Others continue for months to operate at a much lower 
level by counting “one, two, three, four, five.” Those who continue to 
see the individual members rather than the group will probably tend 
toward finger-counting when they reach the study of addition. 

There is no general agreement as to best methods of teaching group 
recognition. Indeed, many students make the transition — from seeing 
ones to seeing groups— without knowing just how it happened. First- 
grade texts or work-texts, however, usually give many exercises in 
seeing groups in varying degrees of abstractness. 

In some classrooms, dominoes or domino cards are much used in 
teaching group recognition. One precaution needs to be observed here, 
n dominoes, a five, for example, always has the same pattern. If this 
type of material is used repeatedly, there is danger that the student will 
come to recognize the pattern rather than the group. Hence, it is 
important that cards, charts, or other materials show groups in a 
vanety of patterns (Fig. 3.3). 

Concurrently with, or immediately after, the work on recognizing 
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Incidentally, the importance of grouping and of the ability to see 
groups is illustrated in some of the programed materials available for 
self-instruction. Many such programs, designed for instruction in 
processes considerably more advanced than first grade, begin with 
having students recognize, and later draw groups. For example, in the 
program for self-administered work in multiplication and division facts 
(published by Teaching Machines, Inc., Albuquerque, New Mexico), 
students begin with group recognition, the implied assumption being 
that this skill is basic to the development of the higher skills. 

Another aspect of group work is counting by groups. Certain pro- 
grams require that students develop some facility in counting by twos, 
fives, and tens in first grade. These are usually introduced concretely, 
but go rather rapidly toward pictorial material. To many students, 
counting by twos is the most difficult of these three types of group 
counting. Such natural pairing situations as counting ears, eyes, feet, 
or hands in a group of students can add interest to this operation. Also, 
such grouping devices as egg cartons are frequently used. Counting by 
fives and tens frequently makes use of coins (nickels and dimes) as a 
familiar group-counting situation. 

Associating number names, symbols, and groups. A crackerbarrel phi- 
losopher once described how “impossible” arithmetic was to him by 
telling about how he had to learn it in three languages. He said that his 
first chore was to learn the word “two” and to learn where it fitted into 
a sequence of such words. Then, he said, the teacher suddenly con- 
fronted him with the same thing in another language by writing the 
numeral 2 on the board and insisting that he use it. Then, having 
learned the word and the numeral, he was told that he actually didn’t 
know what two was until he could count out two objects. This par- 
ticular individual insisted that he “knew he was licked” when this 
happened. 

Frequently, it is difficult for adults to see the complexity just pointed 
out, the complexity of teaching names, symbols, and rational counting 
simultaneously. In most modern programs, however, all these ap- 
proaches are so closely coordinated that the student is not aware that 
he is doing several different things at once. Many arithmetic programs 
start, almost from the very first day, presenting pictures of groups, 
along with the descriptive number word and the number symbol. Many 
parallel aids, such as flash cards, charts, and assorted games, can be 
used to further this complex job of "learning in three languages.” 
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Of course, the first phases of this work are concerned with recognizing 
number names and numerals; usually, however, and as an integral 
operation, students are introduced to the task of writing the numerals. 
This is frequently troublesome because (1) there is no way for a 
student to “figure out” why the symbol “4” stands for the same thing 
as the word “four,” and (2) some degree of muscular coordination is 
required. 

Several different approaches are available to aid in this task. For 
years, first-grade teachers have used commercially available charts for 
letters and numbers. These, in characters several inches high, are 
frequently mounted above the chalkboard, presumably to serve as 
models for the students. Also, of course, the teacher uses every oppor- 
tunity to write the number symbols on the board, pointing out how each 
is correctly written (Fig. 3.4). 

Certain first-grade teachers have developed or adapted verses, 
jingles, or songs to help students learn to write the number symbols. 
These are usually built around the separate motions used in writing the 
symbols. For example, one such jingle describes, with much repetition 
and many accompanying motions; “A line straight down and that is 
all, to make the number 1.” Two is described as “half around and 
straight across’; three is “half around and hair around.” Four is 
own, across, and then straight down.” Five is “across, down, and half 
around. Six is a line straight down, then all around.” When used, o[ 
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symbols frequently get a great deal of help by tracing such figures with 
the fingers. Variations of this technique would be giving the figures a 
light coat of plastic material from a pressure can and sprinkling lightly 
with sand, or gluing sandpaper to them. This adds more “feel” to the 
symbols and seems to increase their effectiveness as a teaching aid. 

Tracing is a widely used approach in teaching children to write 
numerals. Many workbooks and work- texts use dotted symbols, usually 
with arrows showing the direction of motion for each part of each 
symbol. Many students will require supplemental practice on this type 
of work. This is usually provided by use of teacher-prepared work- 
sheets or some other type of duplicated material. Further, as was 
mentioned earlier, teachers must accept the fact that skill in writing 
these symbols comes slowly and hence is developed over a period of 
years. 

Some number symbols give much more trouble than others. For 
example, many students have trouble with the 5. Despite their best 
efforts, it comes out looking like a capital S. Probably even more 
troublesome is the 8. This symbol, of course, requires a douriward 
stroke followed by an upward motion. Also, and frequently more of a 
problem, it has two separate and distinct segments. Hence youngsters 
tend to make it twee as large as the other numerals. Occasionally, a 
student will insist on reversing a symbol; 3 and 7 are common offenders 
in this respect. The correction of such difficulties usually requires 
additional practice under close supervision by the teacher. Sometimes 
it may be desirable to break down the difficult numeral into parts in 
order to help students develop the desired facility. 

Aids available. In working with small children, teachers constantly 
try to make effective use of a wide variety of teaching materials. It 
should be pointed out, however, that many of the popular, commer- 
cially available materials can be improvised by teachers or even by the 
first-graders. Indeed, such materials might well prove to be more 
effective than the ' 'store -bought” models. Also, teachers should 
remember that most materials are simply aids; even their strongest 
advocates do not claim for them any virtues not implied in the term 
aid. 

Obviously, a complete list of the available aids cannot be included 
here, since it would be quite long, and new devices are constantly being 
developed. Hence, this discussion will deal primarily with some 
typical aids for first-grade arithmetic. 
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A booklet by Berger and Johnson 2 gives a good discussion of the 
effective use of arithmetic aids. It also includes lists of devices, models, 
and related aids, along with names and addresses of suppliers. 

Some typical aids for use in helping first-graders to understand our 
number system are magnet boards with numerals, sold by Academic 
Aids, Princeton, New Jersey; counting frames, such as those sold by 
Milton Bradley Company, Springfield, Massachusetts; the two- place 
number board, such as that sold by Ideal School Supply Company, 
Chicago; and the primary spool number board, sold by the John C. 
Winston Company, Philadelphia. 

A number of audiovisual aids are available for this phase of arith- 
metic. For example, there is a series of filmstrips on “Using and 
Understanding Numbers” for grade one by Stanley Bow-mar Company, 
Valhalla, New York. The first three filmstrips in this series are useful 
for developing an understanding of our number system. Several films 
are also available, for example. Coronet Instructional Films, Chicago, 
sells a film entitled Let's Count , which is designed specifically for teaching 
such points as the difference between ordinal and cardinal numbers. 


SEMIQUANTTTATIVE COMPARISONS 
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One might expect that the teaching of semiquantitatsve comparisons 
might be limited to the early part of the school year. Although usually 
more attention is given to it early in the year, such work continues 
throughout the school term. Comparisons are introduced wherever 
they seem to fit in best. Also, one must .keep in mind that even the 
simplest concepts must be repeated at intervals. A teacher can seldom 
write something off the agenda permanently on the ground that all her 
students have mastered it. 

ADDITION 

As has been pointed out earlier, one of the most important goals in 
first-grade arithmetic is the development of an understanding of 
number. In many arithmetic programs, however, activities along this 
line are combined with the teaching of the fundamental operations . 
The premise, of course, is that there are mutual learnings in the study 
for understanding and the development of skills. 

The adept teacher seldom precedes the introduction of addition with 
any formal notice. We can readily imagine the response of some 
pupils upon hearing, “Today we start the study of addition.” Instead, 
the idea of “How many in all” is brought in so gradually that most 
pupils do not realize that something new is being studied. 

A key concept in addition is that students be able to “see” groups. 
Since addition is essentially a matter of regrouping, most teachers 
devote considerable time and effort to the development of skill in 
working with, describing, and recognizing groups before they move to 
addition. If the child is to make satisfactory progress in addition, 
certain other concepts must have been mastered. He should be able to 
do rational counting, recognize number symbols, write number sym- 
bols, and reproduce (“count out”) groups of designated sizes. 

Concrete approach. The concept of addition, which, many years ago, 
was introduced as a definition, is usually presented concretely. The 
sequence of events frequently follow's this pattern: (1) study of a group; 

(2) study of two separate groups; (3) study of a new group formed by 
combining the two separate groups. (See Fig. 3.5.) 

Resourceful teachers can find many ways to introduce this operation. 

One of these is through dramatization. What, for example, could be 
more concrete than to have Mary and Ben (one group) walk across the 
room to join Sally, Bobby, and Joe (another group) to form a single 
group ? Numerous activities of this type can be devised by teacher and 
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students. Many such activities require that the “story” be written on the 
board. The opportunities for the teacher to exercise ingenuity are 
abundant. 

A next step commonly used is moving from people to concrete 
inanimate materials. Pencils, books, bottle caps, and other such objects 
can be used, and the drama of combining two groups into one is 
repeated many times. Incidentally, these materials are less concrete 
than are people in the class only in that the individual objects do not 
have names. 

Throughout these exercises, there should be ample opportunity for 
the students to improvise activities for the class to use. It is not unusual 
for members of the class to suggest variations that the teacher had 
overlooked. 


Semtconcrete. First-grade teachers accept the principle that addition 
is basically abstract. They also recognize that children master abstrac- 
tions best when those are preceded by concrete instruction. Hence, at 
t is point, they make the transition from the concrete to the semi- 
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The abstract. Although there is no general agreement as to how much 
abstract work in addition, that is, the addition facts, should be given 
first-graders, can you imagine holding students on semiconcrete work 
when they arc ready for the abstract? 

Efforts are made to have first-grade students do abstract addition in 
both vertical and horizontal form instead of simply "4 apples and 2 
apples arc 6 apples.” A frequently used method is showing the pictorial 
version and the symbolic version together for a considerable period of 
time, then gradually eliminating the use of the pictorial. Having made 
the transition to the abstract, teachers use many devices, such as 
flash cards, workbook exercises, or teacher-designed worksheets, each 
involving much repetition, in order to help the student become reason- 
ably confident on a limited number of abstract addition facts. This, 
of course, is a recurring experience , a more palatable term for drill. 

For years, some arithmetic programs have used the fifteen easiest 
addition facts in the first grade. This excludes the zero facts and goes 
from 

1 , , 5 

+ l through +] 

2 ~6 

This meant that first-graders did not work with sums greater than 6, 
and they learned 1 5 facts. Note that 

4 j 2 

+2 and +4 

make a single ‘'combination,” but provide two addition ‘facts. * 
This means that the first fifteen facts are 

123121314232415 

123213141324252 

24633 4455556666 

Some educators, however, think that this program is too easy; some 
texts are going as far as sums of 10 in first grade. This amounts to a 
total of 45 facts. There is no right or wrong in such a procedure, since 
each teacher is dedicated to the task of bringing each student to the 
highest degree of advancement of which he is capable. 

It should be pointed out that the transition from concrete to abstract 
is not a kind of “graduation,” where the concrete is dropped completely 
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when the student becomes able to handle the abstract. It is a back-and- 
forth operation in which students, on occasion, may be using two or all 
three levels of thinking on the same example. Just as a physician cannot 
provide a prescription that would be good for all the first-graders in a 
room, the teacher cannot provide a teaching method that would be 
universally applicable. 


Aids available. The most valuable teaching aids in this phase of 
arithmetic are available free. They are the various concrete materials 
that can be used to form simple manipulative groups. Some such 
items have been mentioned earlier, such as pencils, people, books, 
bottle caps. Some teachers use index cards; others use popsickle sticks. 
The wooden tongue-depressors used by physicians work well. Of course, 
many school suppliers sell materials for this purpose. A resourceful 
teacher, however, would find it very simple to use materials within her 
room. 


Some teachers find that flash cards help in teaching addition facts. 
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SUBTRACTION 

As usually presented in first grade, subtraction follows very closely 
after the teaching of addition. In many programs, the two are fused 
so skillfully that students do not realize that a new operation is being 
introduced. After the early phases of subtraction, however, in order to 
minimize confusion, it is essential that the two operations be kept 
separate until students have become familiar with them. 

Whereas there is essentially only one addition situation, there are 
several basic subtraction situations. Grossnickle and Brueckner 5 list 
four of these: (I) finding the remainder, (2) finding the difference, (3) 
finding how much more or less one group is than another group, (4) 
finding a part of a group. Normally, however, in first grade, only the 
“How many arc left?” type of problem is used. 

It is important that teachers see addition and subtraction as opposite 
processes, both built around the key concept of groups. Whereas 
addition means combining two groups into one, subtraction basically 
involves converting a single group into two component parts. Indeed, 
in first grade, the term subtraction gets little attention. The terms take 
away and less seem far more descriptive. Some teachers object to this 
as “watering down” the subject matter. There can be no question 
however, that “5 take away 3” or “5 less 3” means more to a first-grader 
than does “subtract 3 from 5.” Hence, the terms take away and less 
seem desirable in forming first concepts of subtraction. 

Concrete. As was the case in addition, the teacher usually introduces 
Subtraction with concrete objects. Of course, this must be done by the 
teacher, since the text or workbook cannot go beyond suggesting 
objects that might be used. In fact, students may take part in a simple 
drama to illustrate subtraction. “If Mar)', Jim, and Sarah are in a 
group at the chalkboard but Jim returns to his seat, how many are left 
at the board?” Obviously, the teacher and the class can improvise 
many variations of this. 

The illustration of “take away” just presented can be used to show 
one difficulty in subtraction. Although Jim has changed his location, 
he is still very much in evidence. The key point, of course, is that, 
although Jim has not disappeared into thin air, he is no longer associated 
with his original group. (Groups again!) 


5 Foster E. Grossnickle and Leo J. Brueckner, Discovering Meaning m Arithmetic 
(New York: Holt, Rinehart & Winston, Inc., 1959), p. 156. 
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MEASURES 


One feature of first-grade arithmetic that has been mentioned 
repeatedly is that we seldom use numbers in the abstract. They are 
normally used in association with objects. Thus, a child who can 
readily visualize “six pencils” would have great difficulty trying to 
visualize Just “six.” (Gan you visualize it?) Consequently, teachers 
have a “built-in” opportunity to work in certain simple types of 
measures, using them as concrete objects. 

Money. A type of measure that is widely used by first-graders is that 
of money. Most of the students have had enough experience with 
small-denomination coins so that no air of mystery is involved. Many 
teachers limit their work to pennies (technically “cents”), nickels, and 
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the concrete to any degree. After all, time is so abstract that it practically 
defies definition. (What is your definition of time?) A youngster can 
stack five pennies and see them as equivalent to a nickel, for example, 
but he cannot stack five minutes. A second difficulty in teaching time is 
that, to most beginners in school, the whole thing is of little interest. 
Did you ever watch a frantic parent trying to get an indifferent first- 
grader to school on time? The youngster, dreamily using twenty 
minutes to put on one sock, is completely unimpressed with such 
time-related pleadings as “We have to leave in five minutes “It’s 
already eight-thirty;” or even “Hurry,” or “You’ll be late.” To the 
child, time is a tiresome bother that seems to disturb adults to an 
unseemly degree. 

Most first-grade teachers introduce time by using the classroom 
clock as a teaching material. Some teachers like to have a variety of 
clocks on hand during this phase of work so that the youngster won’t 
associate time with one particular clock. Having studied the external 
features (dial and two hands) of the clock, the class might make a list 
of clock readings that mean something to them, such as the time of a 
favorite television or radio show, the time the school day starts, the 
time the class goes to lunch, and many others. Then the students, 
under the guidance of the teacher, show where the clock hands would 
be for each such time. 

It is relatively easy to improvise clock dials for student use. One of 
the most popular involves writing the dial digits on the bottom of a 
paper plate. Long and short hands, cut from cardboard, are attached 
with a brad so that they can move. Children, working singly or in 
groups with such a device, can follow the work of the teacher or can 
improvise problems of their own. Although there is no standard 
pattern, many first-grade teachers do not try to teach time units 
smaller than an hour. 

Many types of work-sheet activities can be provided students in their 
study of time. A few examples follow: (1) show the dial, with one or 
both hands missing and have the students draw hands so as to show a 
particular time; (2) have numerals or hands missing on a sketch, the 
student’s job being to “find the missing part;” (3) have clock dials 
without hands and then have hands sketched in to show certain “key” 
events of the day, such as “time to get up,” “time to go to school,” and 
ultimately “time to go to bed.” 

Distance. The concept of distance is relatively concrete, especially 
when compared to time. In the first-grade program, it is common 
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practice to limit the study to a single distance unit, the inch. It would 
be preferable to have rulers without any subdivisions smaller than an 
inch for this work. Since such rulers are not commonly available, 
it is generally necessary to buy them from educational supply com- 
panies. 

It would not be realistic to expect that first-grade students will 
develop much facility in measuring distances. One can, however, 
develop a few concepts, such as (1) an inch on one ruler is the same 
length as an inch on another; (2) correct measures require care and 
practice in the process of measuring; (3) when Bill and Joe measure the 
same object, they should get similar results. In short, the first-grade 
teacher frequently uses distance measures as a means of teaching the 
meaning of measurement. Of course, there are many laboratory 
materials m the typical classroom for use in distance measurement- 
books, blocks, desk surfaces, lines on the board or on paper, and a host 
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should learn the addition facts through sums of 6 as a basic require- 
ment, you would probably conform to that standard. The slow learner 
should be encouraged to work intensely on the minimal program, with 
a great deal of drill work associated with it. It is not unusual to find 
lower-ability students who are especially anxious to “spread their 
wings" and jump into work that is far too difficult for them. Here, the 
task of the teacher is to direct the learning situation so that the slower 
students will want to do that which they need most to do, that is 
concentrate on a minimal program. The task is far from easy! The 
teacher, however, can get a great deal of valuable help from the 
teachers’ edition of her text. Many such books will have suggestions 
“for those who need help” at the end of each major topic. 

Another principle in work with the slow learner has to do with the 
progression from concrete to abstract. As has been pointed out earlier, 
our task is to move students toward the abstract as rapidly as they can 
make the transition. With the slow learner, this change is made very 
gradually. Problems in human relations arise when children who are 
still working with sticks or blocks observe their neighbors working 
away with numerals. Nevertheless, the platitude is true: learning is 
essentially an individual process. And until Jimmy is ready to put 
aside counters, it is a basic error to have him do so. Certainly, he 
should be encouraged to move toward the abstract, but not to the 
degree that he will feel that he is being pressured. 

Another problem can arise in this connection, however. Jimmy finds 
things to be peaceful and serene as long as he is in the reassuring 
presence of his counters. Hence, he may be inclined to accept the 
concrete as a way of life. The observant teacher can detect this 
situation with little difficulty. There is a hazy, ill-defined distinction 
between a “teaching material” and a “crutch." In the situation just 
mentioned, the concrete materials actually impede learning and, 
hence, should be abandoned. Incidentally, a college student occasion- 
ally asks, “If sticks can be effectively used as counters, what is so 
horrible about finger-counting?” The answer, of course, is the point 
mentioned earlier. When the appropriate time comes, the sticks can 
be removed, but not the fingers. 

In working with the slow learner, the teacher needs to keep in mind 
that success is vital to learning. Nothing is more discouraging to a 
student than to go along for days and weeks encountering nothing but 
failure, and this is as true of first grade as it is anywhere else. So the 
effective teacher sees to it that her work assignments are such that 
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each student experiences some degree of success. Such a practice does 
not mean that each student encounters nothing but success. This would 
be impossible in a practical learning situation. 


When, in 1957, Russia launched 
D. The Rapid Learner the first man-made satellite, a 

period of hysteria followed. Some- 
how, America’s schools were blamed for our failure to “be first in 
space.” Out of the wild charges and countercharges of this period, at 
least one wholesome change occurred: the rapid learner, for too long 
the “forgotten man” in our schools, began to get major attention. This 
has had an effect, even in first-grade arithmetic. 

What are some characteristics of rapid learners and their learning? 
For one, the rapid learner should be expected to achieve at a level 
considerably above a minimal program. Further, the rapid learner 
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to Spend his time on impossible tasks, so must she be alert to the rapid 
learner who would be content with mediocre achievement. 


Something to Think About 

1. Suppose that the mother of one of your first-grade students asked why 
you gave a readiness test. How would you explain it to her? 

2. Occasionally one hears the criticism that first-graders do not learn as 
much arithmetic as they should because too much of their time is spent 
in play activities. Do you feel that this is a valid criticism? Explain. 

3. Have any of the recent periodicals carried reports of research dealing 
with first-grade arithmetic? Why not tell the class about it? 

4. How would you, the first-grade teacher, explain why you haven’t 
taught Johnny to “count to a hundred”? 

5. Sometimes the complaint is made that too much attention is given the 
slow learner in primary arithmetic. How do you feel about it? Cite 
recent articles to support your position. 

6. The same type of complaint is sometimes made regarding the amount 
of attention given the rapid learner. How would you respond to this? 

7. How would you deal with a first-grade student who tells you that he is 
sure he will have trouble with arithmetic because both of h is parents 
had trouble with it ? 


Selected References 

The Arithmetic Teacher. A periodical published by the National Council of 
Teachers of Mathematics. 

This journal is probably the most valuable single reference available to 
arithmetic teachers at all grade levels . 

Hollister, George E., and Agnes G. Gunderson. Teaching Arithmetic in 
Grades I and II. New York: D. C. Heath & Company, 1954. 

Part I and the earlier chapters of Part II are especially valuable to the first- 
grade teacher . 

Morton, Robert Lee. Teaching Children Arithmetic. New York: Silver 
Burdett Company, 1953. 

Chapter 3 has a good treatment of number understanding for first grade. 
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National Society for the Study of Education. “The Teaching of Arith- 
metic,” Fiftieth Yearbook, Part II. Chicago: University of Chicago 
Press, 1951. 

One of the classic references in this subject area. 

Spitzer, Herbert F. The Teaching of Arithmetic , 3d ed. Boston: Houghton 
Mifflin Company, 1961. 

An injhienlial book in this field. 

Stokes, C. Newton. Teaching the Meaning of Arithmetic. New York: 
Appleton-Century-Crofts, Inc., 1951. 

Chapter II deals specifically ivilh a program for six-year-old students. 

The teachers’ edition or teachers’ manual of the text in use may be a 
valuable reference. 
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V_^ontent and methods of presen- 
tation of second-grade arithmetic vary somewhat among the text- 
books. Also, as has been pointed out, the text content may vary 
considerably from that which the teacher presents. When we add the 
further complication that a class is likely to include slow, average, and 
rapid learners, each being taught at an appropriate level, we see that 
the term a typical program is meaningless. Consequently, reference to “a 
program for grade two,” in this chapter means simply “a program” — no 
more and no less. 

On the other hand, the second-grade arithmetic program described 
here is based upon programs that are in actual usage. The levels of 
achievement sought are real, not imaginary. Consequently, the 
"Arithmetic in Grade Two” described in this chapter has been compiled 
from what we considered to be the best of rather widespread practices 
among second-grade teachers. 

Topics presented in this chapter are 

A. Readiness and Diagnostic Testing 

B. A Second-grade Arithmetic Program 

C. The Slow Learner 

D. The Rapid Learner 



100 ARITHMETIC IN GRADE TWO 


A beginning teacher might well 

A. Readiness and Diagnostic Testing wonder ho\V long this “readiness 
business” continues to get attention. 
It is common to make readiness something mysterious or alien to 
everyday life. But isn’t teaching anything at any level based upon 
something else? And if this “something else,” be it attitude, ability, or 
any of a number of other factors, be lacking, couldn’t that student be 
described as “lacking in readiness?” 

The tendency, then, to think of readiness as a problem primarily at 
first grade is fallacious. A ninth-grader whose arithmetic background 
is too weak to permit him to take algebra certainly isn’t “ready”; or a 
college freshman whose high school mathematics background makes it 
impossible for him to do acceptable work in his freshman year lacks 
readiness.” Indeed, teachers of adults frequently encounter problems 
t at a under the general heading of readiness. Consequently, any 
teaching is or should be influenced by the students’ degree of readiness 
lor the new instruction. 


READINESS TESTING 
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norms. Her chief interest is determining the degree to which each 
student is ready for new materials. 

In an earlier chapter, it was mentioned that a readiness test in fim 
grade would usually be an oral test administered individually. These 
limitations would not necessarily apply here. It should, however, be 
pointed out very clearly to the second-grade students that there is no 
occasion for grief or panic if they find parts of the test that give them 
trouble. (Yes, such things can be problems, even to second-graders.) 

Further, there is no particular merit in giving a readiness test just 
because a teachers’ manual recommends it. There is no virtue in 
giving such a test in order to file a copy of it in Mary’s cumulative 
record. There is merit in such a test if Mary’s work on it tells the 
teacher what Mary’s strengths and weaknesses are and if the teacher's 
knowledge affects the type of arithmetic work that Mary is called upon 
to do. 


DIAGNOSTIC PROCEDURES 

Almost from the very beginning of arithmetic, there is need for 
diagnostic procedures. Readiness tests generally precede a new phase 
of work, whereas diagnostic tests usually come during or near the end of 
a phase. 

Many textbooks include diagnostic tests at regular intervals. Many 
of these tests are designed so that a student who has difficulty with a 
particular example is referred to an earlier section for additional work 
of the type needed. Some texts begin such work as early as second 
grade. 

In diagnosis, however, an observant attitude on the part of the 
teacher is even more valuable than tests. Since second-graders are 
forming work habits that will be major helps or handicaps, the teacher 
should strive to get good habits established. Some typical problems 
are the sprawler, the mumbler, and the finger-counter. The sprawler 
usually lacks self-confidence to the degree that he doesn’t want the 
teacher to see what he is doing. So, while pretending to assume a 
casual posture, he actually succeeds in covering up his work. The 
mumbler finds it necessary to stall a bit or to talk things through in 
order to get properly oriented. So, in arithmetic he engages in a running 
soliloquy while hoping the correct procedure or result will come to 
mind. The finger-counter doesn’t have quite enough confidence m 
himself to write 7 as the sum of 4 and 3 until he has given it a quick 
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check with his "built-in abacus." Some students become quite adept 
at finger-counting. Generally, all these practices associate themselves 
with lack of confidence and will usually recede as confidence is built up. 

It is to be hoped that the second-grade teacher will be alert and 
observant as she watches her students work. Also, it would be well if, 
in checking the papers of her students, she would look for patterns of 
errors that tend to recur. Frequently, this can indicate points that need 
reteaching. 


HOW MUCH RETEACHING' 

The readiness tests and diagnostic procedures mentioned earlier will 
not be of much value to second-graders unless the teacher follows them 
with the type of teaching that is needed. And frequently, even at 
second-grade level, this means retcaching. 

As our knowledge about how people leant has increased, it has 
become apparent that most of us do not learn much upon a first 
exposure. Hence, most arithmetic texts now devote considerable time 
clered i ' ' “ g . rade 0ne ’ ! ° ^teaching material that was 
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includes (I) reteaching earlier wort, (2) further development of 
first-grade topics, (3) the introduction of new phases of arithmetic. 


UNDERSTANDING THE NUMBER SYSTEM 

With the shift in emphasis in arithmetic from manipulation to 
understanding, more and more attention is being given to the develop- 
ment of an understanding of our system of numbers. Indeed, some 
topics in this area are included in each grade level, first through eighth. 

Releaching. Since many of the topics regarding number have been 
introduced in first grade, second-graders begin each phase of instruction 
with a fairly rapid restudy of these topics. This does not necessarily 
mean that there is a “reteaching” section in a second-grade text. 
Rather, a student who learned to count to 50 in first grade would still 
start with 1 in second grade — not 51. 

Place-value concepts and zero. There is no general agreement as to when 
place value should be introduced to students. A few textbooks give 
only incidental treatment to this concept during grades one and two, 
with major emphasis in grade three. Since an understanding of place 
value is absolutely vital if two-place or three-place numbers are to mean 
anything, however, there is a trend toward a study of place value very 
early in arithmetic. Hence, the authors of this text discussed place- 
value pockets as a teaching aid in first grade. There is need for con- 
tinued work in this area in second grade. 

You will recall that in introducing the place-value concept, we built 
up 10 counters in the ones pocket, then objected to the fact that this 
position was overcrowded. The key moment came when, with a 
rubber band, we “converted” the 10 ones into 1 ten, this group now 
being placed in the tens pocket. There has been some disagreement as 
to the best way to symbolize this operation. Certain authorities have 
stated that a different type of counter, possibly of a different color, 
should be placed in the tens pocket, the idea being to symbolize the 
“oneness” of the ten. In the introductory phases, however, it is 
important that the students see the equivalence between 10 ones and 1 
ten. For this purpose, grouping ones with a rubber band would 
probably be more effective than using a different type of counter. 

Many second-grade teachers like to begin the study of place value 
with the pockets described earlier. Moving away from the concrete, 
however, they go to some variation of the place-value frame. This is 
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essentially a chalkboard sketch of pockets. Students use tally marks 
instead of counters, however, for this is slightly less concrete in nature. 
Teachers can build many types of activities around this frame. For 
example, if there are 15 girls and 14 boys in the second grade, the 
numbers can be shown on the frame as 1 ten, 5 ones, and 1 ten, 4 ones. 
Similar work can be used in building various number stories. The 
emphasis throughout, of course, is on the “ten-ness” of the 1 and the 
“one-ness” of the 5 and 4. 


In earlier years, the teaching of zero was given attention from the 
very first in arithmetic. This, however, has changed considerably. 
Since zero as such defies concrete representation, and since small 
children have use for it only as it appears in 10, 20, or 30, second-grade 
teachers now give little emphasis to zero. When it first appears (in the 
number 10), most teachers present it as simply a part of the symbol, 
without going into its meaning as a separate entity. Of course, the 
teacher must ultimately point out that the zero in 10 means “no ones.” 
d ' ™" d ' Brad r er ^ h0 ' vever ' would stand to profit little from an abstract 
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Since this becomes a very cumbersome and time-consuming process, 
many teachers prefer to use the place-value frame instead. 

There is no general agreement on how far a teacher should go in 
teaching large numbers to second-graders. Some texts go to 1000, but 
more commonly they go to about 200. It is argued that, once a student 
is clear on place value, he can understand the structure of numbers up 
to 1000, but he has very little occasion to deal meaningfully with such 
numbers. Hence, they would be of limited value to him. 

Further work is usually given second-graders in group counting. 
Counting by tens and fives to 100 is commonly taught. Also, counting 
by twos (more difficult than the others) is given some attention. This 
is frequently done with concrete objects, and most programs do not go 
beyond 20 or 30. Incidentally, as a part of group counting, it should be 
stressed, at least in the introductory phases, that this can be a rational 
as well as a rote operation. Stacks of books, with 10, 5, and 2 in each 
stack, are well suited for such counting. _ 

Although it would be hard to overemphasize the importance of 
having students understand the larger numbers as they study them the 
more mechanical aspects also require 

and writing these numbers should be included in the second-grade 
arithmetic program. 
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many teachers prefer to begin with semiconcrete rather than with 
concrete aids. Should the teacher have a few students who are not 
ready for pictorial material, however, she would presumably encourage 
them to use counters for a transitional period. Many second-grade 
students should be able to use the addition facts with little attention to 
the manipulative materials. 


How many addition facts ? There has been some confusion as to how 
many addition facts there are. Most of the programs follow one of two 
popular patterns: 

1 . Since the zero facts, such as 

4 

+0 

4 

have little or no functional value for children, and since the zero can 
only be abstract, many texts deal with 81 facts. This is based upon the 
pnneiple that, excludmg zero, there are 45 possible combinations 


2 3 v r ‘ 

+3 ana +2 are a single combination), ranging 


from 


1 9 

+ 1 10 +9' 


Each combination prorides two facts 


1+3 u,,u +2 

/ 2 3 

I jf3 and 4^2 are different facts 

except that nine combinations are irreversible, thL being the doubles 
(^-2 ’ j~3 ’ ani * 50 on ) * Consequently, from the 45 combinations, we 
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is easy but who has difficulty with 

2 

±1 

7 

If the combination of 5 and 2 is identified as a single fact, would yon 
say that the student has trouble with half a fact? In most texts, the 81 
facts are presented as described earlier. 

There is no general agreement about how many facts should be 
presented to second-graders. One pattern has been to present addition 
facts to sums of 6 or less in first grade. This list is retaught in the 
second grade, then expanded to include facts with sums of 10 or less. 
This represents 30 new facts for second grade, the assumption being 
that students will have mastered a total of 45 facts by the end of the 
second year in school. Some arithmetic texts, however, have expanded 
this list somewhat. It is not unusual now to find facts up to and in- 
cluding sums of 12 in the second grade. This would mean a total of 
60 addition facts, including those taught in first grade. In a few 

Q 

programs, all the addition facts through are completed in second 

grade. Some teachers feel that this is too ambitious an undertaking for 
small children. 

There is a commonly used pattern in teaching addition facts in 
second grade. This involves use of pictorial material, such as animals 
or people, to illustrate previously learned facts. Then exercises using 
less concrete pictorial material, such as blocks, stars, or triangles, are 
used to illustrate the same facts. Finally, only the number symbols. 


such as 


3 


4-2 


, are used. Frequently, simple 


verbal problems accompany 


this material (Fig. 4.1). 

When the time comes to introduce new addition facts, one common 
approach is to bring them in by families, frequently concretely. For 
example, a teacher might give each student 7 counters and ask him to 
see how many group patterns he can produce. After these have been 
set up, a student or the teacher could write the “story of each pattern 

5 4 

on the board, such as “John has ” anc * “Mary has Probably 


most of the facts yielding sums of 7 would be obtained. Texts and 
teachers’ manuals offer many other suggestions as to methods of 
presentation. Teachers and students (Why not?) could devise others. 
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It will be noted that in many texts or work-texts, there is a great deal 
of repetition of facts. This, of course, is disguised drill, designed to help 
a student achieve actual mastery of the basic facts. 


Itimn addition. It is relatively common practice to introduce simple 
column addition in second grade. This, of course, represents a major 
usuallv fr'V'txly causes some difficulty. This operation 
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addition is introduced the t M rt, v ^ dd,tl0n * Also* when column 
counting. Some studemf tave ° “ bC “ thc 
may well revert to it when column a '' ay from this practice 

Point to guard against is the tend^J^u" 15 intr ° d ”ced. Another 
on the part of some students to 
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talk to themselves during the work. Instead of thinking “2, 3, 7,” as 
we might hope, some will mutter “2 plus 1 is 3, 3 plus 4 is 7.” Possibly 
this wouldn’t be too objectionable in the very early phases of column 
addition; if permitted to continue, however, the student might well 
come to use this as a crutch. One means of detecting this roundabout 
way of thinking is to have students work aloud to you on column 
addition. 

In column addition, it is necessary that the exercises be carefully 
designed so as to keep students away from unfamiliar combinations. 
Also, it is vital that some decision be made as to the direction of add- 
ing. For many years, all column addition was upward. Frequently, the 
suggestion was made that you check your result by adding down, but 
addition was upward. Recently, however, there has been pretty 
general agreement that downward addition is preferable. Several 
reasons are cited for this: (1) Downward addition yields the su ” n “ r 
where it is to be recorded. A student who adds upward must shift his 
attention from the top of the column to the bottom, keeping his answer 
“in his head." There is ample opportunity for the answer to get lost in 
this process. (2) Sweeping your eyes from top to bottom “ lu ™ > 
is a more natural movement than sweeping them from bottorn to top 
(Try it and see!) (3) Since we teach that addition and subtraction are 
5S& processes, ind since subtraction is normally npwa-d we a 
brine out the “oppositeness” by adding downward. (4) If someone 
reads a column "figure. for you to add, wouldn't j", hem 
downward, with the I*. tfigure a, to Jy? 

' V Eve t n mo"et;rn. .hau arbitrary setting an add-up or add- 
down XhowJer, is the principle .ha, we follow one pa tern con- 

infection opposite from tha, used 
“‘^ginning fifth-grade teacher 

added upward as he had always ° Finally, he drew from the 

lTth h e ^ “vTu're checking i, before you work it." 

Two-piace ™ mbers 

numbers have supnsmgly little trouu 
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(without canning, of course). Actually, when properly introduced, this 
operation does not involve a single new concept. 

Some texts present this type of addition by reverting to concrete 
objects briefly. Even if this is not done, it would be well to review' with 
the class the fact that 21 means 2 tens and a one. Also, the principle that 
numbers in the ones position can only be added to numbers in a ones 
position should be discussed. This, of course, was initially taught when 
addition was introduced. 

\Nith these basic points in mind, it is relatively easy to see that in 


21 2 tens -j-1 

+ 12 we have 1 ten +2 
3 tens +3 

The student should be able to pass rather rapidly to 


21 
+ 12 
33 


^ P °V Ucd out t0 diem l ^ at wc P ut these numbers in columns 
„ ' ve “ n bc , !ure are adding ones to ones and tens to tens. A 

fo, students might need to go back to the place-value pockets in 

encou ran H r Undmtandin S °r Process, but they should be 

aTchin' “ a " ay , fr ° m “ “ » Possible. Remember that 

a teaching matenal can also be a crutch. 


SUBTRACTION 

«* teaching of 

apply here It is nev ^ pnnclpcs described in the previous section 
h cle'er o^ilr;^: '° 0 T U r' h0W ' V "- ,hat ' h '-o„d.grader 
process. Consequently the^rst 'J t f il ' tIon ~ ,hat ls > die un-grouping 

oeeds to he 

the work in subtractilrtith'coLrefeobif tCachm IUx to bc P n 
grade. Most students however u , J cts * J ust as "as true for first 
-ther rapid,,. A fai ^ to pass to the abstract 

student use them longJTthan'i,'”"' 5 concrcle ob j' ct s is that no 
subtraction as well as to other operad™^ ' princi P ,e a PPli“ to 
• ou have noted that first-mrt 

Tlie,- call it "take awav ” i Cn U$C * tcrn * for un-grouping. 

V In most programs, second-gmders are 
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introduced to the term subtraction. Also, the symbol for this operation 
is usually taught quite early in the school year. 

New facts introduced. The first-grade program in subtraction fre- 
quently consists of the 15 easiest subtraction facts. In second grade, 
these facts are retaught, and the list is expanded considerably. Some 
programs include all of the subtraction facts with minuends of 10 or 
less; others include minuends of 12 or less; a few cover all the sub- 
traction facts by the end of second grade. Many teachers feel that the 
minucnd-of-10 program, including 45 subtraction facts, is too modest; 
even more feel that mastery of all 81 facts is too ambitious. Probably 
your program will include some number of facts between these 
extremes. 

As was true in addition, the new facts are usually introduced pictori- 
ally, with the symbols accompanying the “story.” The students move 
toward use of numerals without drawings as rapidly as possible. 

Frequently, the teacher asks hersc)f, “To what degree should I 
expect mastery of these facts?” Of course, all the subtraction facts are 
studied again in third grade. There can be no doubt, however, that 
the ultimate goal is complete mastery, mastery to the degree that a 

student looks at an d thinks “3.” One of the greatest difficulties in 

arithmetic is that some students lack such mastery, hence cannot 
proceed with confidence. This is not to say that such mastery must be 
achieved in second grade; however, definite progress in this direction 
is most desirable. 

Certain arithmetic programs are varying the pattern on addition and 
subtraction facts to some degree. For example, there is a great deal of 
5 4 9 9 

carry-over in learning and _ Hence, some programs 

are introducing such facts by families of this sort. This approach seems 
to have much to offer and is likely to come into more widespread usage. 

Two-place numbers. Many second-grade programs are including sub- 
traction of two-place numbers without borrowing. This, of course, does 
not represent anything particularly new or difficult to students who 
understand place value and who know the required subtraction facts. 

The exercise jg is usually presented, by way of review, as 

2 tens +3 ones 
— 1 ten +2 ones 
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Familiar principles immediately yield 1 ten 4- 1 one as the difference. 
Some students would need to verify results with concrete objects or even 
with the place-value pockets in the early phases of such work. Gener- 
ally, a student who has mastered the necessary subtraction facts 
encounters little difficulty in subtraction of two-place numbers without 
borrowing. 


Aids available. Many of the teaching materials that would be helpful 
in teaching addition and subtraction at the second-grade level have 
been described earlier — such as counters of various types, place-value 
pockets, films, and filmstrips. Several of the latter might be used only 
in part, the teacher selecting those sections which apply. This is 
especially true of filmstrips; it is not unusual for a teacher to use only a 
few frames from a filmstrip. 

Any list of teaching materials rapidly ceases to be timely, since new 
materials are constantly being developed. Nevertheless, one of the best 
available discussions of teaching materials appeared in I951. 1 

There are a number of misconceptions regarding the use of materials 
" teaching arithmetic. Certam teachers have cited a lack of materials 
fhJT°e S ‘ VmS amhm " ic ra<h ' r treatment in the daily 

Sst anv, a a , COm P’ et ' collection of aids does not and cannot 
ernst any teacher has a ready-made alibi for a poor teaching job if she 
s lookmg for one Teachers who have had long and successful experi- 
“ , he m Chl "! a ‘ dS in ari,h ™ ,ic ““apt the fact that some 

Cert mTa , r " aVailab1 ' in “T ™nial classroom. 

ordef mf: useful *"* "* ma ' eriah sophisticated •» 

An attitude which parallels the . 

“store-bought" in order to be good The comm *• 7“'? m “ 5t 7 

more sturdy or more showv thL ,t.‘ h c ° mmerci al product may be 
it doesn't follow at all tha! on tcachcr couId make . but 

aid in teaching-Fult 7 5U P= ri - to the other as an 
students a chance to help in nrenarin be ^ " ach “« to 8*™ thc 
they can do a surprisingh, good iob B T** matcnaIs? Frequently, 
automatic interest in a device , ha, foe o"r SaUy "'° UM ^ 

gram is the probkm A probl * ^ arithmet!c P ro ' 

• A problem is generally thought 
XtalemU (or Teaching rW*me°,"'. a °. d I™”’* Mctzner, "Instructional 
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of as a verbal statement (some books call them slants) of a situation 
requiring a solution, with no statement given as to how to proceed. 
Hence, the student must (1) decide what operation to use, and (2) 
carry out the operation. This, you will note, is considerably more 
difficult than a series of exercises where the directions plainly tell the 
student what to do. 

At second-grade level, extensive use is made of problem solving. The 
situations described are such as to be of interest to most second-graders. 
Consider this example: “Tom brought 3 turtles to school on Monday. 
On Tuesday, Bobby brought 4 turtles. How many turtles did they have 
at school ?” On the same page are some problems requiring subtraction. 
Hence, the student would have to read the problem carefully, decide 
what operation to use, then carry out this operation. 

A common error in problem work is relying solely on texts and 
workbooks for problems. Every classroom offers the teacher numerous 
opportunities for problem work. Even using the names of members of 
your class in setting up problems will add interest and reality. Also, 
we can always call upon students to set up problems for the class. Even 
second-graders can be quite ingenious at this. Some are better at 
making problems than at solving them. 

The whole area of problem solving is complex, and it gives a great 
deal of trouble. Many studies of it have been made, but no panaceas 
are in sight. 

MULTIPLICATION AND DIVISION 

A few arithmetic programs introduce the operations of multiplication 
and division in third grade. It is a more common practice to start them 
in second grade. The emphasis is placed on the meaning of the opera- 
tions, with little effort to teach an extensive list of multiplication and 
division facts. 

Grouping again. The importance of seeing groups in addition and 
subtraction has been emphasized. The ability to think in terms of 
groups is equally important in the other two operations. 

The introduction of multiplication is usually carried out without any 
use of the word. Rather, it is presented as a logical next step based upon 
two earlier operations, group counting and addition. One approach 
that might be used is to have a student count by twos to 6 or 8. As he 
says “two,” the teacher draws two circles on the board. As he counts 
upward, she draws another pair of circles, then another. It is important 
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that these be drawn in such a way as to bring out the “twoness.” 
Hence, the pairs of circles should be clearly shown. The students would 
be shown that each group consists of “a two.” This type of thinking as 
applied to tens has already been mentioned. 

By gradual development, with much discussion and possibly with 
some references to the concrete, students come to see the total group of 
six as consisting of a two, a two, and a two. From this point, it is an 
easy step to show that the group consists of 3 twos, or 6. Sweeping 
separate groups of objects into a single group dramatically shows the 
process of multiplication. 


The terms we use in this operation have changed considerably. In 
earlier years, the process might be described as “threetum two is six.” 
More correctly, of course, it would be “three times two is six.” Pre- 
sumably this initially meant that if we took 2, three times, we would 
have 6. The abbreviated version, “three times two,” fails to describe 
what actually occurs. But when we say “3 twos,” we are describing 
what occurs. Objects arc arranged into twos, and we are considering 
three such pairs. This terminology has been troublesome to some 
W , h0 lea ™ ed the “ times " but the change has contrib- 

the r ^ t0 l . c proccss ‘ Later, of course, there are occasions when 
the timer term will be used; for example, in common fractions. 

on^iuu d aP P h r °, aCh “ "multiplication, frequently combined with the 

^11 recall s a n ’ T u ^ ^ ' h ' star,i "S P oi "‘- Addition, 5™ 
by 7 hlCh tW ° ° r m ° re S™ps « combined 
end result n m T, “ readU >' we get the same 

, single Lroun He ^ M : , ,h! “ Se P arate B™ups are combined into 
applies here thaT wlr 1 ! disCW "’ r, that one limitation 

groups in muItiplication°are r equal in sh^Th' " ainely ’ ' he SeparatC 
plication is a special case ,Hrlv • \ ? HuS “ 1S Seen that muIti ' 

bined. The writers recall an ”* ™ hlch CqUal are com- 

lesson so well that she didn’t w * gr ^ de student who learned this 
8 dn 1 W3nt t0 unlea ™ it- ^ she had occasion to 

us= she would put down 56 as the product. Then, in the margin, 

cheer She 'lacked coXencc 'ITh k “l™ 11 a ” d add ,hcm as a 
facts. nCC m her knowledge of one of the basic 


In many programs of arithmetic 

division are introduced almost «• ’ i P rocesses °f multiplication anc 
arc closely related. Again mu taneousl y» since the two process* 
s u. the term Am/e* is not ' U!ed _ Rather> [h( 
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student takes a larger group, such as the six used earlier, and sees how 
many smaller groups can be made from the total number of objects or 
pictures. 

Using the earlier illustration, you might take six pencils as an initial 
group. The question would be “How many twos are in this group? 
The students would then rearrange, or regroup the pencils, arranging 
them in twos. Of course, three such groups would result. Thus, the 
students have answered a basic question. “How many twos are in 
six?** 

The students are likely to see a relationship between division and 
subtraction. The latter is also a regrouping operation. In division, 
however, a limitation is functioning in that we subtracted twos and only 
twos from the original six. Hence, we have in effect subtracted equal 
groups from six until nothing remains. So division is actually a special, 
and more rapid, form of subtraction involving removal of equal groups. 

Again, the terminology for this process has changed. For many 
years, the usual statement was, “How many times does two go into 
L?” or “Two goes into six how many times?” Neither term was very 
descriptive, since it was apparent to the student that d J f 

anywhere. It was still very much in evidence after the exere. e was 
completed Many students even combined the goes mto term into a 
single word sounding like “guzinta” which is «v» ta 

the operation. In the imrod “^ ory J* ““ wos in si x?” This actually 
students now use the question, How y smaller 

tells what is to be done. The original group is to be broken 
groups, and we determine how many such groups result. 

Scop, Many of us recall that our first maps contact with mrdtipji- 

cation came when we reached the m» tip ^ teachers took the 

device showing all the facts t roug ^ ^ students ca n say all 

inflexible position that Here w y we i earn better with 

the tables.” Now that research has^ca ^ eriod of study), most 

repeated contact (rather than a pro onge sin basij eac h year 

of the basic operations are studied on a fairly 

for several different grades. not introduce multiplication 

As mentioned earlier, some those tha , introduce these 

and division in second gra e. \. th principles involved, 

processes place the emphasis on be studied. 

This, of course, requires that c ' rtain tl both multiplication and 
Some programs take a few facts and study 
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division by “families.” Typically, activities might be built up around 
groups like 

2 3 3_ _2 

_x3, x2, 2)6, 3 3)6 

6 6 

The same might be done for 8 or 10 as products or dividends. Little 

cfTort, however, is made to try to have the students achieve mastery of 
any particular groups of facts in multiplication or division during 
second grade. 


Problem solving. The effort to develop skills in solving problems begins 
early and continues all the way through arithmetic. Textbooks fre- 
quently use simple problem situations in introducing processes such as 
multiplication and division. Some activities that are frequently used 
or problem work are the lunchroom line; the lunchroom table; cakes, 
ruit, or candies in a variety of groups; tops, blocks, or coins in various 
patterns. In each case, real problems are presented. 

The alert teacher trill find, however, that her best problem situations 
r^ Ur> r* Cr - accidc ” tall y or fry careful prearrangement, in her class- 
m. ecrtamly, these problem situations would be real, hence 
interesting, to her students. 


m™vv baS,C CH r SC ‘ n thc a PP roach lo Problem work is noted. For 
then stu cnts studied a process chiefly by memorizing facts and 

an a’ D „W "T'* '"° USh faCtS ' ™vcd “to problem work as 
and build' . j° W ’ pr<ddcm solving is widely used in introducing 

modernarith ™ dmUndi ''S h various processes. Actually, in the 
toward, applicarions. PrOSrara ’ U! “ a " y build from ’ rather than 


“d division for mandpadf^ h ,aC, “ nB materials in multiplication 
used for other nurootr. ? nr ncr " e materials that have been 

A boy would probably C ° urw ' thcrc ,s opportunity Tor variety here, 
grouping ma,M™ or Rouping or un- 

more interested if, his pattern G ‘ rh "° Uld pr ° bably be 

second ^de'buuherel'r S ".' th p ? ccs!es are too advanced for 
be used. Some of these arc fllm! trips of which some parts could 
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3. Multiplication and Division 

4. The Twos in Division 

(All of the foregoing are available from Stanley Bowmar Com- 
pany, Valhalla, New York) 

5. Multiplication and Division 

(by Young America Films, Inc.) 

Scmiquantitative terms. In first grade, several terms of a semiquantita- 
tive type were studied. At second-grade level, most of these are 
retaught. Several additional comparison terms are usually introduced 
at second-grade level. Some typical examples are low, lower, lowest; 
small, smaller, smallest; much, more, most; many, few; bottom, top; 
over, under; and high, higher, highest. This list, of course, varies from 
one text to another. 

One occasionally hears the argument that attention to the semi- 
quantitative terms is not a part of arithmetic, since no number manip- 
ulation is involved. Such terms, however, are a part of the everyday 
experiences of children. If these words are to convey meaning rather 
than confusion, it is essential that they be studied by the class. Many 
teachers are now giving a relatively brief treatment of them in lower 
elementary arithmetic classes. 

FRACTIONS 

For many years, the study of fractions was reserved for the upper 
elementary grades, presumably because some of the processes involving 
fractions are fairly complex. The concept of fractions is basically 
simple, however, and is frequently introduced in first grade. 

One-half \ one-third , one-fourth. The term fraction, based upon the idea 
of “fracture,” or breaking something in two, usually is not introduced 
when the idea of fractions first appears. Many first-grade programs are 
now introducing one-half of a single object. Of course, full use is made 
of the fact that for years the students have heard references to half- 
dollar, half an hour, and “meeting you half-way.” 

Even at first-grade level, it is important that students understand the 
condition that must be met in producing one-half, namely, that the 
original unit be broken into two equal parts. One first-grade girl very 
carefully broke a stick of gum into three pieces, then passed them to her 
two friends, saying, “Here’s half for Mary, half for Sally, and half 
for me.” 
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The work in fractions at second-grade level includes the reteaching 
of one-half. The usual next step is to go to fourths, since dividing a 
half into two equal parts is relatively easy. Usually, both halves will 
be divided so as to show the four parts which provide the base for the 
term fourth. This phase of work is not presented as anything new or 
different. 

Although some programs go into one-third at second-grade level, 
this is by no means general. Indeed, one might argue for taking up 
one-eighth before one-third. 

Note that, at this grade level, only unit fractions are introduced, that 
is, fractions with a numerator of 1. No attempt is made to show that 
two-fourths equal one-half, and no processes are dealt with. The only 
goal is introducing the concept of fractions in a way that will have 
meaning for small children. 

Some limitations. It would probably be very confusing to children if 
they had to study fractions by using number language, since the 
symbols do not relate to anything they have previously studied. 
Consequently, in first and second grades, the symbols are not ordinarily 
used. Rather, the words “one-half” and “one-fourth” are used. This 
doesn’t present any particular problem, since no manipulation is 
taught at this level. Also, the relationship between “four” and “fourth” 
shows very clearly in the word usage. 

In the fraction work at second-grade level, the concrete is used 
extensively. Apples are cut in half, sheets of paper are cut into halves 
and fourths, and many other such activities are carried out. The texts 
and workbooks also present semiconcrete pictorial material. Somehow, 
cakes and pies get great emphasis here, frequently accompanied by 
fruits, candy, and other foods. Common practice is to apply the terms 
one-half and one-fourth to a single object rather than to a group. It is 
much easier for a child to visualize half of an apple than half a dozen 
apples. The later, of course, implies the ability to “see” a group as a 
unified whole, a skill which frequently has not been developed by 
second grade. 


/lirfr mailable. \\ e have already mentioned some of the most effective 
aids for use m teaching fractions, such as apples or other objects that 
are readily divided. Sheets of paper can be quite effective here, also. 

} e challenged to see how many different ways they 
could divide sheets into halves, then fourths. 

Teachers who prefer to use “store-bought” aids would probably like 
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such materials as the “Fruit Plate,” sold by Creative Playthings, Inc., 
Netv York. This consists of a pear that is cut into halves, an apple in 
thirds, and an orange in fourths. These are sturdily built and can be 
assembled and disassembled many times over without showing ap- 
preciable wear. 

Another popular aid is the rubber fraction pie, available from several 
different distributors. Pies that are cut into halves, thirds, and fourths 
are available, the sections being large enough for easy manipulation. A 
variation of this is the flannel board with fractional parts, like that sold 
by the John C. Winston Company, Philadelphia. 

A few filmstrips might be adapted, at least in part, for use at this 
grade level. For example, certain frames of “Meaning of Fractions,” 
by Young America Films, or “What is a Fraction,” by Filmstrip 
House, might be used. Most of these aids, however, are designed for 
use with older children. 

MEASURES 

As students advance through the grades, their study of measurement 
undergoes two types of changes: (I) new units are introduced; (2) 
smaller subunits are taken up, the goal being to achieve more accurate 
measurements. Many second-grade programs place the emphasis on 
smaller subunits and do not introduce any new types of units. 

Money. Second-grade programs expand upon the first-grade study 
of money by introducing some new coins. Indeed, it is not unusual to 
find second-graders working with pennies, nickels, dimes, and quarters, 
and the half dollar is sometimes included. 

A variety of activities is included in this work. For example, attention 
is usually given to such questions as, “How many pennies equal a 
nickel?” or “How many pennies equal a dime?” Also, the fact that 
two nickels equal a dime, or that five pennies and a nickel equal a 
dime might be included. 

The counting of money, involving a mixture of coins, nickels, and 
pennies, for instance, is usually taught. Another fairly typical activity 
is simple addition and subtraction problems with either real or pictured 
coins. Problem solving, sometimes requiring use of all four of the 
fundamental operations as applied to money, usually gets some 
attention. 

Some programs give second-graders limited contact with the pro- 
cess of making change. This usually follows the study of converting 
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quantities from one type of coin to another. Change-making, however, 
is not usually emphasized at this grade level. 

Time. The study of the clock dial usually begins in first grade. 
Manipulative work is carried out, the emphasis being on reading time 
to the hour. Many second-grade programs reteach this and expand 
upon it to include the half-hour. This is usually rather slow since, 
after all, the system we use is relatively complex. Most of the work with 
time is based upon the same types of activities described for first grade. 
There is likely to be more emphasis on pictorial material, with less use 
of manipulative aids than was true in first grade. Texts that include 
the half-hour for second grade usually minimize confusion by showing 
dials with readings on the hour or half-hour, with no intermediate 
readings. 


Distance. The distance concept, of course, must be retaught. Many 
second-grade texts make use of the foot and the inch as units. The usual 
types of activities are included, all of them built around actual measur- 
ing situations. The ordinary classroom offers an endless variety of 
opportunities for this type of work. 

Attention is given to the fact that there are 12 inches in a foot, and 
some work in converting from one of these units to the other may be 
included. Many teachers Eke to use rulers that have no subdivisions 
smaller than an inch. These are available from most of the educational 
supply houses. 


1 S° m H- >ro S rams include a few other types of measures at second-grade 
level. Ine dozen is sometimes used. A few give some work in simple 
o ume measures, such as the pint and quart. Some include weight in 

B S ’ 1 texts > however, limit themselves to measures of time, 
money, and distance. 


student*! l ^ a ^ e \ ^ or " or king with money, if the teacher is sure that the 
Lc sle nTT T C T’ play ma y be Frequently, a 

realhticTn = “ore will have play coins that are quite 

not u e wTn a tT e - % t r VCr ’ therC are so ™ ^dents "to are 

make InZZ 1“™ * “ * «»* ** 

ala™ cltl^mm''hon,e m Leml^ d “ tS ■“ ° rtCn 

at a nominal r ral companies have clock faces available 

ven T.ul P ‘“, a mpfe > th ' Jchn C. Winston Company sells 

very sturdy and durable model. This company also sells another 
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device that would be most helpful to the teacher in preparing worksheets 
for class use. This is a rubber stamp of a clock face, without hands, of a 
size that permits six faces on an 8§- x 11-inch sheet of paper. This 
could save a great deal of teacher time, as she could easily sketch in the 
hands to show a particular time or have the students draw in the hands 
for specified time readings. 

Distance measures require a ruler of some sort. In some areas, 
certain companies distributed rulers or yardsticks as advertisements. If 
the teacher docs not object to a bit of commercialism, these are readily 
usable aids. If some of the students find the subdivisions (usually to 
1/1 G inch) confusing, the teacher may be able to use masking tape to 
cover the space between the inch markers. Alternatively, if she can 
get some small strips of wood, they can easily be cut to 12-inch lengths 
and the inch markers drawn on them. And, as mentioned earlier, 
rulers showing only the inch markers are commercially available. 

There are a few filmstrips that might be of assistance. For example, 
Filmstrip House has one entitled, “Man and Measures,” which gives 
some interesting bits of history about early methods of counting and 
measuring. Only certain parts, however, would be usable at second- 
grade level. 


The wide range of ability is with us 
C. The Stow Learner a t all grade levels. By second grade, 

all students are likely to have made 
the adjustment to school life. Many of the problems described in the 
previous chapter as applying primarily to first grade will have been 
reduced or overcome. But there is no formula that will eliminate the 
necessity of working tvith a range of abilities. Homogeneous grouping? 
The only homogeneous group is a “group” consisting of one person. 

Actually, the range in innate ability increases as students advance 
through the grades. A six-year old with an IQ. of 70 has a mental age 
of 4.2 years; another six-year-old with an IQ of 140 would have a 
mental age of 8.4 years. The difference would be 4.2 years. If, however, 
we consider these same two students as twelve-year-olds, assuming the 
IQ remains constant, the difference between their mental ages would 
be 8.4 years. Consequently, the range in mental ages steadily increases 
as students become older. 

The list on page 122 gives some practices that are commonly recom- 
mended in working with the slow learner. The teacher will doubtless 
develop others that are suited to her own group. 
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1. The level of achievement must be differentiated. Some students, 
despite a valiant effort, will fail to achieve as the teacher would 
wish them to do. But by keeping the slow learner working on the 
essentials, it is hoped that he will be able to master selected basic 
ideas of arithmetic. 

2. The slow learner will require far greater use of the concrete than 
will the average and above-average student. 

3. Whenever feasible, a variety of aids should be used, since each 
new approach makes its own contribution to learning. 

4. Taking a lesson from the teaching machine approach, new topics 
should be broken down into minute steps whenever possible. 

5. A great deal of drill is necessary for the slow learner. If this can 
be varied so as to add interest, it should be done. 

6. A large amount of reteaching of fundamentals should be used. 
Unfortunately, the slow learner is “a fast forgetter.” 

7. Look for opportunities to let the slow learner experience some 
success. If there is anything he can do well, give him an oppor- 
tunity to display this talent. 

8. Constant attention to diagnosis is necessary, and this applies to a 
wide range of arithmetic activities. Along with this, the teacher 
should observe constantly to be sure that the slow learner is not 
developing work habits that will further handicap him. 

It should be pointed out that there are rewards to the teacher who is 
willing and able to deal successfully with the slow learner. A veteran 
teacher once remarked, near the end of a forty-year teaching career, 
that most of hts lifelong friends among former students came from the 
average and bclow-average ability groups. He said that he never 
wrote a stu ent off as a hopeless case but tried to contribute to the 
growth of each, regardless of ability. 


D. The Rapid Learner 


In some respects, the rapid learner 
is harder to work with in a class 


i„_.„ r • l , , l ^ an “ t ^ e slow learner. The rapid 

?'? ‘ "° Uld a considerable amount of time 

j ° j c “"'-average students almost by the time the teachet 

dZ ' aSS ' Snmem - This P-s an alert second-grader a 
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to have supplemental work ready for such an occasion. 
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IDENTIFYING THE RAPID LEARNER 

Many schools use a battery of achievement tests early in the school 
year. A student who performs at an exceptionally high level on these 
tests should be observed closely to see whether this type of work is 
characteristic. If the school doesn’t give an achievement battery in the 
fall, the teacher may need to review the cumulative folders to look for 
evidences of acceleration. Probably the best single source of infor- 
mation, however, is the teacher who had the class the previous year. 
Although contemporary teachers no longer worship at the shrine of 
the IQ,, results of intelligence tests often contribute to our understanding 
of a youngster’s potential. 

It is not unusual for the teacher to disagree with a parent regarding 
a child’s precocity. Frequently, a second-grader is encountered who 
gives evidence of being a rapid learner because of special types of 
out-of-school opportunities and home background. One might, for 
example, have a second-grader who is well above grade level in his 
knowledge of the addition or subtraction facts. Often, this merely 
indicates that parents have drilled him on these facts. If he is a rapid 
learner in arithmetic, it usually shows up in such areas as ability to 
generalize, ability to see relationships, and ability to see problem 
situations. In the final analysis, the rapid learner is identified by an 
observant teacher. Other techniques help, but teacher judgment is the 
final criterion. 

CHALLENGING THE RAPID LEARNER 

One way to challenge the rapid learner in a second-grade arithmetic 
class is to have him wort at third-, fourth-, and fifth-grade level. If 
there were no other way, this would doubtless be used. But the surest 
way for a second-grade teacher to make a negative impression on her 
colleagues is to let the word get out that she is “infringing on the 
subject matter” of a later grade. Hence, the emphasis is on horizontal 
enrichment, that is, having the student study in greater depth those 
topics that are normally a part of second-grade arithmetic. 

Some teachers’ manuals are very helpful in this respect. For example, 
the teachers’ edition of Making Sure of Arithmetic , Book Two, 1 has a 
regularly recurring topic on meeting individual needs. One subtopic 

2 Robert Lee Morton and Merle Gray, Making Sure of Arithmetic, Book Two- 
Teacher’s Edition (Dallas. Stiver Burdett Company, 1958), p. 36 T and others. 
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gives good suggestions for enrichment and challenge for the rapid 
learner. 

The following activities are frequently used for enrichment: pre- 
paring reports and scrapbooks (when kept above the busy-work level), 
devising new ways of doing things, and working on number recreation 
projects. Some teachers like to use rapid learners, even in second grade, 
as tutors. This device, if used at all, should be employed with great 
caution. The tutor may feel overly superior and the child receiving 
help may acquire feelings of inferiority. 

It would be impossible to list all the enrichment activities available 
to a second-grade teacher, since many of them grow logically out of 
classroom activities, but a few good reference books may be valuable. 
One such book is by Spitzer . 3 This book has an excellent feature, an 
index which lists the projects or demonstrations along with the grade 
level or levels for which each activity would be appropriate. 


Something to Think About 

1. In your opinion, is the present-day emphasis on understanding the 
processes of arithmetic justified? Can you cite evidence to support 
your position ? 

2. If you were an elementary principal, how would you respond to the 

complaint of a second-grade teacher who says that she cannot teach 
place value because the school will not buy place-value pockets for her 
to use? r 


3. Examine a diagnostic test and a readiness test in arithmetic. How do 
hey differ as to (a) structure, (b) method for use? 


ri‘craJr inet * me |f ^ earS a stu dent say that he has a “mental block” 
IT *™* “* thematic s- Can you cite evidence that would confirm or 
relute this statement? 


5. 


Can you find research 
Why not give the class 


reports dealing with the teaching of addition? 
a summary of one or more of them? 


6 ' column adlrrUpl'^WM UP ' Vard " doWmVard , in 
pun wnat basis did you arrive at your answer? 


Webster Publishing Arithmetic (St. Louis: 
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7. What provision would you make for a second-grade student who 
actually does not need the extensive reteaching usually done at this 
grade level ? 

8. How would you explain to a parent that you say “2 fours are eight” 
rather than “two times four are eight”? 
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A here is no such thing as the 
arithmetic program for grade three; there is such a thing as an arith- 
metic program for a particular grade. There is no such thing as an 
average program. We may find that one author includes the process of 
carrying in second grade; another introduces carrying in third grade. 
How could these be averaged ? The program found in each arithmetic 
text series is based upon the author’s concept (usually supported by 
research) of what should be taught and when. 

Beginning third-graders usually have been “exposed” to about one- 
half of the addition and subtraction facts. The basic principles of 
multiplication and division have been introduced. Yet it is never safe 
practice to assume that these have been mastered. A certain amount 
of time, depending upon the needs of the class, should be devoted to 
reteaching each process as it is reintroduced to third-graders. 

Topics presented in this chapter are 

A. Introductory Activities 

B. A Third-grade Arithmetic Program 

C. The Slow Learner 

D. The Rapid Learner 
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Of course, the first job of the 
A. introductory Activities teacher as she begins the year with 

her new third grade is to get to 
know her class. She starts with the information in the cumulative 
folders of students and the oral opinions of the second-grade teachers. 
In many schools, a battery of achievement tests is given early in the 
year, since this is another device to help the teacher know more about 
her class. If such a test is used, it should be delayed until the usual 
beginning-of-the-term turmoil is over; that is, until the students have 
adjusted to the routine of school life and have had some renewed 
contact with arithmetic. Although many of them have done some 
reading during their summer vacation, there is little likelihood that 
they have worked any arithmetic. 


Achievement tests. There is no general agreement as to the best time 
of the year to give standardized achievement tests. It is likely that 
your school will have an established program of testing, along with a 
schedule. There can be little doubt, however, that, if the test results 
are to be of maximum help to you, the third-grade teacher, the tests 
should be given fairly early in the school year. 

Should you have the responsibility of selecting the arithmetic test or 
tests for use with your class, there are several sources of information to 
V, 1C ma y turn> standard reference in such matters is Buros, 
Mental Measurements Yearbook, published by Rutgers University Press. 
A more specialized reference is Myers, Mathematics Tests Available in 
e United States, published by the National Council of Teachers of 
athematics. This book lists about fifty standardized tests, achieve- 
C ^.. 0t erw * se > i n arithmetic. The catalogs of the various test 
publishers can also be quite helpful. Before making a final selection, 

Since A X “I"" Sp ' dmen s «s the more promising tests, 
test ibelf ^ tlVdy il,CX P' nrivc . *= teacher can examLe the 

deDcnd^imor " rC acilievem cnt battery is used, most teachers 
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buying the entire set. sections of these batteries, without 
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Diagnostic tests. Diagnosis for difficulties in arithmetic is an activity 
that continues throughout the year. Although diagnosis is, in part, a 
matter of teacher attitude, there are several aids available. As was 
mentioned earlier, many textbooks have diagnostic tests at the end of 
each section, and these can be very helpful. 

Also, there are some standardized tests available that are especially 
designed to help the teacher diagnose learning problems. Some of 
these are 

1 . Buswcll, John, “Diagnostic Tests for the Fundamental Processes 
in Arithmetic” (Grades 2-8, Public School Publishing Company) 

2- Brucckner, “Diagnostic Tests and Self-Helps in Arithmetic” 
(Grades 3-12; California Test Bureau) 

3. Armstrong and Clark, “Los Angeles Diagnostic Tests: Funda- 
mentals of Arithmetic” (Grades 2-8; California Test Bureau) 

4. Armstrong has a test similar to the foregoing in reasoning in 
arithmetic (Grades 3-9; California Test Bureau) 

Some of these tests are quite old, but they still can be effective in 
helping teachers spot specific learning difficulties in arithmetic. 


As will be seen, several new number 
B. A Third-grade Arithmetic concepts are usually introduced in 

Program third grade. Considerable time is 

used in reteaching. Probably the 
most time-consuming phase, however, is the spiral expansion of con- 
cepts that have been introduced in previous grades. 

NUMBER SYSTEM 

Most of the work in grades one and two was based on numbers 
expressed by one- and two-place numerals. Third-graders usually 
study numbers up to 1000 or above in reading, writing, counting, and 
using in operations. Considerable attention is given to numbers in the 
hundreds. Working concretely with numbers in the hundreds can 
become very cumbersome and time-consuming. One helpful technique 
makes use of Christmas seals or other such materials. These are 
normally mailed out in sheets of 100, usually 10 by 10. Here the fact 
that there are 100 objects present is immediately apparent, yet there 
is a minimum of counting. 
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PLACE HOLDER AND PLACE VALUE 

Some texts give an extra bit of attention at third grade to the role 
or the zero in a numeral. Actually, numerals in which zero appears 
have been used all along, but usually zero was treated simply as a part 
of the number symbol. Now, with the aid of pictorial material, the 
student is shown that, in the numeral 201, for example, the zero 
means “no tens.” Many third-grade texts introduce the term place 
holder , which describes the function of the zero, to the students at this 
time. 

It should be pointed out, however, that misconceptions can arise 
regarding the place-holder principle. One that can give trouble is the 
glib statement, “Zero is a place holder.” Some students interpret this 
to mean that zero is not a number, just a place holder. Zero is a 
number. Like other numbers, it has several functions. One of these is 
as a place holder. 

Obviously, the term place holder would be meaningless to a student 
unless he was clear on place value. Hence, a review of the principle 
of place value is essential. This time, the hundreds position on the 
placc-valuc pockets is involved. Most teachers and students, however, 
find it tedious to do very much concrete work on this. For example, 
considerable time would be used in bundling ones to tens, then tens to 
hundreds. Some teachers avoid this by making the ones pocket, the 
tens pocket, and the hundreds pocket of different colors, say red, green, 
and blue (Fig. 5.1). When the number of sticks in the ones pocket 
reaches 10, they arc bundled as usual, but the bundle is represented 
by a single green stick in the tens pocket. Likewise, 10 tens would be 
bundled and represented by a single blue stick in the hundreds pocket. 
A few texts recommend this procedure in the introduction of place 
value, but it would probably produce some confusion in the minds of 
those hearing of place value for the first time. 

Counting by groups. Because of the continued emphasis on grouping 
as a utal technique in understanding numbers, teachers should give 



Figure 5.1 
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third-graders a considerable amount of work in group counting. 
Counting by tens, fives, and twos was introduced earlier. Many 
programs expand this to include counting by threes and fours. Fre- 
quently, the student might be called upon to count by groups, beginning 
at values other than zero, such as counting by fours starting with 6. 

Homan numerals. Several third-grade texts introduce Roman numer- 
als, usually going up to XII. Probably this is done because the clock 
dial is frequently used as a starting point. Some teachers question the 
value of teaching Roman numerals at all because they are not func- 
tional in our society. True, except in outlines, on clock dials, corner- 
stones, and a few other instances, we seldom encounter this type of 
numeral. Consequently, the study of Roman numerals is usually 
presented as a topic of historical interest only, and such work does not 
receive major emphasis. 

Teachers are frequently bombarded with questions when the Roman 
system is being studied. One such question has to do with the merits 
and weaknesses of the Roman system. Several of the weaknesses are 
immediately apparent, such as the fact that the Roman numeral 
system has no zero. Hence, one of the most vital symbols is missing, 
and there is no way of indicating a place holder. Another weakness is 
that the principle of place value is used only in a very rudimentary 
way. This is seen in such numerals as IV, where the I is subtracted, 
and in VI, where the I is added. Because of these two weaknesses, 
computation is extremely cumbersome with Roman numerals. 

If this system of numerals has a strength, it lies in the fact that 
numbers can be written with so few characters. Our decimal system 
requires ten different symbols to write to 12, whereas the Roman 
system requires only three (I, V, X). 

Some teachers find the Roman system to be a good source of research 
assignments for rapid learners. In general, however, this topic receives 
only casual treatment at third-grade level. 

Addition and subtraction. One pattern regarding addition facts is to aim 
for mastery of those facts involving sums up to, and including, 6 in first 
grade. In second grade, these facts are retaught and the list expanded 
to include sums to 10 or 12. Then, in third grade, all of these facts are 
retaught, and the list is expanded to include all of the 81 facts (ex- 
cluding zero). Thus it is hoped that, by the end of third grade, all the 
addition facts will have been mastered. As has been true in earlier 
grades, we keep the addition facts and the subtraction facts closely 
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coordinated. Hence, by the end of third grade, the 81 subtraction 
facts will normally have been taught. 

After the students have been introduced to all the addition and 
subtraction facts, achieving mastery is given a great deal of emphasis. 
A wide variety of techniques is used, such as flash cards, various types 
of games, phonograph records, and others. All of these represent ways 
of adding some degree of enjoyment to the vital process of drill. But 
however it is handled, drill is necessary if students are to achieve the 
goal of mastery*. 

Some teachers find it easier to improvise exercises after all the facts 
have been introduced, since the bothersome question, “Have they had 
this one? ’ does not apply. Certain teachers, however, tend to over- 
stress favored facts while almost excluding others. This same pattern 
is observed in a few texts. Hence, it is important that a teacher use 
some sort of guide or pattern in preparing exercises in order to assure 
proper distribution. 

Teachers sometimes become discouraged with the slow progress their 
pupils make in the task of learning the various facts. They should 
remember, however, that students arc being asked to do something 
which is quite new and different to them. In reading, they try to leant 
to recognize pnnted or written symbols. But recall that, in an addition 
tact they are asked to learn to recognize a sum that is not visible at all. 

urther, they are asked to leant these facts with no tolerance for error; 
that ts, there is no "nearly right.” This is unique in the lives of third- 
graders, so progress is usually slow. 
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Indeed, a few authorities have urged that students learn as addition 
facts all of those now included plus some upper decades of them. This 
would mean that a student would learn 

5 15 25 

+9 , then 4 - 9 , then 4-9 

14 24 “34 

Most teachers, however, would not relish the job of teaching several 
hundred addition tacts, in view of the troubles encountered in teaching 
the usual 81 facts. 

Another approach is use of the “number line.” This is usually a 
strip of paper or cardboard mounted on the wall with the numbers 1 to 
50, or 1 to 100, equally spaced on it. If such a device is available, it is 
relatively easy to show the similarity among 

5 15 25 

4-9, 4-9, and 4-9 

14 ~24 “34 

Incidentally, the number line is described by some authors as a very 
versatile and useful device in teaching several different operations. 

At the time that bridging is being taught, the teacher should be on 
the alert for faulty work habits. These are much easier to prevent than 
to correct. One habit that easily creeps in at this point is the tendency 
to engage in an extensive soliloquy, or to talk through the operation 
slowly and carefully. This is usually a stall for time and indicates a 
lack of self-confidence in the operations involved. More drill on this 
phase of addition frequently corrects such difficulties. 

Carrying. Some teachers get confused on the difference between 
bridging and carrying. The former occurs within a column; the latter 
involves a transition from one column to another. 

To certain students who have, with difficulty, mastered the facts 
and then struggled through bridging, it comes as a blow when they 
realize that there is still more, namely, carrying. Some teachers like 
to lead into this process by showing a need for it. The authors observed 
a teacher as she led her class through some preliminary work in addition 
with bridging. Then, with no indication that anything new was in- 
volved, she put + I 3 on the board. The class floundered briefly, then 
recognized that here was an example on which their procedures would 
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not work. Now, the class, having realized the need for something new, 
was ready to explore the process of carrying. 

One would not have to go very far back into the history of arithmetic 
to find this procedure: 

18 
+ 13 
11 
20 
31 


The line of thought is 8 and 3 are 1 1, so write this down, with special 
attention to place value. Now we know that the ones in the addends 
represent 10 each, because of their positions. Hence we add 10 + 10 
and place the sum as shown, again taking special care to position the 
digits properly. This method is sometimes shown for historical interest, 
but it is seldom used as a procedure to be applied. 

Another approach is rewriting each of the addends to show the 
number structure. For example, in the illustration just given, we 
could write 

1 ten 8 ones 
+ 1 ten 3 ones 

2 tens 1 1 ones 


Xow, we know that 11 ones means 1 ten and 1 one. Therefore, the ten 
ts combined with the other tens to yield 3 tens. Hence, onr sum is 31. 

A widely used method of teaching carrying goes back to the place- 
one o C “ a ?, counters - In presenting the example shown earlier, 
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For years, authorities have differed as to whether or not students 
should write the carry number. For example, 

<D 

18 
+ 13 
31 

Wc know that many people write this number as a matter of habit and 
commonly get the correct answer. Some writers say that the writing of 
the carry number is a crutch and that it should never be done. Others 
recommend that this number be written as a “visual aid” in the process 
of understanding the carrying process. They usually suggest that the 
practice of writing the carry number b c dropped as soon as possible. 
Of course, it is an open question as to how willing students will be to 
stop writing it after they have started. A veteran teacher ended a 
discussion on this topic with the remark, “If they can do without 
writing it down, they do not write it; if they cannot, they w-rite it.” 
This is probably as defensible a position as any. 

Borrowing. Since most of the principles used in borrowing are 
similar to the ones used in carrying, these two operations are usually 
studied fairly close together. 

Several different approaches have been used in teaching subtraction 
with borrowing during the past few decades. One of these, formerly 
more popular than now, was the equal-additions method. This made 
use of the principle, easily verified, that if you increase the subtrahend 
and minuend by the same amount the difference is unchanged. Con- 
41 

sequently, in an exercise such as we could increase both 41 and 

29 by 10 without changing the result. This increase would take place 
thus: to the 41, we would add 10 ones to yield 4 tens 11 ones; to the 29, 
we would add 1 ten to yield 3 tens 9 ones. The problem would then be 
reduced to 

4 tens 1 1 ones 
—3 tens 9 ones 
I ten 2 ones == 12 

The key point to note in this method is that the amount added to the 
minuend is added as 10 ones, whereas the addition to the subtrahend 
is as 1 ten. 
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The borrowing operation is now more commonly taught by the 
decomposition method. This would mean that in the exercise just 
shown, the 41 would be decomposed to 3 tens 1 1 ones. The 29 can be 
subtracted from the 41 after the latter has been decomposed as shown. 
Some students will object that you cannot have 1 1 ones, since it violates 
all that they have been taught regarding number structure. Usually, 
however, the student will agree to the arrangement just shown on a 
“temporary” basis. 

Some students would find it helpful to use place-value pockets in the 
borrowing operation, at least for the first contact with the process. 
Here the youngster is able to verify concretely that the borrowing is 
based upon the principles of number structure that are familiar to 
him. 

Several arithmetic texts encourage the student to write the decom- 
position of the minuend. Thus, in the example _^g the student 

writes 1 1 above the 1 and writes 3 above the 4, thenproceeds to sub- 
tract. There can be no doubt that this will make the operation easier, 
but it brings up the age-old question, “Is it a crutch?” Those books 
that present such a procedure suggest that students discontinue its use 
as soon as possible. Others ask whether they will ever be ready to stop 
using this device once they have learned it. Generally, we should ask 
students to handle as much of a process mentally as they possibly can. 

cncc, it might be well to reserve such methods for those who require 
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It should be noted that in all cases except doubles, such as 

3 4 

+3 and -f4 

6 8 

entirely different addition facts are used when the direction of adding 
is reversed. 

The system of checking subtraction is the same that it has been; 
that is, add the difference to the subtrahend to see whether their sum 
equals the minuend. Some texts suggest that this be done on the 
existing written example; others have the student rewrite it. In either 
case, this procedure gives the teacher an excellent opportunity to 
review students’ understanding of the meaning of subtraction. 

Problems. Students of earlier generations frequently expressed dislike 
for ‘‘word” problems. Possibly one reason for this was that sets of 
problems were relatively scarce in their arithmetic books, the emphasis 
being on long columns of exercises. The modern third-grader, however, 
has little opportunity to become complacent over the scarcity of prob- 
lems. Hardly a page comes up that doesn’t present problems of some 
sort. Additionally, most teachers are constantly looking for class 
activities that can serve as bases for real problems. One third-grade 
teacher in a combined elementary-high school builds numerous 
problems around sports activities with excellent results. 

Teaching materials . The use of place-value pockets in carrying and 
borrowing has already been described. There is a definite place at this 
point in arithmetic for records, flash cards, and other drill materials. 
Now that all of the addition and subtraction facts have been introduced, 
it is vital that extensive practice be used. 

Parts of several previously listed films and filmstrips could be used at 
this point. An interesting variation would be the Speed-O-Strip Series. 
Included are a set of filmstrips on addition combinations and another 
on subtraction combinations designed to help students develop facility 
in working with the basic facts in these processes. These filmstrips are 
available from the Society for Visual Education. 

MULTIPLICATION AND DIVISION 

When these operations are first encountered by third-graders they 
are usually dealt with as though they were new topics. Hence, «e 
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usually begin with basic concepts; that is, that multiplication is a 
procedure for adding equal groups to form a new group, whereas 
division is a short method for performing equal subtractions. Many 
illustrations are used, possibly with some concrete materials, in order 
to establish desired concepts of multiplication and division. 

Facts. Since the processes of multiplication and division are usually 
introduced in second grade, it is essential that some of the facts be used. 
Few programs, however, go beyond a few of the facts that arc used 
illustratively. Hence, in third grade, nearly all the multiplication facts 
are yet to be learned. 

One approach sometimes used in the teaching of multiplication in 
third grade begins with adding equal groups. From here, the students 
move to the concept that 4+4+4, for example, may be thought of 
as 3 fours, or 12. This transition is made gradually, with frequent 
reference back to the addition process. As the class moves into multi- 
plication specifically, they begin to use the X symbol and to write 
exercises, as 

4 

x3 

12 

In most programs, however, students continue to describe the operation 
as “3 fours” rather than “3 times 4.” 

Most of the texts begin to introduce the facts after a short review, 
and the system used varies extensively. One widely used technique is 
to teach facts by families, such as 


4 3 

x3 and x4 
12 ~12 

It should be pointed out that, although these two exercises yield the 
same product, the operations arc actually quite different. One deals 
with three groups of 4 each, while the other involves four groups of 3 
each. Sometimes reference is made to the zero facts, such as 


3 0 

*0 and v3 

0 ~0 


Since there is no way to make the facts 
procedure is of questionable value. 


meaningful, however, this 
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Some parents of third-graders wonder when their youngsters will get 
to the multiplication tables, a device of vivid, but probably not very 
fond, memory. The answer, as implied earlier, is that a student seldom 
actually sees the whole formidable array of facts. Rather, he studies 
them in “smaller doses” over a period of almost three years. Inciden- 
tally, there is no good explanation of the emphasis which earlier texts 
placed on the multiplication tables when the equally important addi- 
tion, subtraction, and division facts were given far less emphasis. 

Although there is little research to indicate the best way to introduce 
the multiplication facts, we commonly use the multiplier of 2 as a start. 
This actually means more to most students than would a multiplier of 
1. From there, the list is expanded by families. Some programs limit 
the number of facts for third grade to about thirty; others go to sixty 
or more. Probably the deciding factor would be how many the class 
could effectively learn. 

In some cases, division and multiplication are taught as closely 
associated operations with many mutual learnings. In other programs, 
the two operations are taught separately. (In earlier work, the exercises 
are shown as 4) 12, with the symbol -4- being introduced later in third 

3 

grade.) It seems reasonable that a student could learn that 

(“there are 3 fours in 12”) and that 3 j-~ with less effort when he is 
learning that 

4 3 

X 3 and x 4 

T2 12 

than he could later. So the teacher is faced with the problem of keeping 
these two operations close enough together to use mutual learnings, but 
far enough apart to minimize confusion. 

In division, the remainder presents a new difficulty. Some third- 
grade texts introduce this idea and give students some simple, usually 
concrete, work with remainders. 

Since for every grouping operation in multiplication there is an 
un-grouping operation in division, most texts present the same number 
of facts in these two processes. A key point is that third-graders are 
beginning the process of mastering these facts. Hence, many types of 
recurring experiences (drill) should be used. 

Higher decade products and dimdends. As students work at learning the 
basic facts, they continue to expand concepts. One such expansion 
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involves two-place numerals in the multiplicand and dividend positions. 
Here, incidentally, the zero demands attention, as in 
10 
x4 
"40 

It should be explained that 4 zeros yield zero. Now that the zero is 
used as a part of a two-place number, however, we have a situation 

that can be verified concretely. This is not true of 

Most of the programs that use two-place numerals, as just shown, 
select those that do not require carrying, since this introduces the 

concept without the complications. Such operations as ^ are actually 

little more difficult than one-place numbers would be. In some cases, 
even three-place products are produced, such as 
53 
x2 


Again, An involves no major new concept and is not, therefore, 
particularly difficult for most students. Correspondingly, several pro- 
grams use exercises like 255?; or even 252481 since these involve no 
major difficulty beyond those found in simpler examples. 

Man I adulK may recall that, in their arithmetic 
uc P a B es of exercises with just three words, such 

nrocesf an n ^ " 0b ™“ ] y. *= authors rated thi! two 
processes as equally important. 

ooerations^Tf^ 11 conslderatjle change in our attitude toward checking 
Xt nceniil.TT 65 '" k ” ows ,hat h = ">™t check his work anyhow, 

k, '“ hc to get it right the fim time? 

for examnle r ™ S T ariSe " 3 result of checking. One, 

example, concerns the student who merely goes through the motions! 

If he subtracts and gets 19, he calmly scribbles and gets 43, 

lived up to the'fouer if 'not 'll, Sh<1 “ ld Bet ' He ma y fecl that he has 
isn't it true that ere,, T ' Spirit of thc requirement. Further, 
confronts the student i^*? 1 ? each ° pcratl ° n constantly 

now taking the autaT 7h a ^ ,hr ° f ' rr ° r? S ° me ,Mchers are 

requirement to check endlessly can 
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actually become a sort of crutch. Therefore, we find that many pro- 
grams show students how to check and require them to do a limited 
amount of checking. But it is far more important that a student get 
the correct result the first time than that he be adept at various tech- 
niques for locating errors. If he does not make errors, obviously he 
will not have to locate them. 

Teaching materials. Since the first major emphasis on multiplication 
and division comes in third grade, there is considerable use for concrete 
materials. Most of these should be very simple, such as counters or 
blocks. Further, most teachers look for opportunities to use concrete 
materials found in school activities, such as books, cookies, milk cartons, 
and pieces of chalk. 

The types of material mentioned earlier; that is, flash cards, records, 
the Arithmcquiz, and other drill devices, are most helpful. Certain 
frames of previously listed filmstrips are useful. The filmstrip series 
called Spced-O-Strip, described earlier in this chapter, has a set on 
multiplication and one on division. Although these are designed 
primarily to help develop speed, they can also be used in drill to 
develop general facility with the multiplication and division facts. 

FRACTIONS 

Certain fraction concepts were introduced in grades one and two. 
These are usually retaught, with some expansion of the meaning of 
fractions, at third grade. 

A popular approach is to begin fraction work concretely, with one- 
half as the fraction studied. With constant reference to the meaning 
involved, the teacher leads the class to work with other unit fractions, 
usually thirds, fourths, and possibly fifths. It is common practice to 
limit this work to unit (numerator of 1) fractions at third grade. 
Further attention is given to the very important point that if a pie is 
to be cut into fourths, it must be cut into four equal parts. 

Some texts introduce the numerical symbols for fractions in third 
grade. Heretofore, the common practice has been to use the word 
forms “one-half” or “one-fourth.” In presenting the numeral form, it 

1 of the 

is usually pointed out that § of an apple means 3 equal parts into 

which the apple is divided. This, of course is rapidly shortened to £. 

Most third-grade programs continue to concentrate on fractional 
parts of a single object. A few of them, however, expand into the 
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somewhat more complex work involving fractional parts of groups. A 
few even introduce some elementary operations with fractions, such as 
^ of 12 or \ of 6. Obviously, these would be meaningless unless pre- 
ceded by a study of fractional parts of groups. 

Teachers constantly try to assure that students will not associate a 
particular fraction with a shape of an object. Thus, in showing one-half 
of a sheet of paper, students should be given an opportunity to see how 
many different ways they could fold or cut the sheet in order to produce 
halves. 


Problem, Almost all the texts use problem situations to lead into the 
study of fractions. Some teachers object to the extensive use of foods 
(fruit, cakes, pies, candy bars) in such problems. One criterion of a 
good problem, however, is that the students find it interesting. What 
could be more interesting to the typical third-grader than food? 

Actually, the problem approach is usually limited, at this phase of 
the study of fractions, to problem situations using familiar materials, 
with questions of a semiquantitative nature. The actual solution of 
problems through number manipulation is usually reserved until a 
later grade. 


Teaching materials. Reference has already been made to such teaching 
materials as fraction boards, flannel boards with fraction cutouts, and 
simulated fruit divided into fractions. 

Some of the most effective materials for this work are available in a 
norma c assroom. Some activities might be (1) cutting a sandwich or 
slice of bread m half; (2) sawing a board into halves, thirds, or fourths; 

r a r‘ rmS mt ° halv ' S ’ thirds ’ or r ° ur 'hs; (4) devising a variety 

f methods for cutting paper into designated fractional parts; (5) 
pp ytng fractional terms to measuring cups; (6) coloring one-half of a 
indefinitely^ 6 ^ daSSr00 ‘ n ,cacher c °" ld “lend the list almost 

third ^ rarnes cert ain filmstrips could be used at 

RunTime p-, m % 0fthrae are “leaning of Fractions,” by 
and 1^'Me ru (2) What is 3 Fra «ion?” by Filmstrip House; 

and (3) Meaning of Fractions,” by The Society for Visual Education. 


MEASUREMENT 


Fur'herThe C !beitT a d erS , t0 with “veral kinds of measures 

measure’s studied in hC " Ce m ° re accurac >'’ whh lh ' 
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Money. Third-graders may work with all the coins up to, and in- 
cluding, the dollar. There is less emphasis on the concrete than was 
the case in grade two. Pictorial material, however, is used extensively. 

Some of the activities with money are making change for a purchase, 
changing one coin into equivalent sums with other coins, carrying out 
the fundamental operations with money, and using the decimal point 
in indicating dollars and cents. Since the modem third-grader has 
some real-life experience with money, quite unusual a few years ago, 
the work with money has more air of reality. 

Time. The time measures studied in second grade are retaught. The 
relationship between the minute and the hour is developed. Later, the 
students move into the study of the day, week, month, and year. 

Probably no kinds of measures are more confusing to youngsters than 
are time measures. One factor is the lack of concreteness. Further, our 
time measures have certain characteristics that contribute to confusion; 
for example, all months are not the same length. Further, although 
third-graders do not realize this, our ninth month (September) has a 
prefix indicating 7; October has a prefix indicating 8; and November, 
though it is the eleventh month, has a prefix indicating 9. Do you know 
the reason for this? Other features of time measures frequently studied 
in third grade are reading the clock to a quarter-hour, along with 
A.M., p.m., noon, and midnight. 

Distance. The distance measures for third grade usually include the 
inch, foot, and yard. Considerable attention is given to conversion 
from one unit to another. Also, students usually practice using the foot 
rule and yardstick in order to develop a concept of accuracy in meas- 
urement. There are, of course, numerous opportunities to use distance 
measures in the classroom and on the playground. 

Volume. The list of units studied in this phase of measurement varies 
considerably among the texts. The half-pint is usually included, since 
this is the size of milk bottles or cartons served in many school lunch- 
rooms. Further work is usually taken up using the pint, quart, and 
gallon. Much of this is based upon actual manipulation of these 
measures, usually in connection with a realistic problem. 

Weight. The weight measures usually studied at this level are the 
ounce and the pound. The earlier concepts are retaught, and much of 
the study of weight is done concretely. The weight of the student is 
frequently used as a starting point, with the ounce being brought m 
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later. Adding weight quantities is a frequently used activity, with some 
form of kitchen scale serving as an important teaching aid. 

Aids available. Probably no phase of arithmetic is more abundantly 
supplied with teaching aids than is measurement. It is almost auto- 
matic that our study of distance includes rulers and yardsticks; that our 
study of time includes clocks and calendars; that in our study of weight 
we use scales or balances; and that in our study of volume we use 
measuring cups and assorted containers. 

There are some excellent filmstrips that could be used, in whole or 
in part, at this level: 

The Society of Visual Education has several filmstrips, such as, 

1. “Learning to Tell Time” 

2. “Learning About and Using Pennies, Nickels, and Dimes” 

3. “Using and Understanding Simple Measures” 

4. “Using and Understanding the Calendar” 

Filmstrip House has a set of four filmstrips in a series called Man 
and Measures. 

Popular Science has six filmstrips in a set called Units of Measurement 
Series. 

Young America Films has a very interesting series (six filmstrips) 
entitled, “History of Measures.” 

Several films dealing with measurement are well suited for lower 
elementary classes. For example, Coronet Films has the following: 

1 . The Calendar : Days , Weeks, Months 

2. Let's Measure: Inches, Feet and Yards 

3. Let's Measure: Ounces, Pounds and Tons 

4. Let's Measure: Pints, Quarts and Gallons 

5. Making Change for a Dollar 

6. What Time Is It? 


C. The Slow Learner 


By third grade, the wide range of 
student ability is beginning to 


, , „ appear, and teachers, early m the 

school year, can tell which students will be likely to require extra help. 
Certainly it is to the student’s advantage if he can get such assistance 
early in the school term. Some of the special techniques for use with 
the slow learner are more emphasis on the concrete, more drill than is 
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necessary for average students, and special effort to see that some 
success is experienced. 

In third grade, students are expected to achieve mastery of certain 
basic facts in the four fundamental operations. Failure to do so means 
more difficulty in the future. It is, therefore, important that slower- 
learning students concentrate on the basic facts in the four operations. 

It is vital that the teacher give special attention to spotting difficulties 
through diagnostic testing and especially through careful observation of 
the student at work. Listening to a student as he works aloud is an 
especially effective technique. To illustrate, a third-grade girl was 
having difficulty with subtraction. By listening to this student as she 
talked through a few exercises, the teacher detected that the child had 
never learned to borrow but merely subtracted the smaller from the 
41 

larger number. In an exercise like _jg she would subtract 1 from 6, 

then 1 from 4, getting a difference of 35. Although the result was 
wrong, this procedure made the mysterious process of borrowing 
entirely unnecessary. Another important practice is for the teacher, in 
checking a student’s paper, to go beyond marking results right or wrong 
and to look for patterns of errors on tests and seat-work papers. 

Obviously, diagnostic and remedial techniques require individual 
procedures. Mass diagnosis is about as valuable in arithmetic as it 
would be in prescribing medicine or fitting spectacles. 

Some of the textbooks, either regular or teachers' editions, give 
special help to the teacher in her work with slow learners. One proce- 
dure is suggesting special activities for slower learners at the end of 
each section. Another is incorporating diagnostic tests at regular 
intervals in the text, with references to supplementary drill exercises 
that would help correct certain deficiencies. 

One other help would be having available texts of varying degrees 
of difficulty, probably including some books or workbooks for second 
grade. Frequently, these can save the teacher the time and effort 
necessary to devise exercises for a slower student. 


It usually becomes apparent by 
D. The Rapid Learner third grade that certain students 

are especially adept at learning 
arithmetic. Many teachers find such students to be serious problems, 
since they finish assignments easily and thus have time on their hands. 
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Certain texts make provision, at least in part, for these students by 
incorporating such features as “How Far Can You Go in Arithmetic?” 1 
Others have a special set of exercises at the end of each topic which 
contains challenging questions for the rapid learner. 

Frequently, teachers give rapid learners report assignments that are 
of interest to the class as a whole. In one particular third grade, a 
student gave a report on the history of Roman numerals that was 
enlightening to his class, his teacher, and especially to a group of college 
students who were observing his class. 

We have referred to some valuable helps for the teacher in challenging 
the rapid learner. One that is widely used is H. F. Spitzer’s Practical 
Classroom Procedures for Enriching Arithmetic , published by the Webster 
Publishing Company. Many of the activities described in this book 
are useful at third-grade level. 

Another valuable aid is the set of enrichment booklets published by 
Harper and Row, Publishers. These are relatively inexpensive, well 
illustrated, and probably interesting to most third-graders. Some titles 
from this series are 


1. “Number Stories” 

2. “Riddles and Puzzles” 

3. “Crossnumber Puzzles” 

4. “The Story of Counting” 


5. “Tricks with Picks” 

6. “Fun with Words” 

7. “Nimble Numbers” 


A word of precaution should be given concerning the rapid learner, 
is side excursions in arithmetic should be in addition to, rather than 
in lieu of the work being done by the other students. He, too, needs a 
basis in fundamentals; the big difference is that he can acquire this 
su™lrm , V S ° me ° rhis da *®ates. Consequently, the 

his s tudv „f a ,7 W r 0rk / hould -far the rapid learner has completed 
his study of the fundamentals of arithmetic. 


Something to Think About 

muWplimbTis'a Ipeci h aUy^ Pl f"a d H*° y ° Ur ,hird -e radc class <hat 

should bother to learn 1, siwe h “t “T”’ “ Studcnt asls " hy h ' 
would you answer? ’ h ' “ r ' ady kno ' vs ho" 1 to add. How 

1 Th ' S " V ' r B “" 1 " t ° r Robert Lee Morton is senior author. 
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2. This question is asked in class : “If the zero is so important, how did the 
Romans get along without it?” How would you respond ? 

3. Make a list of patterns or principles that a third-grade class might 
observe in examining a hundred board. 

4. Who was the best mathematics teacher you ever knew? What qualities 
did he or she possess that made him outstanding ? 

5. What would be your reaction if you learned that you were teaching 
Mary one method in borrowing while her mother was teaching her 
another method ? 

6. Devise a system for demonstrating concretely the difference between 
bridging and carrying. 

7. If a parent asked you just what is so objectionable about finger- 
counting, how would you answer? 

8. If you can locate an elementary arithmetic text that dates back at least 
half a century, contrast the presentation of carrying and borrowing 
in it with the comparable presentations in a modern text. 
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In earlier timesy many concepts of 
number and number systems were accepted as intuitively obvious. 
When many of these obvious facts were shown to be false, mathe- 
maticians began to question intuition as a basis for knowledge of 
number. 

Going to the opposite extreme, the formalists attempted to make 
mathematics a game played according to accepted rules. The objects 
used in the game were the number symbols. Thus, the number I was 
the symbol “1,” and so on. Somehow this does not seem to fit our 
understanding of number, since we actually do attach a meaning to 
number symbols outside the symbols themselves. 

The logical approach seems to ofTer better opportunities for defining 
and developing an understanding of number operations. Within the 
framework of a theory of sets, number and number operations may be 
defined in a way which at once satisfies our intuitive concepts of number 
and our desire to make number a logically derived concept. 

This chapter presents a brief view of how computation has developed 
followed by a logical development of the rules for number operations. 
Also, a development of the integers, rationals, and real numbers from 
the natural number is made. 

Topics presented are: 

A. The Development of Computation 

B. Operations on Cardinal Numbers 

C. Extending the Number System 

D. The Rational Numbers 

E. The Real Numbers 
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Is computation something we do 
A. The Development of with numbers, or is it something 

Computation we do with symbols for numbers? 

Should we always carefully dif- 
ferentiate between numbers and numerals when doing computation? 
The answer to these questions depends on our beliefs about numbers. 
If we tend toward the formalists’ viewpoint, then numbers are the 
symbols we use. If, on the other hand, we tend toward the logicists’ 
viewpoint, then numbers have an existence apart from the symbols 
used to designate them. Elementary arithmetic is ordinarily concerned 
with finite numbers and operations on these numbers. Much of what 
goes by the name “computation” is concerned with manipulating our 
base-10 system of numerals to find standard names for numbers named 
in some kind of sentence or expression. 


EARLY ARITHMETICAL TERMS 


In ancient times, arithmetic was the term used by Greeks and Romans 
to refer to number theory. Computation, or the art of calculating, was 
csignated by the term logistic. Smith 1 noted that these two branches 
ot number study were considered as separate subjects until the sixteenth 
century, when the name arithmetic came to be applied to both. 

Early arithmetic, based on the Hindu-Arabic base-10 notation, was 
ca e a gortsm. Other terms that have been used for computation are 
eckonmg, ciphering, and practical arithmetic. The numbers 1 through 10 
muchT Crr . eC ^ l ° as digill. Most literature now refers to the 

the sv 'll 1 t rOUgh o 3S th ' < * 1S ‘ t! ' Very carcful writers point out that 
ridered a „ n ' ' ■ 9 th ' di 8 its ' At time, unity was not con- 
of unities ^ ^ * lncc nuinb ers were quantities or pluralities made up 

and r ev m en'nu m a het nt p ti,nC5 ’ there haS bE1: " a ^nedon between odd 

selves and 1 , were atodefiZr^ nUmberS divisible onl y b y them - 
composite /nm r, - \ ? m ancient times. The Greeks classified 

These names weregiLTlTnumb 15 ‘*1!?!!“’ PCrfCCt ’ ° r abundant ' 
to or less than ,h “ numbcrs which were greater than, equal 

themselves. SUis a ^ee” n'n^ indudi "S 1 bl “ 

you classify 12? 15? er since * +2+3=6. How would 

cations, Inc” S 1953^! h 7. Malfumatu *, Vol. II (New York: Dover Publi- 
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The ancients made a distinction between cardinal and ordinal 
numbers. Most of the modern developments in number belong to 
higher mathematics and come under the general term number theory. 
Most of these developments are of little concern to elementary arith- 
metic. 

THE FUNDAMENTAL OPERATIONS 

We commonly speak of the four fundamental operations. These are, 
of course, addition, subtraction, multiplication, and division. The 
operations were what the Greeks and Romans called logistic. In earlier 
times, some writers recognized eight or nine “fundamental operations.” 
Other writers have argued that there should be only one fundamental 
operation, that of counting or addition. 

Addition and subtraction. Early terms used for addition included 
oggftgation, collection , and summation. These have a surprisingly modern 
sound since they are used in describing sets. The word “sum” has come 
to be used for the result obtained in addition, although many other 
terms have been used. 

In Chapter 2, we presented an intuitive development of rules guiding 
number operations. Later in this chapter, a logical development of the 
rules for the operations on natural numbers will be shown. These rules 
will be a logical consequence of our definitions regarding sets and 
natural numbers. In the past, number operations usually referred to 
the practical arrangements for using a particular system of numeration. 
We now attempt to distinguish between a “number operation” and 
the process of finding a standard name in our set of numerals. 

The so-called operation of addition has changed little since the use 
of Hindu- Arabic numerals became widespread. Generally, the Hindus 
wrote out the names of the number places and found the sums in each 
place. The sums by places were then combined to give the final sum. 
The carrying concept is an old one and dates from the time of the line 
abacus. 

Early terms used in connection with subtraction included extract, 
diminish, and rebate. The terms difference and remainder are now com- 
monly used in textbooks. Unlike the process of addition, the process 
of subtraction has not been standardized in our system of numeration. 

Several plans for subtraction have been widely used. The comple- 
mentary plan for subtraction was taught in this country in the last 
centpry and was known much earlier. The complement of a number is 
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the result obtained when the number is subtracted from the power of 
10 just larger than the number. The complement of 86 is 14, since 
100 — 86 = 14. That of 6 is 4, since 10 — 6 = 4. This process may 
be illustrated as follows: 


513 10-6=4 4+3=7 

-246 10 - 5 = 5 5 + 1= 6 

267 5 - 3 =2 

The equal-additions method has been known and used for several 
centuries. It is sometimes called the borrowing and repaying method. It 
may be illustrated as follows: 


513 6 from 13 is 7 

—246 5 from 1 1 is 6 

267 3 from 5 is 2 

The decomposition or simple borrowing method is also several 
centuries old. It consists of regrouping where necessary. This process 
involves the following steps : 


513 6 from 13 is 7 

-246 4 from 10 is 6 

267 2 from 4 is 2 


Notice that regrouping was done in the tens’ and hundreds’ places. 
One ten was regrouped to 10 ones, and 1 hundred was regrouped to 10 


a J H h 7 t i ,0d ° f Subtraction proposed several centuries 

process mUCh “ SC “ n,il * hc laSt ccmul y- The S “P S in th!s 

process are as follows : ' r 


513 

-246 

267 


6 and 7 are 13 
5 and 6 are 1 1 
3 and 2 are 5 


ob'taMng" l"’ 1101 " n “ mb ' rS r * ° f 

Multiplication was recognized . ' , ° nger process of coun “ ng - 

Early definitions called multiplication^ “ * Sl “ rt CU ‘ f ° r addi t°”' 
to get a third number such twT" v L ° pcr ‘ ltlon on two numbers 
number as many times as thrr * hlrd numier contained the first 
definition, did not reveal ve “ the "“-tber." Such 

reveal very much about the process of multiplication. 
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The terms multiplicand, multiplier, and product had their origin in early 
Latin words. Little is known of the process of multiplication in ancient 
tunes. Ancient peoples probably made use of the duplation plan for 
multiplying. This is illustrated as follows in finding the product of 14 
and 27: 

27 54 108 216 432 

1 2 4 8 16 

Then 432 — 54 = 378, the product of 14 and 27. 

Russian peasants in very recent times have been known to use 
duplation and mediation. This plan may be called doubling and halving. 
It is illustrated by finding the product of 27 and 35. Halve 27, dis- 
carding remainders, and double 35. 


27 

35 

35 

13 

70 

70 

6 

140 


3 

280 

280 

1 

560 

560 

945 


To find the product, add the terms in the “double” column that stand 
opposite odd numbers in the “halve” column. This plan works on the 
principle that if you halve one factor and double the other, the product 
remains the same. Therefore, 27 x 35 would be the same as I X 560 
except that we lose some each time we drop a remainder in the 
halving process. Since we lose some each time we have an odd number 
in the “halve” column, we must add to 1 x 560 the amount lost, 
which is the amount opposite each odd number in the “halve” column. 

Another early plan for multiplying was the cell or grating method. 
The numbers to be multiplied are written, one horizontal and one 
vertical, about a rectangle ruled into cells. Diagonal lines are drawn 
through the cells. For example, 78 x 25 (see Fig. 6.1). Each product 
of digits is written in a cell, with the tens digit in the upper half of the 
cell and the units digit in the lower half. Then addition is done along 
the diagonal strips, carrying if necessary over to the next diagonal strip 
to the left. 

Many other plans for multiplying have been used. Early Arabs knew 
and used various algebraic relations to aid multiplication of whole 
numbers. The multiplication table has been found on Babylonian 
cylinders in columns. The square form was used in early Latin 
writings- 
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Division, like multiplication, has no definitions which can be 
understood by beginners. The concept must grow out of concrete 
examples. Early definitions, such as one svhich stated that division 
f.r d |l” w ofte " the lKscr number is contained in the bigger, con- 
tnbute little to the undemanding of the operation. 

d,°,::-o 0fth 7 ld '; meth0dS of divisi °" «■ based on the process of 
duplation and mediation. To divide 42 by 16, proceed as follows: 


Set down 1 opposite 16, then 
2 X 16 =32; } or 16 = 8; J 
of 16 =4; and J of 16 = 2. 
The numbers in the right- 
hand column whose sum is 
42 are 32, 8, and 2. There- 
fore, the quotient is2+J+J. 


orfte°l™heo U bie d ct in ^ .™ da ™ of the factors 

be handled. For example 'T'T °j T onc ‘ dl S it dis-isors svhich could 
288 = 4 = 3 . mpl '- to d,v,de 288 by 12 would be the same as 

It ts C* r,::ve m “ h ° d ” in Eur °- f ° r -eral centuries, 

method are rather elsv /hT ,he Hind “- Th <= «■ this 

in our traditional long divisi'on^th^d'' 31 amhn,etic is involved than 

is difficulu™x me Van d ous I“a« rf’l 0 " deVeIo P cd gfadually. Its origin 
The present practice or D larim> »n P 3008 the tl uoti<:n t have been used, 
to work well and allows ‘Z , qUOtlent above thc dividend seems 
allows easy location of the decimal point. 
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Other number operations. Early writers included such concepts as 
numeration, notation, duplation, mediation, progression, and extract- 
ing of roots among number operations. Other than what we consider 
the four fundamental operations, extracting of roots and raising to 
powers may now be considered rather basic operations with numbers. 

The Greeks had a rather crude method of finding approximate 
square roots. The Arabs also had a method, similar to that used by the 
Greeks. A galley method has been found in early arithmetic books. As 
in division, this is a rather complicated process involving much mental 
“arithmetic.*’ Other procedures were tried, and gradually our present 
square root algorithm came to be used. The present procedure for 
extracting roots is rather complicated and difficult to explain to children 
who have had no algebra. For this reason, an explanation of the square 
root rule is usually postponed until pupils have had some experience 
with algebra. 

Successive multiplications by the same number led to the idea of 
raising numbers to powers. We write powers as follows : 

4 1 = 4 

4 2 = 4 x 4 =16 

4 a = 4x4x4 =64 

4 4 = 4x4x4x4 = 256 

This is a powerful notation for writing or symbolizing large numbers. 
Early attempts to write large numbers are known. Archimedes, in 
The Sand Reckoner , presents a way of conceiving and writing large 
numbers though hampered by the lack of zero in the Greek alphabetic 
way of writing numerals. He used his system to show a number 
larger than the number of grains of sand needed to fifl the universe 
(his definition of universe). 

A googol has been defined to be 10 raised to the hundredth 
power. That is 10 100 . This is a number denoted by a 1 followed by 
100 zeros. Can you conceive of the number denoted by 10 googo1 ? 
This is 10 raised to the googol power. This number would be denoted 
by a 1 followed by such an array of zeros that we cannot conceive of 
the quantity at all. 

Raising to powers and extracting roots are inverse operations, as 
are addition and subtraction or multiplication and division. For 

example, 

5* = 25 V25 = 5 and 4 s = 64 •^'64 = 4 
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The notations for powers and roots find many useful applications in 
algebra and advanced number study. 

Checking operations. Checking by using inverse operations had a very 
early origin. Some definite references to inverse checking may be found 
in the Middle Ages. The inverse operation method of checking was 
long, and simpler methods were developed in early times. 

The method of casting out nines is perhaps the best known. Early 
Arab writers recognized and used this method. Early American 
schools used casting out nines, but it disappeared from textbooks for 
quite a while. More recently, it has appeared again in arithmetic 
books. 

Casting out nines as a method of checking number operations is 
based on some properties of the number nine. A number which is a 
multiple of nine has digits whose sum is nine or a multiple of nine. For 
example, r 

1+8=9 
3+6=9 
9 + 9 = 18 
3 + 8 + 7 = 18 
8 + 4 + 7+ 8=27 

.hc L r k C maL'derlr„t d ' r ’ "'*? 3 ™ mber b di « d ' d b X 9. “ equal to 
9. When 77 is divided byT th ' hC - d,s!lS ° rtb,: number “ d™ded by 

addition trample checked ^ “ 

ii \t\zj 

628 6 + 2 + 8 =. 16 — 

secured. Thc'um'tf tht ° f tbc number5 1 to 9 is 

remainder in the sum &ln CrS * n two addends equals the 

In a similar way, casting 

number operations. The eener* 1 !* ni . nes ma ^ use d to check other 
the remainders in all the nrim ? fU C ma V stated as follows : Find 
S "™ b ^ »hen nines are cast out. Do 
ae remainders. The remainder of 


18 

36 

99 

387 

8478 


1+8=9 
1+8 = 9 
2+7=9 


•he required cotnputationS 
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this result when nines are cast out should equal the remainder found 
in the result of the original computation when nines are cast out. 

An example in multiplication is as follows : 


479 

4 + 7 + 9 = 20 

2 +0 = 2 

x38 

3 +8 = 11 

1 + 1 = x2 

3832 


~~4 

1437 


1 + 3 = 4<-J f 

18202 

1 + 8+ 2+ 0+ 2 = 13 


Division may be checked as follows: 

25 

34)876 Note that divisor 

68 times quotient plus 

196 remainder equals 

170 dividend. 

“26 

25 2 + 5 =7 

34 3+4=7 7x7 = 49 4+9 = 13 1+3=4 


26 

876 


2 + 6=8 

8 + 7 + 6 = 21 


One difficulty with casting out nines as a way of checking a number 
operation is that, if two digits are transposed to give an incorrect 
answer, the result will check out correct. Is this method something 
characteristic of natural numbers or is it something characteristic of 
the numerals used in the Hindu-Arabic decimal system of numeration ? 
Do you find the sum of the digits in a number or in a numeral ? Can 
you write numbers using bases other than 10 to clarify this method? 
Have we used the word “number” in this section when we really 
meant “numeral?” 


AIDS TO COMPUTATION 

Many different devices to aid in computing with numbers have been 
used since ancient times. These range all the way from using the 
fingers and various forms of the abacus to Napier’s rods, slide rules, and 
modern mechanical calculating machines. More recently still, the 
electronic computer has been designed to do literally thousands of 
calculations in a matter of minutes. 
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Finger reckoning. Most early peoples had a system of number notation 
in which the fingers were used. 2 From this notation came finger com- 
putation or "finger reckoning.” From simple counting and adding, a 
way of doing multiplication of small numbers was worked out. Such 
numbers as 12 and 14 could be multiplied. For example, raise two 
fingers on one hand and four fingers on the other. Then, to 100, add 
ten times the sum of the number of fingers raised, and add the product 
of the number of fingers raised on the hands. This gives: 

100 + 10(2 + 4) + (2 x 4) « 168 
This may be seen from the fact that: 

(10 + x)(10 +y) = 100 + 10(x +y) +xy 
Until very recently, many European peasants used finger reckoning 
faasTo^ x5 ° $imPle mullipHcation ’ Wvin S only the multiplication 
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Figure 6.3 

thousands 1 places, and so on. Beads below the horizontal bar are 
worth one each of the unit represented by their rods. Those beads above 
the horizontal bar are worth five each of the unit represented by their 
rods. The number 5482 is noted in Fig. 6.2. 

The Japanese soroban differs slightly from the suan-pan. Again, the 
number 5482 is illustrated on the abacus (Fig. 6.3). Addition is carried 
out by simply setting up the first number on the abacus, and then 
adding the digit found in each place of the second number. When ten 
counters or beads are reached at each place, they are pushed back and 
one counter is moved into position at the next place on the abacus. 

A simple sort of abacus is found in many classrooms today. Ten 
beads are found on each rod. The usual place value of ones, tens, 
hundreds, and so on, are used. Beads are pulled down or toward the 
child to denote a number. The number 163 is illustrated in Fig. 6.4. 
The abacus has been found very useful in developing certain number 
concepts. 

Other devices . Napier’s rods, developed in the seventeenth century, 
were an improvement over the older counter or line abacus method of 
computation. The system of rods made use of the grating method of 
multiplication and still was a rather crude method of computing. The 



Figure 6.4 
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slide rule was also first used in the seventeenth century. Based on 
logarithms, the distances between numbers were proportional to the 
logarithms of the numbers. Therefore, by adding or subtracting 
distances along the scales, it was possible to multiply or divide numbers. 
Various refinements were made, and the slide rule became very 
popular. 

Calculating machines seem to have had their start in the seventeenth 
century with the construction of several machines by Pascal. These 
early machines used a disk which after being turned nine steps engaged 
a second disk and turned it one step as the first disk turned the tenth 
step. This process was continued for as many disks as needed for large 
numbers. Pascal’s wheel or disk machine was built to help his father 
who was a superintendent of taxes in Paris. 


Early in the nineteenth century, Babbage, in England, got an idea 
for computing tables of data with machines. He completed a small 
model, but support was withdrawn for construction of a larger model. 
Babbage con,,n Ue d to t,, dy the idea of .. carrying „ addition and 

an Lai / r ChamCa nMh0d ofcan 7i"g- He conceived the idea of 
which com T” 7 W ° Uld ° PCra,C aS a ™ ivmal computer “ d 
M ?o ,n ' dmany ° r rCatUreS f0und in mod >™ computers, 
to be l n , dra ™ gS “ n ; ,,ned P a ™ and specifications far too accurate 
dea T by ,h ' machint; to ° ls ofhis day. Some of the early 

mac “s utd "Xs meS b= d '“ ric 


coZZ"r‘Z7 Tni ° eSpite P°P“ lar «»*• referring to the electric 
designed ’to oerfo™ 7“’ thlS J s,m P t >' is not *>. Such machines are 
are fed into the mach^^eX/T^ T rati ° m ° n da,a wh!ch 
components of such a », u- tlalnm ‘ is used because the major 
devices making ^ use of vacuum nl d ™ !ts - TheSe are 

the flow of electric current. Some !° contro1 or modif > r 

such machines. These mav rnn ■ ^ hanical devices are also used in 
or tape or revolving drums n °^ devices t0 handle punched cards 
Computers caTp^a n k H ** ”?* be 
addition, subtraction, multipli^™ ^ I? 0 . 11 ?*™” ° perations ’ such as 
operations in any sequence and * ° r dmsion - Th ey perform these 
accordance with instruction* *l ua ntity on data fed to them in 
problem is solved by com D utp PreV1 ? USly fed l ° them P eo P Ie - A 
thought out a way to solve the ornhlX?* human being has first 
to solve the problem and ttr^r > en ?’ * nstructe d the machine in how 
’ hen fed lhe data for the problem to the 
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machine. This is called programing. Programing consists of breaking 
down a complex operation into a sequence of simple operations and then 
writing up this sequence into a set of instructions for the machine. 
These simple operations may consist of adding, multiplying, comparing, 
storing, taking from storage, and writing. When the complete sequence 
of simple operations has been performed, then the complex operation 
is accomplished. 

This analysis of a problem into a sequence of simpler steps or oper- 
ations is a necessary part of programing any computer. The translating 
of this sequence of steps into instructions for the computer is a job 
unique for each kind of computer. Such machines do not make it 
possible for people to forget number and number operations. To the 
contrary, their operation requires a very high degree of understanding 
of number and number operations. The high speed with which such 
machines operate makes it possible to process large quantities of data 
that simply could not be handled before. 

MODERN CONCEPTS OF COMPUTATION 

Modern mathematics has focused attention on the "structure” of 
number systems. This includes the basic definitions and operations 
necessary to a number system. Emphasis has been placed on "under- 
standing” these basic definitions and operations. In the past, emphasis 
was placed on the processes by which operations on numbers could be 
accomplished. 

Perhaps the most important idea in the modern approach to arith- 
metic is that mathematics is a form of language with its own symbols. 
Some symbols name the entities used in arithmetic, such as the nu- 
merals which stand for numbers. Other symbols, such as 
and stand for relations and operations on numbers. Now, an 

understanding of the referents of the symbols used in mathematics is 
sought. In the past, stress was placed on manipulating the symbols to 
find some standard form. 

A numeral expression like "4 + 3” names a number. When we say 
that “4 + 3 = 7,” we are merely demonstrating another name for the 
number. Now, we also call "4 + 3 = 7” a basic addition fact. We 
make use of the basic addition facts to add larger numbers. The expres- 
sion "246 -h 178” names a number. The steps by which we find that 
"424” is the standard name for this number is called addition. It should 
be noted, however, that these steps are peculiar to our own set of 
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symbols. If these two numbers were expressed in Roman numerals, 
the process by which we found the standard name in Roman numerals 
would differ considerably from our usual process. Therefore, it should 
be realized that most of what we usually call number operations are really 
processes peculiar to our own system of numeration. 

A real understanding of number, number operations, and processes 
by which standard forms of numerals are found makes up what we 
usually call arithmetic. Some writers even refer to the manner by which 
we add or multiply two numbers as “processing numerals” rather than 
adding or multiplying numbers. Swain 3 divides arithmetic into an 
object level and a symbolic level. He notes that some of our rules in 
arithmetic operate at the object or number level, and others operate 
at the symbolic or numeral level. We should know at all times the 
level on which we are working. Confusing these levels leads to some of 
the puzzles encountered in mathematics. At the symbolic level, 

which is smaller? 


35 or 7 

however^ 7^ C ““n “ 7*"” ' han lhc “ 7 " At lhe level, 

3*7’ \ , . S j naller than 35. Other examples involving various 

Colm d ‘ n° f nUmb ' r5ma >- bt f °™ d in references, 
numerals so that I T’ ," prlmanl >' concerned with manipulating 
statement. 50 ^ ^ be f ° und » expression or 


0. Op. mi „ n!onC „ dinllN In any consideration of sets of 

rs objects, a very natural question 
are combined, what number ? f the SCt A and the set B 

The process of finding the the combined sct? 

A and B and other sets related to by combin!n g 

ts A and B will be described. 

ADDITION OF CARDINAL NUMBERS 

Consider the sets A and B tr 

They are disjoint sets. Let a anrt'I ^f vc no elements in common. 

e t eir respective cardinal numbers. 

Robert L. Swain, “Modem vt , 

rf TW “ ty ' Wth Y '">»ok (wS™“ “n S cho °' ^dthmetic,” ImhMim in 

of Mathematics. 1960), pp . 270-95. DG ' ; Council of Teacher. 
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Form the union of sets A and B, A u B. The cardinal number of A u B 
is defined to be the sum of a and b. This is an operation on a and b 
called addition. The symbol **+*’ will be used to denote addition. 

Suppose set A has the number 2, and set B the number 5. Then the 
union of sets A and B would have the number 2 -J- 5. Now, the 
cardinal number 2+5 must be somewhere in the sequence: 

0, 1, 2, 3, 4, ... , 9, 10, II, . . . 

By the process of counting the elements of the set A u B, we would 
find the number of the set to be 7. Therefore, we know that 2+5 = 7. 
The symbol is used here to mean that 2+5 and 7 are symbols or 
names for the same number. A symbol for a cardinal number is said 
to be in standard form when it occurs among our ordered list of cardinal 
numbers. 

Before proceeding with our development of number operations and 
laws, some conventions for making statements about numbers should 
be made. 

STATEMENTS AND VARIABLES 

In discussing sets and numbers, we describe and state facts in our 
language just as when other topics are discussed. Statements about 
sets and numbers may be written, however, by using special symbols 
that have been defined. So far, we have defined sets, cardinal numbers, 
and the symbols =, >, >, <, <, e, <£, U, n, as they relate to 

either sets or cardinal numbers. 

Some examples of statements are: 

5 > 3 

a e {a, b, c, d} 

4 < 135 
6 + 2=8 

Statements may be either true or false. We assume that every mathe- 
matical statement is either true or false, but not both. This is based on 
the law of logic, called the law of contradiction or excluded middle. An 
important part of mathematics involves “proofs” of the truth or falsity 
of mathematical statements. 

Frequently, we are concerned with statement-forms. We may state 
that x < 3. Is this statement true? We say that the answer depends 
on *. If we knew what number to put in the place of x, then we could 



154 NUMBER CONCEPTS FOR THE TEACHER 


say whether the statement is true or false. In such statement-forms, x 
is called a variable. Suppose we allow x to be any cardinal number; 
then the set of cardinals is called the domain of x or simply the universal 
set. The domain of x is sometimes called the replacement set; that is, 
the set which may be used to replace x in a given statement-form. 
Now, all x’s which make the statement true are called the solution set. 
Consider the statement-form x < 3. Let the domain of x be the 
cardinal numbers. We then have the following statements: 

0 < 3, 1 < 3, 2 < 3, 3 < 3, 4 < 3, . . . 

Not all of these statements are true. The solution set for the statement- 
form is (0, 1, 2}. 

Consider the statement-form x + 3 = 8. Let the domain of x be the 
set of cardinals {0, 1, 2, . . . , 8, 9}. The solution set obviously is {5}. 
No other numbers in the domain of x make a true statement when 
substituted for x. 


LAWS OF ADDITION 


We may now state and prove two basic laws about the addition of 
car inal numbers. The proof of these laws comes from our definitions 
or sets and numbers. The commutative law of addition is 

X +y =y + x 

where * andy are variables whose domains are the cardinal numbers, 
take 5 y means that the order in which two cardinal numbers are 
“ n °l affcct thc If this statement is raise, then there exist 

cardma! numbers „ and i such tha, a + t * 4 + Let A be a set with 

j * and * a. *• ‘'V™ 11 " Urabei ' *- ,he " “ + » » the number of 
however & are L “ “ nUn,bcr ° f B " A u B and B U A, 
sets. Therefore, cTb ° Ur definltion of th = union of 

therefore must K* «i, + a are nu mbers of the same set and, 

that there exist carff C nUmber ' Th!s ““Edicts our assumption 

we «X“ “ r 4 r Ch , that «+**»+«■ Therefore, 
b 4. a . Our law has hf a CX1St cardlnals a and b such that a + b =£ 
iu I . . h f been demonstrated or “proved ” 

The associative law for addition is P 

^ ^ + -’’) + z = * + 0' + c) 

Consider^ thc^cuT iTandr n ' doma!m are the cardinal numbers. 

> wi no elements in common and having 
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numbers a, b, and c respectively. Now note that a + b is the number of 
A u 5, and (a + b) + c is the number of (A u B) uC. Also, b + sis 
the number of B UC, and a + (b -f c) is the number of A u (B u C). 
Our definition of union of sets means that A u B is the set of ah 
elements either in A or B> and when this set is combined with C, we have 
all the elements in A , B t and C. This is the same set as A u (B u C ). 
Therefore, the sets (A U B) U C and A u (B u C) are the same set. 
Since (a + b) -f c and a + (b + c) are numbers of the same set they 
must be the same number. 

LAWS Of MULTIPLICATION 

Multiplication of cardinal numbers may be thought of as repeated 
addition. For example, 4 threes are 3 4- 3 -f 3 -f 3. The symbol for 
multiplication is “ X ” or and the result is called the product. We 
write the preceding example “4 x 3” or 4 • 3. Wc will define multipli- 
cation in terms of sets. First we need to define the product set. The 
product set of A and B, written “ A x B ,” is the set of all ordered pairs 
such that the first element in each ordered pair belongs to A, and the 
second element in each ordered pair belongs to B. Consider the sets 
A — {], 2, 3} and B — { u , v}, then the product set A x B is the set of 
ordered pairs {1, u), {I, »}, {2, u}, {2, v}, {3, u }, {3, p). Is the set {u, 1} a 
member of the product set A x B? 

Now let a and b be the numbers of the sets A and B respectively. 
Then the product of a and b, written a ■ b, will be the cardinal number of 
the product set A x B. In the foregoing example, the number a is 3, 
and the number b is 2. The number of A x B is 6. Why ? Therefore, 
according to our definition 3-2=6. How does this compare with our 
intuitive development of multiplication in Chapter 2 ? 

We may now state and prove two basic laws of multiplication. The 
commutative law is 

xy =yx 

where x and y are variables whose domains are the cardinal numbers. 

Let A and B be disjoint sets with numbers a and b. Form tke product sets 
A X B and B x A. These sets are not equal, but they are equivalent 
because their elements may be put into a one-to-one correspondence. 
How? They, therefore, have the same cardinal number. No%v, note 
that a- bis the number of A x B and b - a is the number of B x A, 
but these numbers must be the same. Therefore, a - b = b ■ a for any 
cardinal numbers a and b. 
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The associative law for multiplication is 

(* -y) ■ z = x ■ (j • z) 


where x,y, and z are variables whose domains are the cardinal numbers. 
Let a, b , and c be the numbers of sets A, B, and C respectively. Form 
the product sets A X B and B x C. Consider the sets (A x B) x C 
and .4 x(5x C). Each member of A x B, say (r, j), is associated with 
each member ofC, say t , to form an ordered pair ((r, j), j). Likewise, 
each member of A t say r, is associated with each member of B x C, 
say (j, t), to give an ordered pair (r, (j, /) ). We may pair ( (r, j), /) and 
( r > Cb 0 ) t0 give a one-to-one correspondence between (A x B) x C 
and A x {B x C). Therefore, these product sets have the same 
number, and {a • b) • c — a • (b ■ c), which demonstrates our law. 

A third law relates multiplication to addition. 


* ’ 0 ’ + *)=(* -y) +{x-z) 

where x,y, and z are variables whose domains are the cardinal numbers. 
Let A, B, and C be disjoint sets with cardinal numbers a , b, and c 
Then b + c is the number of Z? vj C, and a-(b+c) is the number of 
ie pro uct set A x (B u C). Since B and C are disjoint sets, this 
product set consists of all ordered pairs which have a first element 
nr 7? f ? m A and a Second element takcn from B or C. We get the same 
P™/, Se ‘' however, if we form the union of the product sets A xB 

we have , ho l" of thIs “"ion is (a ■ b) + (t, . c ); therefore, 

, , wn tbat 11 ' ( 4 + r) is the same number as ta-b) + (a ■ c). 
Since both are numbers of the same set. 1 


SPECIAL ELEMENTS AND CONCEPTS 

thc s " ° f r r n rdinai num bers - 

of the null set and A I d whoT ^ III' nUl1 ** a " d A ' The Un! ° n 
Now, 0 • a is the numbef o" the' a " “ Thcref ° re - 0 + « = «• 
and A. Since the null set has nt> Pr ,° dUCt f ° rmed by the nul1 Set 
formed and the product set is the T ^ "° ordered P^irs can be 
0 • a =0. We have Hem , nu set ' v h°se number is 0. Thus, 

any cardi„l, e n'mb\r d r°~e T ° ^ « for 

0 are true. ’ our S ener ahzed statements about 
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Now, consider the number 1. Notice that 1 • x — x where x is any 
cardinal number. Let A be any set with number a. This means that 
the elements of A can be put into a one-to-one correspondence with the 

set of cardinal numbers (1, 2 a). The number 1 is obviously 

equivalent to the set {1}. Form the product set {1} x {1, 2 a). This 

produces the set of ordered pairs (1, 1), (1, 2), . . . , (1, a). Obviously 
this set can be put into a one-to-one correspondence with the set 
(1 2, . . . , a) and the set A. Thus the number of the product set is a. 
Therefore, 1 ■ a = a, and our generalized statement has been estab- 
lished. It 'should be noted that no numbers other than 0 and 1 satisfy 

these statements. , , . . 

The so-called cancellation laws for addition and multiplication are 

as follows: 

If x + a = x + by then a = b 
If x . a = x • b, x not zero, then a = b 
Proof of these laws will not be presented. 

Finite and infinite. The set of natural numbers (cardinals with zero 

omitted) has some peculiar properties. The set o even nutnbe s 

(2 4 6 .) is obviously a proper subset of the set (1, 2, 3, , . . I 

Yet, 'these two sets may be put into a one-to-one correspondence. As 

witness: 2 4 6 8 ... 

i t t t 

1 2 3 4 ... 

Does this mean that these too sets haoe the "^""ouf 
proper subset of a set haoe the " cocaine or write, 

discussion “ -ch .-at a one-to-one 

A set is infinite A it hasa p f f h( _ sct and the elements 

correspondence exists “ (0, 1, 2, 3, .... u, .. 4 is an 

•I " SeTs :Lch are not inhnite are called/,,. 


Number operations may be ddined ^ era ] a number 
far defined two operations on This is caUed 

operation assoc'ates w. w ^ are binary operations. 

^Z^^t^Can^eaneranipUf 
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A number system is defined to be a set of objects for which two binary 
operations have been defined such that one operation is commutative 
and associative and the second operation is commutative, associative, 
and distributive with respect to the first operation. 

The cardinal numbers and our operations of addition and multipli- 
cation form a number system. This, however, is only one example of a 
number system. The remainder of this chapter is devoted to expanding 
the cardinal numbers to other sets of numbers which satisfy this defini- 
tion of a number system. 

Remember that there are many ways to write cardinal numbers. 
Roman numerals or other systems of numeration may be used. Each 
of these systems may be considered a separate number system with 
addition and multiplication defined for that system. We say that these 
systems have the same structure. This means there is a mapping of one 
system into the other that puts the numbers in one system into a 
one-to-one correspondence with the numbers of the other, and in this 
mapping number operations are preserved. This means that if a and 
enrr *" 00 j s y stcm ’ l ^ en t ^ iere is a mapping that makes them 

mamLT "aVV’ ^ * hC ° th ' r S >' Stcm and - furthermore, a + b 
aps into a + b and a • b maps into o' • b' 

S ame C »r n r ber callcd and are said to have the 

number 'f ■ T expand the cardinal numbers into other 

cardinal lumbers” ^ HaVe Pr ° per S “ bsets is ° mor P h!c to thc 


plication, has the nmnarn r , °P eratl °ns of addition and multi- 

cardinai’numb^^V^r.™ m ' a " S thi “ “ 

So far, in our more or W ^ ^ are always cardinal numbers, 

system, the operations of lull d ' VcIopraent of the cardinal number 
mentioned. faction and division have not been 


SUBTRACTION OF CARDINAL NUMBERS 

Consider the statement „ + , = a , , 
numbers and x is a variable j . ere a a °d b are cardina 
bers. Is there an x which wili° Se * s t ^ ie set °f cardinal num 

numbers a and b? The 5 this a true statement for an 

dement 2 + r = 7 has the solution *= S 
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But, what about 7 + x = 4? Is there any number which added to 7 
gives 4? Obviously not among the cardinal numbers. 

We define subtraction in terms of addition. Thus, x = b — a means 
a + * “ b ' For example: 5 = 7-2 means 2 + 5 = 7. Subtraction 
is the inverse of addition. The term ”b - a ” is read “6 minus a.” It is 
sometimes called a difference. 

Now it may be seen that our cardinal numbers are not closed under 
the operation of subtraction. There are many natural numbers c and 
d such that d — c has no answer. To supply an answer for all such 
numbers, we need to extend our cardinal number system to the 
system of integers. 

THE INTEGERS 

Wc have used the concept “ordered pair” in connection with 
elements of sets. Now, we can use this concept on cardinal numbers 
to define integers. These are the positive and negative numbers and 
zero. An integer is defined to be an ordered pair of cardinal numbers. 
Examples are (1, 3), {0, 4), (8, 6), and (247, 0). 

We can define an equality or order relationship among these ordered 
pairs. The integer (a, b) is defined to be equal to (c, d) if, and only if, 
a + d — b + c. Note that we have already defined addition of 
cardinal numbers. You may notice at this point that we have families 
of equal integers. For example, (3, 1), (4, 2), {5, 3), (6, 4), and so on. 
Since 3 + 4 = 1 + 6, then (3, 1) = (6, 4). This family of equal 
integers contains a member that has zero as one of the ordered pair of 
cardinal numbers, the integer (2, 0). In fact, every family of equal 
integers has a member in which one of the two cardinal numbers is zero. 
These members may be thought of as the standard form for the family 
of equal integers. In general, if an integer may be put in the form 
(k, a + k) or (a + k, k ), where a and k are cardinal numbers, then the 
standard forms are (0, a) and (a, 0) respectively. Can you show equality? 

Integers may be ordered by the following definition. An integer 
(a, b ) is greater than, or less than, an integer (c, d) according as a + d 
is greater than or less than b + e. Is (3, 1) > (1, 3) ? Notice that 
3 3 > 1 + 1, therefore (3, 1) > (1,3). The standard form for (3, I) 

is (2, 0), and for (1, 3) the standard form is (0, 2). 

We may now determine that we have an ordered set of integers in 
standard form as follows : 

. . . < (0, 2) < (0, 1) < (0, 0) < (I, 0) < (2, 0) < . . . 



170 NUM8ER CONCEPTS FOR THE TEACHER 


This ordered set of integers in standard form may be given the symbols 
for positive and negative integers and zero as follows : 

. . . , ( 0 , 2 ), ( 0 , 1 ), ( 0 , 0 ), ( 1 , 0 ), ( 2 , 0 ), . . . 

I l l l l 

- 2 , - 1 , 0 , 1 , 2 , ... 

The integers greater than zero are called positive integers ; those less than 
zero are called negative integers. 


ADDITION OF INTEGERS 


Addition of integers may be defined as follows: 

( fl » + [c, d) = (a + c, b -f d) 

Why have this definition? Such a definition makes addition commu- 
tative and associative and helps to form a new enlarged number system. 
Does the form of {a, i) and (c, d) affect the definition of addition? 
Let s try an example. 

(4, 1) + (7, 2) = (4 + 7, 1 + 2) 

Upon adding the cardinals we get (11, 3), which in standard form is 
(8, 0). If we write (4, 1) and (7, 2) in standard form we have 

( 3 > °) + (5, 0) = (3 + 5, 0 + 0) = (B, 0) 

Using our new symbols, we have 


(+3) + (+5) = 

anT won Ldd- and (3 ’ ?' In S,andard form th “= =>re (3, 0) and (0, 5) 
ana, upon adding, we have K 

(3, 0) + (0, 5) - (3 + 0, 0 + 5) = (3, 5) 

In standard form (3, 5} = fn 91 a • 

Suppose we change the’se in^ ^ “* d * * ^ 

(4, l)=(3,0) = +3 

P. 8) = (0, 5) = _5 
Then we have (+3) + (_ 5 \ = _ 

and negative signs will u t' rarent heses are used so positive 
symbols. ? "°‘ be Ct> " fused "4th addition or subtraction 


Laws of aid, l, on. The integers obev 
laws of addition. The comma, at' , C ° mmu,at 

“mmutative law states th 


and associative 
x +jy =y + x, 
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where x andj are variables whose domains are the set of integers. Let 
(a, b) and (c, d) be ordered pairs of cardinal numbers, that is, integers. 
Then we need to show that 

[a, b) f- (tr, d) = (c, d) (a, b) 

Now, by definition, ( a , b) + (c, d) = (a + c, b + d) 
and (n + c, b + d) = (c + a, d + b) 

since addition of cardinal numbers is commutative. However, (r, d) -f. 
(a, b) also equals (c + a, d + 6), and the law is established. 

The associative law states that (x +y) + z — x + (r + x), where x, 
y, and z are variables whose domains are the set of integers. Let 
(a, b), (c, i), and (e,f) be any three integers. We need to prove that 

((«. b ) + («. <*)) + («./) = («, i) + ((e. d) + («,/)) 

Now, by definition, 

((a, i) + (r, d ) ) + (e,/) = (o + e. i + <Q + («,/) 
and («z + e, & *+■ d) -f- ( c,f) — ((<z -f c) + e, (b -f- d) + f} 

= (a + + *), b + ( d +f ) ) 

because addition of cardinal numbers is associative. However, 

(«, b) + ((*, d) + (*,/)) = (a + (r + e), b + (d +/)) 
and the jaw has been proved. 

MULTIPLICATION OF INTEGERS 

Multiplication of integers is defined as follows: 

( a , b) • (c, d) ~ ((a • c) + {b * d), [a • d) + (b • c ) ) 
where (a, b) and (c, d) are ordered pairs of cardinal numbers, that is, 
integers. Why this definition? You have noticed that the positive 
integers and zero correspond to our cardinal numbers. The foregoing 
definition then corresponds to the definition of multiplication of 
cardinal numbers. We desired a definition of multiplication for all the 
integers that would obey the three laws of multiplication. Note that 
the definition is the same whether (a, b) and ( c , d) are in standard form 
or not. 

As an illustration, find the product of (4, 2) and (7, 3). By definition, 
this product is (28 + 6,12 + 14) which is (34, 26). Now put the two 



172 NUM8ER CONCEPTS FOR THE TEACHER 


integers in standard form. Then, (4, 2) = (2, 0) and (7, 3) — (4, 0) 
and we have the product 

(2, 0) • (4, 0) = (8, 0) 

Can you show this is true by the definition? Using our symbols for integers, 
we have (+2) ■ (+4) = +8, which corresponds to the product of the 
cardinal numbers 2 and 4. Notice that the original product (34, 26) 
in standard form is (8, 0). 

Now find the product of (5, 1) and (3, 6). By definition, 

(5, 1) • (3, 6) = (15 + 6, 30 + 3) = (21, 33) 

Now in standard form, we have 

(4, 0) • (0, 3) = (0 + 0, 12 + 0) = (0, 12) 

We see that (21, 33) in standard form is (0, 12). Using the symbols 
for integers, this would be written (+4) ■ (-3) = -12. Note that 
the product of a positive integer and a negative integer is a negative 

One other illustration of multiplication is revealing. The product 
of (1, 3) and (4, 9) is 


('> 3 ) ' ( 4 . 9) = (4 + 27, 9 + 12) = (31, 21) 
With the integers in standard form, this would be written 
(0, 2) ■ (0, 5) = (0 + 10, 0 4-0)= (10, 0) 
Writing this statement with the symbols for integers, we have 


\ w = ~r 1U. 

N Stud h e a „ , ,s h ha P vc d ro Ct ^ ° f ’ "'S 3 '™ * « positive integer. 

«h.pXt^srst^v fa undeManding Ly 

product of a positive integer and ane!, ? 0S,tlve . inte S er > or why the 
Notice that we have not , 1Ve integer 1S a negative integer. 

true because the definition ofmuUiplfcation^f'™* 3 ' ^ 

The usual rules for “"titme'” ; atl0n °f integers makes them so. 

come from our ^ 

Laws of multiplication. The inteirer* , 
associative laws of , 0De ^ the commutative and 

law states that , ,1* 'fT " d ° ,he ^-Is. The commutative 
are the set of integers 7 \vk. ^ are variables whose domains 
8 (Where ™ used to represent numbers, 
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multiplication may be indicated by writing the letters adjacent with 
no sign. 'Thus a- -y =y x may be written xy =yx.) Let (a, b) and 
d ) be integers. Then we need to prove that 

(n, b ) • (c, d) = (c, d) • (a, b) 

Now, by definition, 

(<z, b ) * (c, d) = (ac -f W, ad + be) 

and since addition and multiplication of cardinal numbers are both 
commutative, we have 

{pc -f- bd, ad -f- be) = (ca -f- db, da -f- cb) 

— (ca -f db y cb -j- da) 

We see, however, that 

(c, d) • (a, b) = (ca -f db, cb -f da) 
by definition. The law has been demonstrated. 

The associative law states that (x -y) • z = x • (y • z) where x,y, and 
z are variables whose domains are the set ofintegers. Let (a, b), ( c , d), 
and (*,/) be integers. We shall prove that 

((n, b) ■ (c, d)) ■ {'J) = (a, b) ■ d) ■ (e,f)) 

If we can, by following already established rules, change one side of 
the foregoing statement into the other side, the law will be established. 
We may write 

((a, b) • ( c , d)) • (<?,/) = (ac + bd, ad + be) • (e,f) 
which, by definition of multiplication, equals 

(( ac 4- bd)e + (ad + bc)f (ac + bd\f + (ad + bc)e) 

= (ace -f bde ~J- adf + be/, at f -f- bdf + ade + bee) 

Now, from this expression, still following established rules, we can 
“take out” (a, b) to get the desired proof. 

(a(ce + df) + b(de + cf), a(cf + de) + b(df + ce) ) 

= (a(ce + df) + b(cf -f de), a(cf + de) + b(ce + df>) 

= (a, b) • (ce + df, cf + de) 

= (a, b) ' (( c > *) ' 

This completes the proof of the law. 

The multiplication ofintegers is distributive with respect to addition. 
l£x,y, and z are variables whose domains are the set ofintegers, then 
x-(j> + z) =(x-y) + (x-z) 
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Let {a, b) t (c, d), and (*,/) be integers. Then vve wish to prove that 

(«. ») • (fc <0 + («./)) = («. *) • (f. <!) + (<■. b) ' (*./) 

Now the left side of this statement is 

(«» ft) • (c + e, d +/) = (<z(c + e) + b{d +/), +/) + b{c + e) 

— (flc + ae + bd + bf, ad 4- af + be + ef) 

but the right side of the preceding expression also can be changed to 
this identical form by already established rules for cardinal numbers. 
Therefore, the distributive law is demonstrated. 


SPECIAL ELEMENTS ANO CONCEPTS 

Just as we had the special elements zero and one in the set of cardinal 
numbers, we have similar elements in the set or integers. In the 
ordered-pair notation, they would be (0, 0) and (1, 0). In the symbols 
for integers, they would be 0 and +1. 

We need to demonstrate the following statements for these special 
integers: 

0+*=* 0 - 1=0 and +l-i = i 

where * is an integer. Let (a, b) be any integer. Then 
(0, 0} + (a, b) = (0 + o, 0 + b) = ( 0> b), 
and (0, 0) • („, J) _ (o . „ + o . o . J + o . a) 

= (0, 0) 

Ak0 - (U>)-h*)-{I.. + o. M .* + o.«) 

= (a. *) 

The statements have been demonstrated. 

the negative ofHfV+^'Jo' in' « . IntegCr ' Then the inte S cr *’ is 
of (“- *> is <». *)• The proof fa as ,nte S' r > th ' n thl: "native 

(“. ») + ( b , + 

but since + 

The negative of an integer'* wni^ If™ f °J (“ + b < b + ") « (0, °)- 
negative of (6, 3) is f3 GI T= " denoted by — x. Note that the 

or.in«,^^^“^fl«™R0)™d(0.8). 

Also note that the negativf o’f -3 u + 3 . 3 ' Hen « (+ g ) + (-3) = 0. 
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Now if x is an integer, then (-1) ■ * = This means that any 
integer multiplied by negative one is the negative of the integer. Let 
(o, b) be any integer. Then 

-1 • (g, b) = (0, 1) • (a, b) 

— (0 • a + 1 • b, 0 • b + 1 • a) 

= (*, G) 

We have previously shown that (b, a) is the negative of (a, b). 

Subtraction of integers. The integers were formed in an effort to find a 
set of numbers in which subtraction would always be possible. Pre- 
viously, it was shown that subtraction was not always possible with the 
cardinal numbers. Thus x — b — a, which means find the number x 
such that a + x = b, does not always have a solution. In the set of 
integers, this definition of subtraction does always have a solution. 

We wish to prove that if a and b arc any integers, then there is an 
integer x such that a + x — b. (In other words, x = b — a, where 
“ — ” denotes subtraction.) (Note that we also use this symbol for the 
negative of an integer.) We will prove that if b -f (—a) is substituted 
for x, the statement a -f * — b is true. Now, 

a + (b + (-*)) — (b + (-«)) + a 
* 6 + (( ~ a ) + a) 

= 6+0 
= 6 

since addition of integers is commutative, associative, and the sum of 
an integer and its negative is zero. Therefore, subtraction is always 
possible with integers. 

What is 5—8? This expression means (+5) — (+8). We may 
omit the sign in front of positive integers, but not in front of negative 
integers. The symbol ” here means subtract. According to our 
proof that subtraction is always possible ( +5) — ( +8) is equal to 
+ (—8). What is the standard form for the integer (+5) + (-8)? 
Write these integers as (5, 0) + (0, 8). Add to get (5 + 0, 0 + 8) = 

(5, 8) = (0, 3), which is the integer —3. We say that 5 — 8 = — 3. 
Our conventional way of writing integers or “signed” numbers is 
confusing. In the statement 5 - 8 = -3, the first means 

subtraction; the second means negative of +3. This sort of usage 
has led to our usual “rules” for operations on signed numbers. 
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INTEGERS FORM A NUMBER SYSTEM 


We have now defined a set of objects called integers and two binary 
operations called addition and multiplication which are commutative and 
associative, with multiplication being distributive with respect to 
addition. Thus a new enlarged number system has been developed 
out of the cardinal numbers. There is, however, a subset of the integers 
that is isomorphic to the cardinals. The set of positive integers and 
zero may be put into a one-to-one correspondence with the cardinal 
numbers as follows: 


+ 1 , 
t 

1 . 


+ 2 , 

i 

2 , 


+3, 

1 

3, 


+4, . . . 

: 

4,... 


Also, the sum and product of two integers corresponds to the sum and 
product of the two corresponding cardinals. Some writers view zero 
and the positive integers and the cardinals as being the same set of 
objects. They look upon the integers as having the cardinals as a 
proper subset. Other writers are carehil to point out that the set of 
cardinals and the set of non-negative integers are not the same, but 
have this special relationship called isomorphism. 


t>- The Rational Numbers „ T.'T 1 ^ ^ ‘ he 

property of closure under the oper- 
and subtrartinn th- , , atlons of addition, multiplication, 

v + , T , means that if * any two integers, then 

numbers we ha * "a ' MegCIS - In our ‘“S' 1 * 1 development of 

The — “ 

DIVISION OF NUMBERS 

variable whose domaTnrithe Zt 7^ ‘ and * intcgcrs and * is a 
-.3 an a We may ask whether there 

statement 3* = 12 has i • state "ient for any a and b. The 
about 3r = 14? What mI” 1 "" ,* Z 4 ’ bccause 3 - 4 = 12. How 
none, since 3-4 = 12 anc j 3 multiplied by 3 gives 14? Obviously 

X “^'inverse of multiplication. TTius 

- ». where a cannot be 0. For example, 
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3 = 12 -j- 4 means that 3 • 4 = 12. The term "b ~ a" is read u b 
divided by a.” It is commonly called a quotient. 

It may be seen that our set of integers is not closed under the operation 
of division. This simply means that there are integers a and b such 
that b — a has no “answer.” Can we extend the set of integers as we 
did the set of cardinals to get a new set in which division is always 
possible? The answer is yes. The device used is similar. We may use 
the idea of ordered pairs of integers to define an enlarged set of 
objects called rationals. We may then define the operations of addition 
and multiplication of rationals and show that they obey our five laws. 
Therefore, we have a new number system called the rational number 
system. This is our familiar system of common fractions. 

THE RATIONALS 

Consider the set of all ordered pairs of integers. These may be 

written (a, b), ^ , or ajb, with the requirement that b is never 0. We 

define a rational to be an ordered pair of integers. Thus (3, 4), (l, 2), 
and (-6, 2), which may be written 3/4, 1/2, and -6/2, are rationals. 

Two rationals ajb and cjd are said to be equal, if, and only if, ad = be. 
Once again, we have families of equal ordered pairs. For example, 
3/4 = 9/12 since 3 • 12 * 4 • 9. Also, 3/4 = 6/8 = 9/12 = 12/16, and 
so on. Members of this family may be written in the form 3ml4m 
where m is any integer. For example, let m = -6, then, 

3 • (—6) -18 

4- (-6) - -24 

Is this equal to 3/4? By our definition (3) • (-24) should equal 
(4) . (-18). Both products are -72; therefore, -18/-24=3/4. 
Now our definition of equality may be used to point out some special 
families of rationals. If a, b , and m are any non-zero integers, then: 

— = - , since ( am)b = ( bm)a 
bm b 

2 = 5, since 0 • 1 = 0 • a for any a 
a 1 

a 1 . » ■ 

- = - , since a • I = a • t 
a 1 



178 NUMBER CONCEPTS FOR THE TEACHER 


Also, 


since (am) *1 = a • m 
since a • m = (am) ■ 1 


Wc may define a standard form for a rational. Since rationals are 
families of equal ordered pairs of integers, this means selecting one 
member of each family to represent the family. Because integers, other 
than -zero, are either positive or negative, we have two cases. Consider 
the rational number in which the two integers in the ordered pair have 
different signs. For example, -2/ +3. Note that 
-2 +2 

■^3 =^3’ sincc ( — 2)( — 3) = (+3)(-{-2) 

(Note that parentheses written together with no sign between them 
means multiply. Thus (5) (4) means 5 ■ 4 or 5 x 4.) The foregoing 
equality is true for all such rationals. We shall choose as our standard 
form the ordered pair in which the second integer is positive. The 
other case is one in which the two integers in the ordered pair have like 
signs, That is both are positive or both arc negative. Again, wc may 
show that 2/— 3 and +2/+3 belong to the same family. We have 
2 +2 

^3=^3. since (-2)(+3) = (-3)(+2) 

's Vu'rlttT r HC ° rd ,r d Pair f ° r Which b0,h inte S crs are positive 

where lis , ' l " 7 can be P ut ‘he form amfbm 

where m „ any tn.cgcr, then we will choose the form a/b as our standard 

reh,ion ti0 Ul e/r f ° rm ’ we define an order 

relation. Let e/i and r/rf be rationals in standard form. Then 

a c 

l > d’ lf ad> bc 

and - ^ C -r 

b ^ d’ ad < bc 

Remember, ha, any positive integer is greater, ban any negative integer. 

OPERATIONS WITH RATIONAU 

U ‘ °' S a " d b ' rali ° na,! - Tb - addition is defined as follows: 
(ad 4. bc) 
bd 


l + ! 
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For example, 

1 ( 3 ( 1-5 + 2 - 3 ) 11 

2 + 5 2-5 "To 

By methods similar to those used for the integers, we may show that 
addition of rationals is commutative and associative. 

With subtraction defined as the inverse of addition, we find that 
subtraction of rationals is always possible and is defined as follows: 
a c (ad ~ be) 

b~ d = Td 

Multiplication of rationals is defined by the following statement : 
a c ac 

V d = 7d 

For example, 

3 2 __3j_ 2 _ £ 

4*3 ~4^3 ~ 12 

The standard form for i s £, since 

6 _ 1 
12 ~ 2 -6 “2 

We can prove that multiplication of rationals is commutative, 
associative, and distributive with respect to addition. 

With division defined as the inverse of multiplication, we may show 
that division is always possible with rationals. Let ajb and cjd be 
rationals. Then ajb -h cjd = x/y where x/y is a rational. This means 
that 

a c x cx 
b d y dy 

By our definition of equality of rationals, we have ady = bcx. If we let 
y = be and x ~ ad> the last statement becomes an identity. Thus, 
a c ad 

b d be 

This definition of division of rationals as the inverse of multiplication 
is the source of our rule to invert the divisor and multiply in order to 
divide common fractions. As an example of the division of rationals: 

3 .2^3 3 3-3 9 

4 " r 3 ~ 4 2 “4-2 “8 
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SPECIAL ELEMENTS AND CONCEPTS 


The cardinals and the integers have special elements 0 and 1. 
Are such elements among the rationals? Consider the rational aja , 
which may be put in the standard form 1/1. Let a/b be any rational. 
Then 

1 a I • a a 

~i‘l 5=5 = b 

because of the properties of the integer 1. The rational 1/1 has the same 
property as the one-clement for cardinals and integers. 

Now we need to show that the rational 0/a, standard form 0/1, has 
the properties of the zero element, namely, 



b 


0 a ° 

\'b~\ 

First. ?_,? (O-i + l-o) a 

because of the properties of the integers 0 and 1. 


Second, g.° . O-o 0 

I t 1 -b ~ b 

demonstrated 3 "^ 31 ^ ^ “ °^’ a " d th,: tw0 Parties have been 

that thcnL'or^n'w CVery rational has a negative. You will recall 
will be used for rational If Ju- " Cgatl . vc is zero - The sa me definition 
since “• lr ° /5 ,S a ratlona L then -ajb is its negative, 




0 

‘ t-b 
0 


the zero element for the rationals 1M„. , 

integer a. This was defined for “I 1S the nc S at 've of the 

die propert.es of integers prcviousl/dlfi”!! '"'a makin S usc of 
y defined and demonstrated. 
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Let afb be a rational ; then, 

a b ab ab 1 
b a ba ab I 

The rational bji t is called the reciprocal of afb. The product of a rational 
and its reciprocal is the one element 1/1. The zero element 0/1 has no 
reciprocal since I/O is not a rational. You will recall that the second 
integer in the ordered pair of integers could not be zero. Can you show 
that the one element among the ralionals is its own reciprocal? Note, too, that 
the definition of reciprocal of a rational makes the definition of division 
simple. To divide by a rational, multiply by its reciprocal. 

Wc may now demonstrate a peculiar characteristic of rationals. 
Between any two rationals there is always another rational. This 
means that if a/b and cjd are rationals such that ajb < c[d, then there 
exists a rational greater than ajb and less than cjd. We can prove that 

a + c 
b 

is such a rational. This means that 

a a + c c 

i < r+d < d 

a a + c 

Now i < r+d 

since a(b + d) < b(a + c) 

This is true because ab + ad < ab -f be 

since ad < be. Why is ad < be? 

a + c c 

Also, < i 

since (- + ')* + 

This is true because ai + ci < be + ci 

since ad < be. This means that given a rational afb, there is no next 
rational If you select a rational cjd, no matter how close to e/4, there 
are always more rationals in between. In fact, between any two 
rationals there is an infinite set of rationals. 
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RATIONAIS A NUMBER SYSTEM 


Our rationals and the operations of addition and multiplication 
meet the requirements for a number system. We have enlarged on our 
system of integers to get a new number system. There is, however, a 
subset of the rational number system isomorphic to the system of 
integers. This subset is the set of rationals of the form a] 1 where a is 
any integer, negative, zero, or positive. This subset may be ordered 
and put into a one-to-one correspondence with the integers as follows: 

- 3 - 2-10123 

1* 1* 1’ V V V T •'* 

t i t t t t t 

• - 3 , - 2 . - 1 , 0 , 1 , 2 . 3 , ... 

It may be easily shown that the sum and product of two of the 
oregoing rationals correspond to the sum and product of the integers 
corresponding to the two rationals. We have 


and 


a + b 

a • b 
~ 


is a subseTn^^ t0 a + b an< ? a ' ^ amon g { he integers. Thus there 
the system or integer!™ ° ratl ° nal " Umbers wh!ch is isomorphic to 

rationals whirh ' ^ ^ U * C tbe ^mimls h>r integers to represent those 

— - - 


E. The Real Numben rat ionaI number system seems 

to fill all the requirements which 
is closed under the four f„ n ,u W ? Ced for numbers - The system 
division by zero is excluded ) Thb'"' 3 °P Crations ' (Remember that 
operations on two rational ^ I"*™ ° f 

number. There is always an «« " c a wa Y s S et another rational 

an answer is not available? ^ herc oth er occasions where 

the rational numbers do not eivr CXh,blt some ‘"stances in which 
the rational numbers may be extendr/ 1 ^ " • ° d 5ndicate brien y how 
• This time the extension cannot 
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be accomplished with ordered pairs of rational. The concept of the 
real number system is much more difficult and subtle than that of our 
previous number systems. A rigorous development of the real numbers 
is beyond the scope of this book. A simplified version of only one of 
several ways of developing the real numbers will be presented. 


EXPRESSIONS AND EQUATIONS 


An expression is a number or a variable whose domain is the set of 
numbers. The set of numbers may be the cardinals, the integers, or 
the rational. Most generally, sve understand the rationals to be the 
set unless otherwise specified. Also, we will define the sum or product 
of expressions to be expressions. 

When a number is multiplied by itself several times, we may use a 
short-cut way of writing it. For example, 3 • 3 may be written 3 2 ; 
x • x • x may be written x 3 ; or £ • 4 • i • 4 may be written (4) 4 . These 
are called “3 squared,” “x cubed,” and to the fourth power.” The 
power to which the number is raised is called an exponent. The inverse 
of raising to a power is extracting a root. For example, 2 2 = 4, whereas 
VT = 2. Wc say “the square root of 4 is 2,” meaning that 2 squared 
is 4. Likewise, “the cube root of 64 is 4” means that 4 cubed is 64. 
This will shorten our notation when we have repeated multiplication. 

Consider two expressions containing rational numbers and/or a 
variable whose domain is the set of rational numbers. A statement that 
the two expressions are equal is called an equation. The rational 
numbers which make the statement true when substituted for the 
variable are called the solution set. Examples of equations are 


* + 5= 8 
x -3 = 2 
x 2 =25 
3-x = 12 
ij* - h 
x 2 = 2 


solution set is {3} 
solution set is {5} 
solution set is {—5, 5} 
solution set is {4} 
solution set is {{, — £} 
solution set is ? 


What number multiplied by itself gives 2? We say the V2. Our 
variable x, however, must be a rational number. Now is the V2 a 
rational number? If it isn’t, sve notv have found an occasion where the 
rational numbers do not provide us svith an “anssver.” 
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Do numbers beyond the rationals exist? Is it our job to discover 
these numbers, or do we simply define or “construct" objects which 
may be called numbers? The most elementary concept of number, 
that of plurality or manyness, has already been enlarged upon. Does 
a rational number tell how many? Does a negative integer tell how 
many? No? Then what do these numbers tell? Physical interpre- 
tations of these numbers may be made. From our elementary concepts 
o manyness and sets, however, we have defined or “constructed” other 

wfh m \ r ,°r y CCrtain rules ' Thcse ’ ,hcn > are ° ur "umbers. 
We should then feel free to go ahead and define other objects and call 

on' 7 , TTi ? c We Ca r define ° pcra,ions that "'ill be in accord with 
our general definition of a number system. 

wardisTover n e7h S, T r* f 2 “ a ^“"*1 ""mber. This proof 
unht uare To ^ *° find diagonal of a 

a mt ona „lhl r F- UrPnS '' ‘ hc diag ° nal could "°> expressed as 
integer" N„r,hT; ' "* nCed to >°° k at ° dd a "d even positive 
« aa integer an" f ‘ v = *" 

'^Z7o‘" i “” '• ™‘ TJz 


an even integer and" hence" J r .° duCt ° f 2 and th ' integer b\ then a? is 
IS an integer. Then we have ™ ^ ‘ nlegCr ' Let 8 = 2k > "here * 


-a = b -i 

Therefore, we see that b is 

a anc * ^ are even which Conner * nteger< We ^ ave shown that both 
rational whose square is 2. 1C ° Ur assum Ption that there is a 
It may be shown that manv 

S« of rational numbers. lrsolutio„"7°s n ,7°r t v haVe S °' Uti0nS “ the 
at all, they must exist in some 



THE REAL NUMBERS 185 


extended number system. In other words, we need to enlarge our 
definition of number so that other objects of our conception may be 
called numbers. Another example is the ratio of the circumference or 
a circle to its diameter, commonly denoted by the symbol - If the 
diameter of a circle is a rational number, then the circumference is not 
a rational. 


DECIMALS 

We have previously demonstrated our positional system of numera- 
tion. This means that any positive integer may be written in 

u„(10") + o n .,(10”- 1 ) + ■ • ■ + “sO 0 ’} + °i< 10) + “» 

where are one of the digits 0 ... 9. The decimal system of 

notation extends this concept to positive numbers less than MSmce 
elementary teachers non-negative numbers. 

Wk r^et e^l’anadon, everything in this section will also apply 

to negative numbers.) denominator is some 

A finite decimal represen s a ration a5 . 237 , 

power of 10. Thus * is written as .3, & as Tinr 

Notice that ttfftr may be written as 


2 + -1 + — 
10 + 100 1000 


2 (l^) + 3 (lo 5 ) + 7 ( 10 ’) 


Thus, 


.237 = 2(10-) + 3(!0-’) + JO 0 ' 3 ) 


if we use the notation 


= 10 -" 

10 " 


r 'onals whose denominators are not some power 
Now what about ratio cannQt be changed to an equal form 

of 10? (This implies that ^ j* denon , in ator.) If we use our familiar 
which has a power of I the digits that make up the decimal 

long division form we ca ^ know what decimals are and how 
form. This implies tha however, may be found by the so- 
lo operate on using decimal notation. The division 

called division alg ;den .d in this book. 

algorithm will not he not d be exprcssed as finite deeima s may be 

nationals «hic dedmals xh i s means that no matter how m y 
expressed as tnpni 
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decimal places are computed or determined, we never get a zero. For 
example, 

$ = .3333 . . . 

t = .142857142857142857 . . . 

a” 0 "' T haVC “ 3 ” re P ealed endlessly, and for 1/7, we have 
142857 repeated endlessly. If, for the radonals which are expressed 

T ’ '? COnSMer ‘ hc Mr ° S re P ea,ed «*hout end, we can 
state that all rational* may be expressed by infinite repeating decimals. 

Now given any rational, we can find the infinite repeating decimal 
: V antfinTr ,S f ' ^ *" -pea, ^decimal 

the infinite re n a r ' PrCSC,m? Wc the method. Given 

TO? lir 8 dCClmal •"‘ ,8 ' 8 ha ‘ does it 

* = .181818 . . . 

Th ' n KFx = 18.1818... 

and 10 2 x — * = 18.1818 ... — .1818 . 

- 18 

*( 10 = — 1 ) = 18 


18 2 

x or 

99 n 


\KT * 1 1 

We assume that the 

traction. This method leads decimal cancels u P on sub - 

We know that \ = ,5 or 5f)(ln ° SO ™ e other findings about decimals. 


We know that \ = ,5 or ennn other findings about decimals, 

by .4999 . . . ? Using the mpita a ■ * . Ut wbat ra t*onal is represented 
5 thG method J u « illustrated, we have 
* = .4999 . . . 
iOic = 4.999 . . . 

100* = 49.999 

100* - 10* = 49.999 . . . _ 4 999 

*(100-10)= 45 

»=£ = ! 

Therefore ^0 2 

be replaced by a decimal with re P catin S endlessly may 

■4999 = 5000 

2 - 69M --- = 2.7000 " 

1.34000::; 
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Every finite decimal and every infinite repeating decimal represents 
some rational number, and every rational number may be so repre- 
sented. Now what about infinite decimals that do not repeat? Some 
familiar examples are 

V2 = 1.4142 . . . 


v = 3.1415 . . - 

Another example frequently cited is the infinite decimal 
.1010010001 ..., 

where each "1” is followed by a set of zeros containing one more ■ zero 
than the set of zeros preceding the “1.” Are these numbers? So far, 
we would say no. 


REAL NUMBERS 

We define real numbers as the set of all infinite decimals. 

± . . . a 3 a 2 a 1 . b x b t b 3 • * * 

, „ thr dibits 0 . . , 9. Two real numbers are 

where the as and 4 s a <U ^ and ifthey have identical 

equal if, and only if, they decimal repeats nines endlessly, 

digits in each post, tom » "J ^ a > d incre ase the digit 

'^"r'Arfim tf he repeating nines by one. For example, 
preceding the nrst o r c 7 nno 

29.66999 . . . would be replace y -6 ^ ^ y bc any real 

Now let x be any ^Vand W are integers. We say that * and 
number rt . * * * ’ , , , u _ * . . . 

y are equal if AT, 4, ■ 

y . r We may define addition and multiplicauon of 

JCIe Cat hdrnite decimals x and,, set up the following 

sequences of finite decimals: 

M, M . i„ M.4,M„... 

This process deftnes “ F 
die digits as far as are desired. 



186 NUMBER CONCEPTS FOR THE TEACHER 


decimal places are computed or determined, we never get a zero. For 
example, 

1 = .3333 . . . 

* = .142857142857142857 . . . 

that ' ve have “ 3 ” re P eal ed endlessly, and for 1/7, we have 
142857 repeated endlessly. If, for the rationals which are expressed 

stlteTh!, 7 C ° m,der ‘ he ZCrOS repeated ' rithout end . «’e 

state hat all rattonals may be expressed by infinite repeating decimals. 
Now gtven any rational, we can find the infinite repeating decimal 
an eZT 15 ^ “ « ive " a ” y repeating^ecimal, 

he Ifmite ; “ ‘‘ r£pr “' nts? We the method. Given 

represent? Let PC mg C ' ma ’ • ,81818 — what rational does it 

* = .181818... 

10 5 at = 18.1818 . . . 

10 ! x — * = 18.1818 ... — .1818 . 

= 18 

*(10* - 1) =, is 

IS 2 

x ~ rr or — 

99 1 1 

v>e assume that 

traction. This method lean ' 6 repeatin S decimal cancels upon sub- 
- ■ meth0dl ^ » to some other findings about decimals. 


Then 

and 


by - 4999 • ■ ■ ? Using the melhod ji^n!.7“ t is represented 


«eaas us t< 

I,I e ir tha 7 = - 9 °r.5 0 00. 

d just illustrated, we have 
* = .4999 . . . 

10* = 4.999 . . . 

100* = 49.999 

ioo*-io* = 49 99g 

*{100 - 10 ) = 45 9 ’" 

. 45 1 


90 


he replaced by a decimal "™, "nT repeating endlessly may 
.4999 ... " S ’ 


2.6999 . . 
1.33999. 


= .5000 . . . 
= 2.7000 . . . 
= 1.34000... 
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Evciy finite decimal and every infinite repeating decimal represents 
some rational number, and every rational number may be so repre- 
sented. Notv what about infinite decimals that do not repeat? Some 
familiar examples are 

V2 = 1 .4142 . . . 

* =3.1415... 

Another example frequently cited is the infinite decimal 
.1010010001 ..., 

where each “1” is followed by a set of zeros containing one more zero 
than the set of zeros preceding the “1.” Are these numbers? So far, 
we would say no. 

RCA L NUMBERS 

We define real numbers as the set of all infinite decimals. 

± • • • • • • 

where the a's and b’s are the digits 0, . . . , 9. Two real numbers are 
equal if, and only if, they have the same sign and if they have identical 
digits in each position. If any infinite decimal repeats nines endlessly, 
then we agree to replace the nines with zeros and increase the digit 
preceding the first of the repeating nines by one. For example, 
29.66999 . . . would be replaced by 29.67000 .... 

Now let x be any real number M . b^bg . . . and y be any real 
number K . c x c$ z . . . , when M and N are integers. We say that x and 
y are equal if M = N, b t = c v b 2 ~ c s , b 3 — c 3 . . . . 

Operation on decimals. We may define addition and multiplication of 
real numbers. To add infinite decimals x and y, set up the following 
sequences of finite decimals : 

M, M . b v M ■ b x b 2 , M . b x b 2 b 3 , . . . 
and N, N . c x , N . c x c 2 , N . c x c ^ zt . . . 

Then set up the following sequence of sums. This is possible since each 
finite decimal is a rational and addition is defined for rationals. 

M + N, M.b x +N . r„ M .4 t b s + ff ■ Vs, • • • 

This process defines a specific infinite decimal, and we can determine 
the digits as far as are desired. 
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Multiplication may be defined in a similar way to provide a sequence 
of products of finite decimals which can be used to determine the 
digits of an infinite decimal to any number of places. 

Since at each point we have rational numbers involved, these 
operations obey the five laws of addition and multiplication. The real 
numbers and the operations satisfy our definition of a number system. 

We have a zero element 0.000 .... a one element .999 ... or 
1.000 . . . which have the usual characteristics of zero and one elements 
found in our earlier number systems. Also, we may show that every 
real number has a negative among the real numbers, and every non- 
zero real number has a reciprocal among the real numbers. 


till have rational!. The real numbers we have defined have a subset 
isomorp ic to the rationals. We have shown how rational could all be 
ceS™ of V mfin, . te / ePe! “ inB decimals ' vherc we c °™der a suc- 
there is Isi^ed’ “ "f"" r ' P ' atin ® dedma ’- Thus, to each rational 
numb“ S / nUmber ' We have shown lhat *"= r«l 
muTtbUca ion of 7 "'T™ 2 ra,ional - ^oof that addition and 

* 

conce n pfo7Hmt C Th 0n nUmbm ™ St “»»*« Evolve the 
aninfini°e s‘r„J r C T "° U,d C ° mC at ,he "here we let 

SEE ? 1 

squared gives 2. In fact th 7 ° S *° tIle num ^ er 'vhich when 
the equation x” = a where ^ ^ ° Uni k er s y st em allows a solution to 
real number. Our need for n ^ k ^°^ t * ve integer, and a is a positive 
strated when we could find r, Um i ^ e ^ onc ^ the rationals was demon- 
% rat ‘°nals. I„ *» "» ?•“*» - 2 -ong 

the real numbers sunnhVri *« ° CS ° 0t ex * st amon g the rationals. 

? 7 ~ 1? Is there such a numb “7^ ab ° U ‘ “I" 3 ' 1 '” 1 

by itself gives - 1 ? Any numhe ? ^ r 1 ? ' V ^ at number multiplied 
gi'es a positive number Rem S °u 3f t ^ escr ’bed multiplied by itself 
<-»(-■) - + 1. How can a ”"! bCr ' hat < + ')( + » = +1 and 
negative number? The real I n “ mbcr multiplied by itself give a 

Another number system mus be d mbC "T ,ai " "° SUch »“««• 

realm of elementary arithmetic I, ’ 7 ° ne is bc >™ d * he 
system. A very fitting name, jntrhaps “ ^ the COm t U * numbcr 
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Something to Think About 

1. Give a brief review of the meaning formerly given to the terms 
logistic, algorism, arithmetic, and fundamental operations. 

2. Explain the distinction between number operations and finding a 
standard numeral. 

3. Reason through the several ways of thinking about subtraction. Use 
several examples. Which way do you like best ? Why ? 

4. Explain the Russian peasant method of multiplying whole numbers. 
Demonstrate with an example. 

5. How do modem concepts of computation differ from those formerly 
held? 

6. Reason through a proof of one of the laws governing addition and 
multiplication of whole numbers. 

7. How docs the system of integers differ from the system of cardinal 
numbers ? 

8. Define a number system. Why do we have more than one number 
system? 

9. Reason through a proof of one of the laws governing addition and 
multiplication of rationals. Show how the definition of rationals is 
involved in the proof. 

10. How do real numbers differ in an essential way from natural numbers, 
integers and rationals? 


Adler, Irving. The New Mathematics. New York: The John Day Company, 
Inc., 1958. 

A clearly written , easily understood book on foundations of numbers. Claris 
with natural number, and develops thi integers, rational s, and real numbers. 

Sons, Truman. “Numbers, Sets, and Counting," The Arithmetic Teacher, 
8 (October, 1961), 281-416. 

Presents relationship of sets to counting numbers, fractions, and real numbers. 

Clark, John R. “Number, Numeral, and Operation," Ibid., 7 (May, 1960), 
222-25 

Pmmis me view of mmlrrs and numerals and laws governing operations 
with numbers. 
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Dantzig, Tobias, Numbef .* The Language of Science. New York: The 
Macmillan Company, 1959. 

A critical survey of number concepts for the cultured nonmathematician. 

Levi, Howard. Elements of Algebra. New York: Chelsea Publishing 
Co., 1954. 

An unconventional introduction to genuine mathematical problems and pro- 
cedures. Requires only arithmetic training to read. 

National Council of Teachers of Mathematics. “Insights Into Modem 
Mathematics,* 1 Twenty-Third yearbook. Washington, D.C. : The Council, 
1957. 

Has several chapters which are helpful in developing modern concepts of 
numbers. 

. “Instruction in Arithmetic,” Twenty-Fifth Yearbook. Washington, 

D.C.: The Council, 1960. 

Will help the teacher understand “ modern mathematics ” and how it is certain 
to affect the teaching of arithmetic. 

Peterson, Wayne. “A Case in Point,” The Arithmetic Teacher, 8 (January, 
1961), 10-13. 

Another viewpoint on the use of numbers and numerals. 

Sloan, Robert W. An Introduction to Modern Mathematics. Englewood Cliffs, 
N.J.: Prentice-Hall, Inc., I960. 

Frondes a development of some elementary mathematics from a modern point of 
view. 
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CHAPTER SEVEN 

arithmetic in grade four 


CHAPTER EIGHT 

arithmetic in grade five 


CHAPTER NINE 

arithmetic in grade six 


number operations for the teacher 







Several things happen to young- 
r rih-trraders. The desire to grow up is being 
sters when they become ou things that the study of arithmetic 

realized. This means among otl a ^ 8.^.^ ofthe abstract. Play 
is going to move rather P* reduced . Although certain skills, 
activities will be corresp d w j|l be retaught, teachers are 

presumably learned “^^“hem. And within the group, an 
inclined to expect students . d range 0 f ability and achieve- 

added year of — ^ gradcs in some cases 

A. Testing and Diagnosis 

B. Number and Number Operation. 

In Grade Four 

c. Using Arithmetic in Grade Four 

D. Problem Solving 

E. The Exceptional Learner 
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As has been mentioned, diagnosis 
a. Testing and Diagnosis should be a continuing classroom 

activity. Much of the work at 
fourth-grade level is a building or expansion process, and certain basic 
operations must be clear to the student before he can build. By fourth 
grade, the evolving nature of arithmetic learning is becoming apparent. 
Hence, when the teacher assumes that basic processes have been 
mastered without testing her assumption, she is inviting trouble. 

Some of the texts in arithmetic do not introduce formal diagnostic 
tests until after several weeks of work. The teacher should not, however, 
construe this as meaning that no diagnosis is done before this time. 
Since diagnosis is essentially a point of view, the teacher should be on 
the alert for indications of difficulties from the very beginning. Poor 
work habits, such as finger-counting, mumbling, or slumping over work 
in such a way as to conceal it from the teacher, are readily observed. 
If the student is inclined to repeat certain errors, or to miss exercises 
when they include a particular number, an analysis of work sheets 
should bring this to light. For particularly stubborn cases, the technique 
oflistening to the youngster as he works aloud can be most helpful. So 
a great deal of diagnosis can be carried out without the use of any 
specific diagnostic instrument. 


Obviously, diagnosis is pointless unless the results arc used in correc- 
tional work. Since this is a very broad field, no attempt will be made 
to cover it at this time. Most authorities recommend a frontal attack 
on any difficulties that show up; that is, if the student has trouble with 
add non exercises involving 7, he should be given extra work on this 

an“arlferT e d V S" 3 ' hat ^ u!e text m «erial d «igncd for 
handle ,h Z l c “ wh " c h ' »«* to “art in mder to 

honed Aa t r ^ CCeS f lly ' ‘ hiS h Whcre h ' sh °“> d It is to be 
hoped that he sv.ll not have to stay there very long 

listed 1 " AlTmx^f ‘ d ' agn , 0St . ic tats fOT «se in arithmetic have been 

teacher is ’import^T di'a"^^^ ‘illmirme- ma<Ie ^ ^ 

l P strrdte 8 1 lVdffi,tTa?dm nlS b n,Cr f ° Unh «"*■ 

retcaching is necessary. ’ *** ,h0Uld be able to deter ™ine how much 

ordinary achLcmem 'teifb^Th c""’'* 1 ’ a dia gn°stic test and an 
test (both teacher-made) is that, in the former, 
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the teacher makes a special effort to include all of the operations under 
study. If a process which includes other manipulative skills (such as 
lone division, which includes multiplication and subtraction) is to be 
diagnosed, all the incidental skills should be tested separately. 
Obviously, too, checking such a test would involve . searching for 

patterns of errors, not just a scoring of “number right or number 

"Tfs worthy of emphasis, however, that diagnosis is not somethmg 
that happens on Tuesdays or Wednesdays. It is not something that 
occurs when students take a particular type of test or work on a ce am 
exercise. It should be as continuous as .rntruction since svithout it, 
the case of many students, instruction may be ineffective. 

Since much of arithmetic is built 

B . Num , r a. N .. : 

grade level. And since it is never 

safe to assume that a particular 

teachers begin number operations each q 

of the basic facts. Then, new concepts are prese 

UNDERSTANDING THE NUMBER SYSTEM 

Some teachers take the P^on** 1 the number 

terms as place value and P a ^ fundamental, there are many 

*• 

Large numbers. From the first e "“ ntion being given to 

toward using larger num^ v"^ a ^ ^ ^ hmld ds „ 

reading, writing, and under* a" ■ "8 further work with larger 

thousands. Fourth-grade program p 

numbers. . written with five digits; others go to 

Some programs go to numb however> the approach is the same 
six or even seven digits. G ““ a ' clear t0 students that place value 
in these programs. It should be made dea a nro . pIac e numeral, 

is just as vital in a seven-place numeral . ^ he]p here since th. 

Obviously, the place-value pockets ^ ^ ^ or three-place 
device becomes cumbers 
numerals. 
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Many teachers like to approach the study of large numbers ana- 
lytically. They show, for example, that there are 10 hundreds in a 
thousand, 100 hundreds in ten thousand, 1000 hundreds in a hundred 
thousand, and so on. 


Teachers frequently have trouble finding real-life situations in which 
large numbers are used. One teacher used the heights of various 
mountains as a meaningful approach to the study of five-place numbers. 
Others use such quantities as the populations of various states or cities. 
This, of course, gives an opportunity to include the students’ own state 
or city in such work. 

One approach that works well is to use some facts from astronomy. 
It is not unusual to have a fourth-grade science book point out that 
the sun is 93,000,000 miles from the earth. This gives the teacher an 
excellent opportunity to provide work with large numbers. The 
teacher should select data carefully, however, so that the numbers 
used can be made meaningful to the class. 

It would probably be rather futile to try to help your class to visualize 
numbers wntten with five, six, or seven digits. Can you do it? It is 
.rnportan, however, that the youngsters understand such numbers 
h^n t V ' 7 ‘ h r- S ° mC Studen,s become “ fascinated with reading 

or ud7m m r 7 neV ' r ?et ar ° Und ,0 Such ,asks as " Titin S them 
number,,.,' u Plmdam .“; tal “Potions. All phases of work with these 

Tins b«we f “'"I ° Ut ' With Spedal efron to !how ‘he relation- 
slops between large numbers and the more familiar small ones. 

leather! fa r-lT'” W ° rki " g With lar 8 a ™ntbers gives 

One common 7*° r " Cach ,hc concc P ts <* pl«« value. 

»how.rZM". h 7, K . “ HaVC 0".- b ”balkboard a chart (Fig. 7.1) 


showing the place value 
Students may ana 

variances of this type of study of numberVtnfctum 


Students may analyze various'nnm'tf ^ digit in a numerab 
variations of this ,, r . . ere by use of the chart. Numerous 


may be used. 
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Work of this kind can be made more meaningful if the numbers used 
are based upon real experiences. Students may use the local newspaper 
to find examples of everyday use of number. 

Other types of place-value activities can be used at fourth-grade level. 
For example, what is the largest number that can be made using the 

dieits 1 2 4, and 8? Obviously, a student who is clear on place value 

will immediately write 8421. Does he know why this is the largest 
number these digits can produce? Conversely, does he know why the 
smallest number he can write using these figures is 1248 

Some texts introduce the comma in numerals such as 1 000 at t 
erade level The comma serves only to make it easier 
number There is no mathematical reason for using the comma in 

numerals. 

Ordinal numbers. As was mentioned earlier, “ rd ” al TJ’, 
numbers are easier for students to comprehend than a e o d ( 

upon pictorial materials, ear ^'"'^ of , eacbing or dinals, however, is 
One of the most meamngf T „ illustrations in various 

to use the students themsev ^ gra de, students should be able to 
rSlt (eighteenth, ninth, etc.) any position up to 
the thirtieth. 

„ nlnrr holder has become familiar to most 

Zero. The use of zero as a ^placeh^ h 0 f the difficulty 

students by the time they ^ when ca ll e d upon to deal with 
experienced by younge , illustrate zero concretely, the 

abstractions and because it « ditoltm ^ ^ ^ fourth grade . 
study of this number is usua y , ace . h older function of zero is 

It is usually emphasize ' h numcra ]s in their proper positions 
essentially that of keeping can s(and by itsd f, completely 

with respect to each ot er. . ^ conv(:y inte ii ig ence. 

removed from other numbers ^ ^ basebal l game, a glance at the 
For example, if you am ^ ;nnings had bcen p i aye d but that 
scoreboard might show convey both items of information. A 

no score had occurred. Zero «nco ^ bc , qucstio „ as to 

blank would indicate no sco , 

how much of the g ame , had r b of or P e ierience weather where the tern- 
It is not unusual to hem -for ^ ^ fimction 0 f t he zero is 
perature is zero or below. 
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to serve as a point of reference, or to mark the beginning position on a 
scale. Our common temperature scales use an arbitrarily defined zero, 
but it still is adequate as a basis for comparing temperature. Other 
types of scales, such as some of the instruments used in measuring 
electrical quantities, use the zero as a reference point. Mathematicians 
have other uses for the number zero. For example, it can serve as an 
exponent (10° = 1). 

Although it is difficult to treat zero concretely, many students “see” 
it best in conjunction with subtraction. That is, if we take 7 apples 
away from 7 apples, there will be zero apples left. The absence of 
objects and zero can be easily related by most children. 


Roman numerals. It seems necessary that we occasionally, however 
briefly, tale another look at Roman numerals. Although Roman 
numerals have hide social utility, occasional contact with this system 

"° U ‘ d P™ m _ a ™ e "' ed appreciation of our Hindu-Arabic numerals 
and how they facilitate number operations. 

P ™ grams s° as high as a hundred (C); more 
“ntion? g ° ‘° 50 (L) ' Tht “**» usually receive 


' numerals^m V ’ and mcludin 8. 50, when written with Roman 

X L In „ I*' ° r fe "' Cr !ymbols - Th ' are I, V, 

x, L. In our system, of course, all ten symbols are required. 

2 ' fhr« a me S re a of a 7d an T™' ^ its Value ' Thus, *e I’s in 

Thhi“; r r; e ci7;::^ : “r or -rr pr °“ ss - 

left increases by a factor or 10 ’ ' ' ach P ' a “ to the 

4 repla “ d W 'symbol, xi n a d „d V LL 0 b n y 0 a CPea ‘ be “ US ' W " 

written first, the values'ifThe'leu ’ " UH 7 ° ne of greater value 

5 ™;; a rudimenmry^^ai::.^ “ VI “ XIL 

first, this vaTueis s^inai-md?''"’ 7* ' h ' ° nC of lesscr value 
>V or IX. For some 77 7" ,hat .° r ^ letter, t 


1V or For some reason \ me other letter » as in 

subtractive position.' rCaSOn - th ' lcUer V i! never written in the 

"’e may note that anv who!. t 

numerals, but number operations mb '‘ D ma >’ be written with Roman 
operauons using R oman numcraIs bccome very 
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difficult. One theory is that in earlier centuries, the abacus was used 
for computation, with the results being written with Roman numerals. 
Thus, there was no urgent need for a zero, since an empty rod on the 
abacus served as a place holder. 

Even in writing numbers, the Roman system is somewhat unreason- 
able. For instance, four symbols are required to write 8 (VIII), 
whereas 1000 can be written with a single symbol (M). 


ADDITION AND SUBTRACTION OF WHOLE NUMBERS 

By the end of the third grade, the students have studied all of the 
basic facts in addition and subtraction along with bridging caring 
and borrowing A person who viewed the situation logically, 

may be discarded in a short time. 

Addition. A common pr°«dure b hegmnmg ''^^f^Suoh "Attest 
arithmetic with a simple d S dded work on certain facts, and this 
usually points to tht »^ d might be additional work on simple 

should be provided. Th for (he teac her to inquire how this 

column addition. It may b 1 or add Thc teacher 

has been taught to her d». hat ^ be rctaught . 
may need to decide wheth P More work in carrying 

Bridging is usually reuugffi euriy ,n the y ^ ^ ^ ^ . sum 

should come in the first few weeks re hu ri ^p^ The use 

and how to estimate ansv considerable attention, 

of addition in problem solyi gg 1 , han any oth er in fourth- 

The single item that gt ■> another term for drill. With the 

grade study of addition ^ tha , comes in fourth grade, 

amount of reteaching of fundam^ ^ H ence, lt „ lime 

understanding should be automatic with students. Apparently, 

to make the operation ' rfi ad practice. The indexes of various 

it achieved through P ^ t0 bc important. Many 


this is best 0 


texts list as many as 



200 ARITHMETIC IN GRADE FOUR 


or even 100 references to such exercises. The hope is that, by now, a 
4 

student can see , „ and think 7 with a minimum of effort. 

-t-J 

Many teachers give special attention to the correction of study habits 
at fourth-grade level. Students are observed closely, for example, to see 
whether they are using finger-counting, toe-counting, teeth-counting, 
or other such methods. If there are students who find such practices 
necessary, additional work on the addition facts will usually give them 
enough self-confidence so that they can discontinue these more 
rudimentary aids to addition. 

Some attention should be given to methods used by students in 
column addition. Even students who have achieved mastery of the 
addition facts frequently use questionable methods in column addition. 
One practice is to listen to a student as he adds. This is the “talking 
out procedure described earlier. Ideally, we would like each student 
to move his eyes down the column of figures 

2 

3 

7 

+4 


16 "'The i 6 '” n °‘,“ 2 ami 3 are 5; 5 and 7 are 12; 12 and 4 are 

be attained^ h ° tf™ 8 V ° Ur St “ den,s U$c ,his ««hnique may never 
be attained ; but the attempt should be made 

classroom teache^ ^ , baVe " ndcd <° verify the observations of 
frequently in the w^kof ' ha ‘ m “* 

caused by failure of students to maTttfte 81 a S " “ 

The next most frequently found frm 8 addltlon combinations, 
of carrying. rs are centere d around the process 

addltbVTtwlcT™"^ SiV 'T ltkra ble attention to column 
numbers. For the eaL ^ °' hers ^ding four-place 

come during the latter part rnhT^ar'” 11 "’ thKC exerciscs usuall y 

paralle“Lofaddmon. t Afte tUdy ° r , subtraction in fourth grade 
Ihe principles of borrowina („< r '" a '; hln S 'be 81 combinations and 
the class concentrates on an LlT ty the decom POsition method), 
!" Bai " facility in this operation nT ° f dri " cxercises in order 
■n subtraction is failure to ' . St frequent source of difficulty 
to know certain of the basic subtraction facts. 
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Probably the next most frequent source of error is in the process of 
borrowing. A great deal of attention should be given to these two 
aspects of subtraction. Again, if concrete materials seem to offer 
assistance to certain students such materials should be used. 

There are two general directions of expansion of the subtraction 
concept in fourthVde. One is the application of this process in 
exercises containing larger numbers. Three-place, and in some cases 
four-place, numbers ar! used. Along with these, Rodents begin to 

deal with complex borrowing situations, such as . 

Another expansion is in the type of problems used In .the yearly 

subtraction situations. One M boueht two apples, she 

deals with such problems as: When ‘ ^ g h much dld the 
gave the clerk a quarter. ™ wTsuch as: “If a 

^sts^’and' « has 30 *. how much more does he need in 

Still^anothc^typ^ of subtraction is^omparimn, in which the smden. 

is called upon to tell ^ ^ a ^ „ 

another. Finally, there is the oth JP find (he othcr part . 

given, along with one of its P a « s , fourth . grad ers learn these types 
It would serve no purpose The teach er, however, 

or learn to classify problems acc. ard g JP of these usages 

- in ” ost “ adE 

Role of concrete materials. grade level 

teachers ifwe could use concrete mat , , earn . however, 


could use concrete mater. P , e Irarn , however, 

and then stop. Our kn0 "' led ® <: a he U5C 0 f concrete materials would 

indicates that such an a PP r ° aC mate rials whenever, according to 

the fourth grade stm 
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contribute to learning. Certainly, they should use such materials 
whenever there is need for them. 


Teaching aids. The chief manipulative materials for addition and 
subtraction are counters and place-value pockets. Since these have 
been described in previous chapters, we do not discuss them here. 

As for films and filmstrips, there are several that would be useful. 
Among the films arc 


1. Borrowing in Subtraction, Teaching Film Custodians, Inc. 

2. Meaning of Plus and Minus, Encyclopaedia Britan nica 

3. Subtraction is Easy, Coronet 


Other helpful filmstrips have been previously listed. There would be 
a spectal place at fourth grade for the 4-filmstrip set on “Subtraction 
Combma tons the Speed-O-Strip Series, along with the companion 

E t urn inn ™ Th '“ a « «ld by the Society for Visual 

“ “ film r s,ri P; designed to help students develop 

ment of '*, , t?' C raC,S m addUi ° n Md subtraction. The develop 

"tent of such facility „ a major goal in fourth grade. 

usualk a 0r tcac ' lcra ’ edition of the arithmetic text is 

d , arc ^rilored ,hc *“ ch -' 

appl SrtaMv™ , acf v "" "'ey are easy to 

aid. ’ Cf ! ° U ! ma ' tc P u " usc of this usually valuable 


"viTimcnou AND 0F WHOU NunK(s 

grade, Indeed, 3 g ' Cat dtal ° r attention in fourth 

page space to these mpics. A, ."““ r, 1 ’ t0 ‘ !0 P cr ccnt of lhe lotal 
introdiitrt! to the students about ? rccall » however, these were 
subtraction, hence should ' * car atcr " 1an were addition and 
different 0 " ld expect the patterns of emphasis to be 

Mulhf titahon. Mon f ourth 

non In romg back t„ th e basic fin' P ™ Srams introduce multiplica- 
ln that mult, pi, eat, „ n 1 . ' pr ° ccs! is "dated to addition 

-’i’p liable on], uhrn equal ' 5 °" Porm °f addition w hid: is 

m.lngs me,, , , R UP ’ arC b, ™S eombined. Tlic termi- 

muliipbeation it reviewed ( »uch as ^ ^ being described 
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as 3 fours are 12”), and the students apply the process to a wide 
variety of problem situations. 

Teachers have found numerous devices useful in helping students to 
see meaning in multiplication. Such materials may include trading 
stamps or Christmas seals, to show grouping. For example, a section 
of stamps may be used (see Fig. 7.2). As we view the section in this 
position, we see three rows of fours, or we see 3 fours. If we turn this 
section on end, we see 4 threes. Flash cards showing different patternsof 
spots are also effective in developing an understandingof multiplication. 
Since the basic meanings in multiplication were presented in an earlier 
grade, a fairly rapid reteaching is all that is usually needed in fourth 
grade. 

Some of the 81 multiplication facts have been taught in third grade, 
the number varying somewhat among the various texts. One book 
lists 36 facts in the third-grade program. Others go somewhat higher. 
In general, however, the fourth-grade teacher can safely assume that 
about half of these facts must be retaught, and the remaining half 
must be taught for the first time. 

Several different patterns of organization are used in presenting the 
multiplication facts. One practice, for example, is presenting families 

3 4 

of multiplication and division facts, such as x4 , ,3)12, and 4)12. 

Another practice is studying all the facts with 2 as the multiplier, then 
doing the same for 3 and others through 9. Presumably, you will use 
the pattern that appears in your textbook. 

A key goal regarding multiplication in fourth grade is mastery of 
all the facts. This, of course, requires that extensive drill be used, but 
drill should not be emphasized until after students have had every 
opportunity to develop an understanding of the process. 

Several special cases of multiplication are introduced in grades 



Figure 7.2 
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three and four. One of these is the two-place multiplicand with a 
one-digit multiplier. First examples should not involve carrying, as in 
14 

x 2 • “ n approach that is sometimes used here is to regroup the 14 

into 10 + 4, showing each part multiplied by 2 to yield 20 + 8. After 
the student understands what he is doing, this type of example offers 
little difficulty. Subsequently, examples with carrying are presented. 

The same approach is helpful. In ^ the student sees 2 X (10 + 8) 


as 20 + 16, or 36. With understanding, he can shorten this process to 
the usual procedure. Incidentally, an error that creeps in here rather 
easily is based upon the carry number. A student might well add the 

product nMrif^' 113 " *"'5 m “ Uip,ying by 2 ’ ,hcreby S«‘ in g a 
m° „in. V If ,hlsha PP' ns . ,! >e student needs further help on the 
meaning of the operation. Should he write the carry number? 


a cmt'ch'befbre't'hey'are crippled a *’ gWe ‘ hem 
ciple : if the student can cam out the"' f0ll0W ‘ h ‘ S Pri ”' 

writing the carry number hTriin, i A perat,on successfully without 

ry umber, he should not write it. And, incidentally, 

7 b ' B00d “ 10 80 b « k occasionally to show that “ 
is the same as 18 u . x2 

.... +18’ by rev,cw *ng the relationship betwra 

addition and multiplication. 

plicands, it i s an ' W ‘ th t " , °-P>ace multi- 

multiplicands. Two-place multinlie° tbr "' pIacc or even four-place 
introduced "ear the^nd of b ° W ' V ' r ’ alth °ugh sometimes 

grade level. lour,h Fade, get little emphasis at this 

Division. Much of \-h 

applicable to division. The two 5 on”" - Said ab ° ut mu| tiplication is 

each other during ft rd and" 1 "“V” USUaIIy k 'P‘ ““ «op” 
Program that presents 38 multinl For example, a 

“mally .neh.de the cormspon^aT" “ *“"» grade will 
P "ding 38 d.vrnon facts at that level. The 
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remaining facts with these two operations are frequently presented 
by families in fourth grade. 

Again a considerable amount of drill is necessary in order to give 
students confidence in using the division facts. Your text or teachers’ 
manual may suggest ways of varying drill so as to add interest. The 
use of games or play activities has much less appeal to fourth-graders 
than is the case with smaller children. The important point is achieving 
mastery of the basic facts. 

In the first four years of school, we ask children to learn 324 basic 
facts in arithmetic ( 2 ero facts being in a special category). We hope 
that the facts will become so familiar to the students that when they see 

^ ^ they will think 20, or when they see 4 )2 0 they will think 5. Children 

frequently resent the degree of exactness that is required of them. When 
we consider that many other types of work (problem solving, for 
example) are going forward at the same time, we can readily see why 
arithmetic becomes difficult for some students. 

Division is usually introduced as measurement. This is the case in 
which a group is to be broken into smaller groups of a predetermined 
size. For example, how many basketball teams (of 5 each) could be 
formed with 20 boys? The partition concept of division receives some 
attention at fourth-grade level. This is the case in which a group is to 
be broken into a specified number of smaller equal groups whose size 
is to be determined. For example, if we divide 20 boys into 4 equal 
groups, what would be the size of each group? The terms measurement 
and partition are not usually given to students. It is important, however, 
that they have contact with both concepts of division. 

Some teaching or reteaching dealing with two-place or even threc- 
place dividends is usually done in fourth grade. A simple example 
14 

would be 2)28. This involves nothing that is new, but some students 
would probably want to verify their results concretely, or by regrouping 
10+4 

28 into its equivalent, 2)20 + 8. A slightly more difficult example 
31 

would be 4)124. Such an example should not be difficult for most 
students, since it involves no concepts that are basically new. 

The teacher should frequently point out that division may be 
thought of as repeated subtraction. At intervals, the concept of division 



206 ARITHMETIC IN GRADE FOUR 


as an un-grouping process should be reviewed. This is a process by 
which a large group is reorganized into smaller equal groups. Also, 
the “guzinta” terminology (4 guzinta 8) should be carefully avoided. 

A major innovation in many fourth-grade programs is the use of the 
remainder concept in division. Probably the best approach is to use 
concrete materials. When 14 is divided by 3 (“How many threes in 
14?”), it will be immediately apparent that after 4 threes have been 
removed, there are 2 remaining. Hence, the word remainder is a very 
logical one. Although little time would be spent on concrete objects 
at thjs point, there is considerable merit in their use for a few days. 

here are numerous special cases in division to which attention is 
usually given in fourth grade. Among these are zero in dividend and 
quotient, t ree-place dividends and quotients, and in some programs, 
four-place dtvtdends and quotients. Most programs, however, limit 

oneral Ve V° ””7 divis0rs ' Thc m «hod of cheeking the division 
operation by multiplying back” is used extensively in fourth grade. 

leamif?„!i*;, T , hC ?°" Cre,e ma,cria,s ,hat "light contribute to 
For xlmnle “V™ 0 " ha « >>ecn described earlier. 

..udentsThe tZe 8 " •"“'tiplication m5 gh. be clearer to some 
The basic nrincinl • * 'r° U d back briefl >' *° place-value pockets, 
which m^daSyapm^ 6 ' ^ “ “*“■« " mailable 

listed. Incidentally^ wh^'shonldld! dT'V' haV ' a ' ready beC " 

long as they are of help ,o the smden J m ° rC tha " ° nCe 38 

* ** a - d n 

s ~ — - “ ™K -TL™’"- 

1: rs:; ion and Di ™°" - ^ 

corres P onding P S et C on™D' MUh 'n Ca,i0n Coi " bi ""ti<™” and the 
Speed P 0-S.ri 8 p S ries bv T°s These are in the 

P enes, by the Society for Visual Education. 


The fractional concent « 

In el, but fractions do not become !° m '. attention even at Brat-grad 
S^de. Some fourth-grade texts in L?t? J ° r •° P,C ° f s,ud > r unti l fuurtl 
r ’ hC,r PfS' s P a re to work on 5 '° 10 
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Unit and multiple fractions. Almost all the study of fractions in the 
lower elementary' grades is confined to unit fractions, that is, fractions 
with 1 as the numerator. Of course, this is retaught early in fourth 
grade. A wide variety of teaching materials, many of which were 
described earlier, is available. Folded sheets of paper, fruit that has 
been cut into sections, the flannel board with fraction cutouts , and the 
fraction board are all very effective in helping the students to visualize 
the simple fractions. 

Another expansion of the fraction concept that usually occurs in 
fourth grade is work with fractional parts of a group, in contrast to a 
fractional part of a single object. This is somewhat more difficult than 
is the single-object phase. Usually, fractional parts of groups are 
introduced concretely or semi concretely; that is, concepts are de- 
veloped by using groups of children, books, leaves, balls, or by using 
charts and drawings. 

In the introductory phases of the teaching of fractional parts of 
groups, unit fractions usually get the major emphasis. At this point, 
however, there is a good opportunity to study equivalent fractions. 
Suppose we consider the pattern in Fig, 7.3. Obviously, each marble 
is is of the total group of marbles. The top row of 3 marbles is, by 
count, £ of the total group. Also, departing from the unit fractions, 
the top row is , s 2 of the group of marbles. Hence, the student can 
demonstrate that A equals J. 

Further work in the equivalency of certain fractions can be based 
upon some variation of the fraction board. A system is easily impro- 
vised by cutting 6 strips of heavy cardboard measuring 1 inch by 12 



Figure 7.3 
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inches. One strip is left whole and marked 1. Other strips are cut as 
follows: 1 into two 6-inch halves; 1 into three 4-inch thirds; 1 into four 
3-inch fourths; 1 into six 2-inch sixths, and 1 into twelve 1-inch twelfths. 
With these, it is easy to show, by matching lengths, that f = j, that 
h - - and other equivalent fractions. 

The study of multiple fractions usually gets major attention near the 
end of fourth grade. Most programs try to make the transition meaning- 
ful by showing that 2 fourths is a concept similar to 2 books, or 2 apples. 
Having worked extensively with unit fractions, such as }, the students 
should easily see that two of these would be !, and three of them would 
he i. 


Throughout the study of fractions in fourth grade, students should 
be given opportunities to look for patterns. For example, they should 
be led to such generalizations as “the larger the denominator, the 
smaller the fraction," when a unit fraction is under consideration. 
shn,',IH h <! * ey 1 hav ' : bee " ‘"traduced to multiple fractions, students 
lareer f-/ & a ,f CI ! " umerators with the same denominators describe 

larger fractions. Vanous fractional cutouts can be used to demonstrate 


Addition and subtraction. Near the end nr - i 
so Si Z 'l StUdy 10 frac,i ° ns ° flik " denominations, 

AcUuallyy di«e C opem S do 1 ns COmn t? n-dCn0nll ' nat0r «" "« -^ed. 

students do not regard thenTa C m * roduced so skUlfully that many 
if 1 book + 1 book l o w ?° me , th,ng neW - h is eas V <0 see that 
Likewise, if 3 dollars - 1 2 f °d r !l h + f ° Urth = 2 four,hs - 

fourth = 2 fourth, \t. 2 doUars - thc " 3 fourths - 1 

difficulty in fourth gride 7 IZZhZ ^ g ° beyo " d this lcvel of 
based upon pictorial materials mtherT™ 5 *” f™* universaII > r 
alone. * ther than upon fractional symbols 

Mixed numbers. Most of the f h 

numbers but go very little b ^ , gFade P ro S ra nts introduce mixed 
common approach is by the „,?°r 3 mere intr °duction. A most 
P*m is l of a quart) thcr ; * US ° F ° r exam P le > if a 

would be l J quarts. There are "° U bC *’ ° r 1 c l uart - a "d 3 pints 
m “« 1 "uni ben, such as 2( Ui'T! """>"ingrul applications of 
0,bm - A. tins grade ZJ Z 'Z l d0 " arS - ‘i h ™-. a "d many 
'"riuded to demonstrate to h ' T* S '“ dy ° f mix ' d "umbers is 
•be student that some quantities can be 
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described with whole numbers, others require the use of fractions, and 
still others require both whole numbers and fractions. 

Aids available. Besides the aids that the teacher can readily prepare, 
numerous aids arc available commercially. For example, Creative 
Playthings (New York 3, New York) has sets of Magnefracnons that 
would be useful. The “pies” are available m all commonly “ed 
fractions to twelfths. Embedded magnets cause the parts to adhere t 
a steel-backed board. Milton Bradley (Springfield, Massachusetts) has 
a “Fractions are Fun” game and sets of fraction disks that are vety 

several films that are available, one of the best is Coronet's 
W'e Discover Fractions. Some applicable filmstnps are 
1. “Meaning of Fractions” by Young America Films 

2 “What is a Fraction?” by Filmstrip House 

3. “The Meaning of Fractions” by the Society for Visual Educanon. 

MEASUREMENT 

Students who have trouble with 

express a hearty dislike for t e s u > h One student 

certain elements that look ^'^mwer, but his work was 
pointed out that he ° b * a '"f didn ,' the anS wer the right name.” 
counted wrong because ® hou y be expressed that way, not 

h v o h : 

t:rich 0r oT,hrt.yof---eme„t,n fourth grade deals with 

measures that are of ,nt ' r “* “.^"been studied at earlier grade levels 
Measures of length whi . uscd ^ cxpan ded and more 

are usually retaught. The list encouragcd . Since small children 
accurate measuring techmqu an instrument as a ruler 

can get widely variant results wM, - s ^ d „ iccs shou ,d be 
or yardstick, techniques in using 

given some attention. taught or retaught in fourt 

S Measures of units of ‘"f ' tianly in order) half inch, inch, foot, 
grade frequently include (no of these units are taught in 

yard, and mile. E-ept fo * ^ can frequently take on 

connection with class activ.l w as , hat from hom e to school, 

meaning if used to measure 
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And it would be well for the teacher to be prepared to give distances 
from the school to various local landmarks. 

Liquid measures are often used in working with recipes. Con- 
sequently, some pages of arithmetic texts look very much like pages 
from a cookbook. Some of the measures used in fourth grade are cup, 
teaspoon, tablespoon, pint, quart, and gallon. Sometimes the half pint 
is used interchangeably with the cup. 

Dry measures, such as are used in measuring grain or fruit, are 
somewhat more difficult to present in the classroom. Further, dry 
measures do not mean a great deal to city dwellers. Hence, the list of 
such measures for study by fourth-graders is frequently limited to the 
pint, quart, peck, and bushel. Some programs point out that a bushel 
of apples would have a different weight from a bushel of potatoes or a 
bushel of wheat, thereby relating measures of weight and measures of 


Jmdf i USUa " y Hmited at ,his S rade level to ounces, 

arithmetic th”' a “ e " ti0n “ givt " to a fact °" ce Prominent in 
element ™ school,' 5 0n ' ,ypc of •<»). Some 

moor, ca7d D °e m - eC ° 'a' S ' Ud ' n, ' S ™ ght and « his 

as learning experience n sffirfour*^ad”® ,hKe ^ 

gra T d'e m OrdIrrirreT T ab °“' ‘ h ' 35 th ° 5 ' «» « 

scale. Considerable a “ d ' nt .' vorks onl y '«l h the familiar Fahrenheit 
readings. Many activities ° n ” glVC " '° abovc - zero and bclosv-zero 

daily^mperature readings liter! 5 ke ' Pi " B " r ' C ° rd ° f 

frcquentl™ studied a ' ,emi °" in fo “»h grade. Some 

months, and years. Such concept’s" 7’ .’"T"*’ hours ' da >' s > wceks i 
sometimes included Tellinr, V A,M ‘» P * M *» an d leap year are 
form (7:35 a.m. or p.m ) Ls cL!,T’ 7 35 recDrdin g it in proper 

of simulated clock di* T “’e use may be made 
fourth-grade students have thpi^^ C a ' arm c * oc ks. Further, some 
class work. C,r own etches and may use them in 

Our knowledge of the 

arithmetic topics on a recurrilh® ? ro , C ' SS has caused us to present 
the study of time, for example and' 5 ,', Kcm lo S ical to take U P 
P eted. In actual practice, however ^t”" ” Umi1 ,he ,0pic is con> 
» give students repeated short contact'' i*" 0 " ' ha ‘ “ ‘ S morc effective 
Some arithmetic text, have exerr' T* the material to be covered. 
'"' nt v different places dealm S wilh ‘me in fifteen or 
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Probably no phase of arithmetic offers a wider variety of oppor- 
tunities for problem work than does measurement. Many good 
problems are presented in textbooks. Frequently, the teacher can 
provide even more effective problems. And why not let the studen s 
develop problems? Maybe we as teachers are guilty of confining 
students very closely to problem solving when they should be combining 
this type of work with problem recognition and development. Gr 
Tying results sometimes may come from having students make up 

sss s zx Jr — ee 

of students a few decades ago. 

T'achms aids There is « 

instrurnentTor devices^re readily available in the school or community. 
Others may be made by the teache. r an ^ Mtasurmml 

Two films that would be helpTu , Y series, Hrslory 

and Story of Wei g hls and Measures. Young America 
of Measures, would be applicable at S 

Some filmstrips are 

1 . “Advancing in Linear Measurement , Society for 

2. “Advancing in Quantity Measurement, 

Visual Education. 

3. “Measurement”; Films 

,, i hv Young America rums. 

4 - :r "f and “The Calendar- (6 films) ; 

6*. “Units'oLMeasurement,” both sets by Popular Science. 

Although there is still considerable 

C. Using Arithmetic In Crad. Four emphasis on jm g " d ^, cx ,book 
writers usually begin bu ' 

problem situations ar„ ^ ^ aduk matters . 

some attention is g 
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Many fourth-grade students have an allowance or have duties at 
home for which they are paid. Consequently, many fourth-grade 
teachers provide opportunities for students to study earnings, costs, 
savings, and other aspects of money usage. Before problems with money 
can mean very much, however, attention must be given to certain 
symbols. 

The student probably has had contact with the signs for dollars (S) 
and cents ($). Nevertheless, the fact that S2 and 42$ is written S2.42 
can be confusing, especially since decimal fractions have not yet been 
studied. The usual approach is to explain simply that the point (.) 
separates the dollars and cents, without going into technicalities, 
students should learn to visualize S2.42 as two dollars, four dimes, 
and two cents. They may want to use “pennies” for “cents.” It should 
leveT^ d 0Ut . ,ha ' ' cems ” i! the correct word. Incidentally, at this 
Cent” P °‘ read “ and "' ,ha ‘ is ' “ ,wo dollars end forty-two 

inc, r nVOl ^ nS f ° Ur loorlatnental operations and money are 

be enil d r r t 8radC - In addit!on a " d subtraction, students may 
not explain whv th P ° itm 5trai S ht ” -le, however, dots 
tract like quantiiies onTy. Tte.Ttt we" add''" ** We add " ’“h' 

S2.42 

1.33 

S3.75 

cIXlit “ d '™' -re that we add cents to 

and borrowing in such on ,■ FS -° do ars * The meaning of carrying 
Wha, would be ytrt™';"; " to d '™nstra,e. 

I- 6 =. if you muldpli^doTlars'hy SST *5“ ^ ^ ™“ ld 
to answer, “square dol i ars „ Qf J ars - It would be a poor pun 
would be meaningless All * suc ^ an operation with money 

certain number of stacks earh i- 01 ^ dualize here would be a 
dollars, such as 3 groups of Ss'LI't^^tbe ' ^ 

$8 

x3 

v S24 

ote that the 3 is not dollars; rather, it tells how many groups of dollars. 
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Confusion can ensue, however, because this principle cannot always 
be applied in the literal sense to division. If we use the measurement 
concept ordivision, we actually divide dollars by dollars. For exam P ,e ' 
how many groups, each containing S8, could we make from S24. 
Here, we would divide S24 by S8 to get the 3 groups. On the other 
hand, if we want to divide S24 into 3 equal groups, we would find the 
size of the groups by dividing S24 by 3 (not S3) to arrive at the fact 
that each group would contain S8. Real-life s.tuat.ons are perhaps 
best in developing problems with money. 


TABUS AND GRAPHS 

The presentation of data in the form of simple graphs may begin in 
founh "grade. Usually this consists of rather elementary phonal 
graphs with a few simple questions for students to answ ■ ‘ 

£“ «£'>- " ■” " l " 
waterfalls in order to make cerlain “” P stapk’ tab,es in some of the 
Many types of data involve using these 

fourth-grade books. Activiti the tables> Q r making 

data in problems, completing c™F ^ ^ revme of that found 
other tables of their own. ne use o a mu i t ipli c ation tables 

in previous years. Whereas ear i now give students the task 

for students to mem0rl ^ s m T n h y ro u g h use of dittoed sheets, the teacher 

of making their own tables. S very meaningful exercises of 

can frequently give the stuuen 
this type. 

One of the major goals of arithmetic 
teachers is to develop skill m prob- 
D. Problem Solving j em solving, and this is true throug 

out the elementary grade. Problem “^ W ^\^shown 

are now introduced throng ^ Y et, despite all the time and 

devoted to problems than to ex ^ Grossnickle, The Neui Learning 

1 Leo J. Brueckner.EdnaL.^t ^ Winston , Inc , 1956), P 287. 

Numbers (New York H » 
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effort devoted to teaching problem solving, this phase of arithmetic 
still gives a great deal of trouble. 


QUANTITATIVE THINKING 

As has been mentioned earlier, some students find it difficult to think 
quantitatively. Such students would be happy to settle for semi- 
quantitative descriptions, such as large or small, and depend upon 
others to go beyond this point. Hence, one task or the teacher is 
convincing students that this unique type or thinking is essential. The 
best approach seems to be bringing the students into repeated contact 
with real problem situations which require a quantitative approach. 

t 1S C ccl ' ve * n Helping students to see the need for problem- 

solving skills than arc threats or pep talks. 

ABILITIES NEEDED IN PROBLEM SOLVING 

secm^fWlmv •I'™" 1 ° f pr ° b,cm soi ™S » that this ability does not 

grc« troubk w "h SlUdcn,S ° f outstanding ability have 

g, eat trouble w„h St; others „r lesser ability seem ,0 take it in their 

r re<,Uir ' 3 "’ Bh ,cvc ’ or ,hinkins ’ 

that there are many factors • * ■ ° r ' m P ortancl: - It is generally accepted 
in nature. Thus, it would no" beT"”’ uT “f."' 1 "' 1 ’ “ qu = n titative 
common occurrence) for a nersnn . ln,pOTSlbI '; (indeed, it is a fairly 
verbal factors or intelligence to rank’” “Y “if 1C ' Tl ° f abili ‘>' in ,hc 
factors. Problem solvinv . *' :ons,d ' rab, >’ Io 'vcr on non-verbal 
telligence, bu, a par icula TT ' “ 3 S,ud '"‘ no. only in- 
student is lacking “ 

Highest possible level of arhif-v* , 1 att cmpt to bring him to the 

. Mother requirement P ati cnt ‘^hing. 

m that many students who are r -a^'. ^ tS> too > Hecomes confusing 
with problems. Thi, 8 °° d difficulty 

reading, most of which do b ' Causc there ™ *yP« of 

upon what is read. Problem solvln * al 3 C ° Urse of action bc bascd 
Then a decision as to what sho^H'T'^ cai ' el “ , t analytical reading, 
some students become adept at fi Y ^ d °" e iS madc ' ^dentally, 
*e decisions (••„, metuTm ^"F , C “' '™ rds “ help 'hem make 

S OU d be discouraged, since thev y ’ , Certaml y> su ch practices 

solvmg and frequently’^,' sm^tm ‘ h ”' al P™P« of problem 
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Usually, these sections can be purchased separately if the teacher 
desires. Some other well-known tests are 


1. Buckingham Scales for Problems in Arithmetic,” Public School 
Publishing Company 


2. “Los Angeles Diagnostic Tests: Reasoning in Arithmetic,” Public 
School Publishing Company 

3 ‘ Achievement Tests: Arithmetic Reasoning,” Acorn 

Publishing Company 


3ch ° cl Achievement Test in Arithmetic Reasoning,” 
Public School Publishing Company. 

valuable* Uniter* 1 * 1 °" ev f r ’ t,lat *he teacber-made test is the most 
cred bv t b rCCOg,Uzm S a " d correcting difficulties. If adminis- 

n vork y habi u r a n “ may be USed *P°‘ error patterns 

"O'* 1 habm M "Cll as errors in final answers. 


TEACHING AIOS 

lev S cr C .he h tMchcr“s "kcwT “ of concrctc m atcrial at fourth-grade 
muni.y “r malcriaIs fr0m U,e “bool and corn- 

measurement would doubdas 1nvolv° rk ' F ” “ ample > P rob lems in 
Because of the nature of problem , f '“I'* 1 ' ° f rncas uring devices. 
hM or audiovisual aids available V, ""i” Jb”* 15 not a vc ry extensive 
lent film, Anthmitu : Undtm v 1 c vcr, hek-ss, Coronet has an excel- 
has a good filmstrip, “Solving” Pm bl ' Y °ung America Films 


tTh * E *^fciiH omr As students progress through l 

sequence or grades, differences 
pronounced. Hence, it is v italrn ,. ra ‘ c of icaming become rm 

ind - - - *£££ Sfsssx- recos " 

THI S hOW UAJLNH 

memm„ rd e",l| r '!" n n,e f„u" ;"g l^ ,h “‘ C iW '“ntcr have be 
" rcmcmb " " h - " hid - • 
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1. Since, in theory, we expect each student to wort to the limit of 
his ability, we must accept the fact that the slow learner should 
stick close to the fundamentals. Whether we work with him as an 
individual or as a member of a small “homogeneous” group, we 
should strive to help him achieve a reasonable degree of proficiency 
in arithmetic. Only minimum attention should be devoted to 
“fringe” activities. 

2 In fourth grade, the slow learner is likely to have considerable need 
for concrete materials. The teacher is confronted with the constant 
problem of allowing (or even encouraging) use of the concrete on 
occasion while, at the same time, trying to prevent undue depend- 
ence upon such aids. Any such material may ultimately retard 
concept development, and in this role it is a crutc 

3. The value of success as a stimulus to learning deserve ! S re ^ ™ 

phasis. Every effort should be made to ®ure *e slow 1^.10^ 
some measure of success and recognition. °m here since a 
the area of measurement offers unique °PP^ in the 

slow learner could well become the best yardstick m 

clas s . . t 

4. Very careful attention must be given to * e fai l u re 

arithmetic. Faulty work habits, — "gl* Served 
to recall basic facts, and other such relatively simple 

as early as possible. Frequently, correct, on is 

when the specific difficulty has been recognised. 

THE RAPID LEARNER 

. r .jjg rapid learner is 
One danger in connection with the e ucati er _ ac hiever. Hence, the 
that he may be content in the role o un at a j eV el consistent 
teacher must be on the alert to help aC anc j development of 

with his ability. Understanding the a s r 

generalizations should be expected o t ie r available for use in 

A fast-growing list of cnrichmcntmac 'y ^ „ D avid 

arithmetic. Some of these are Numb* -f of Teachers oi 

Eugene Smith, available from the a ion and Ginsburg, 

Mathematics; parts of Numb ers and i ai . * following arc aval 

and parts of J Little Storks, by p[ay ,, -side TnpsJ 

from Harper and Row, Publishers- the Number,” “Crossn 
Arithmetic,” “The Story of Time,” “Find the 
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1. Since, in theory, we expect each student to work to the limit of 
his ability, we must accept the fact that the slow learner should 
stick dose to the fundamentals. Whether we work with him as an 
individual or as a member of a small “homogeneous” group, we 
should strive to help him achieve a reasonable degree of proficiency 
in arithmetic. Only minimum attention should be devoted to 
“fringe” activities. 

2. In fourth grade, the slow learner is likely to have considerable need 
for concrete materials. The teacher is confronted with the constant 
problem of allowing (or even encouraging) use of the concrete on 
occasion while, at the same time, trying to prevent undue depend- 
ence upon such aids. Any such material may ultimately retard 
concept development, and in this role it is a crutch. 

3. The value of success as a stimulus to learning deserves great em- 
phasis. Every effort should be made to assure the slow learner 
some measure of success and recognition. Some teachers find that 
the area of measurement offers unique opportunities here, since a 
slow learner could well become the best “yardstick man” in the 
class. 

4. Very careful attention must be given to the diagnostic phase of 
arithmetic. Faulty work habits, erroneous understanding, failure 
to recall basic facts, and other such difficulties should be observed 
as early as possible. Frequently, correction is relatively simple 
when the specific difficulty has been recognized. 

THE RAPID LEARNER 

One danger in connection with the education of the rapid learner is 
that he may be content in the role of under-achiever. Hence, the 
teacher must be on the alert to help him achieve at a level consistent 
with his ability. Understanding the abstract and development of 
generalizations should be expected of the rapid learner. 

A fast-growing list of enrichment materials is available for use in 
arithmetic. Some of these are Number Stories of Long Ago, by David 
Eugene Smith, available from the National Council of Teachers of 
Mathematics; parts of Numbers and Numerals, by Smith and Ginsburg; 
and parts of J Little Stories, by Stroder. The following are available 
from Harper and Row, Publishers: “Games to Play,” “Side Trips m 
Arithmetic ” “The Story ofTime,” "Find the Number,” “Crossnumber 
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Puzzles,” “Magic Squares,” and “The Story of Zero.” These paper- 
back booklets are designed specifically for enrichment at the fourth- 
grade level. 

% ^ g°°d source book is W. L. Schaaf ’s Recreational Mathematics, pub- 
lished by the National Council of Teachers of Mathematics. Several 
thousand sources of enrichment materials are cited in this book. 

One point worthy of emphasis in regard to the rapid learner is that 
the teacher must resist the temptation to give such a student deadening 
tasks which are more closely associated with housekeeping than with 
earning. Because the rapid learner is usually willing to perform such 
as s (an can spare the time for them), the teacher finds it easy to call 
upon im, t ere y cheating him of the enrichment opportunities which 


something to Think About 

'l h ndardtT\ thin8! y ° U ' ‘ hc founh -S^ >«chcr, could do with a 

XSSSZzs? " st in ,hM y ° u - id - 

I ^d C h ; gradc arith ' 

■ £“■ h= has w 

'•^^;i" rth - gradm "» “ mu hiplication procedute 
require EJS ^ y ‘ e ' dS 6 °° d ^ f “ him - Would you 
5. A fourth! a T y ° Ur prOC ' durt? defend y°ur answer, 
when using the place vain" C, * SS Can handle addition very well 

fifty years ago and “™ ,s of wei ght and volume as taught 

jowhatfac 8 ,^ 

solving. Are r you r go'^ rad ' ‘' S,S r ° ur (or five or six) steps in problem 
your position; g haV ' >' our da! » ham these steps? Defend 


hrueckner, Leo J„ and G . S """ d 

kerning Difficulties, New York- a Th * Diasnosis and Treatment . 
Chplm 8 mi 9 deal specifically PPhton-Centuiy-Crofts, Ine., 195: 

P Wally m ,h , lmed , al mrk 
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Buckingham, Burdette R. Elementary Arithmetic, Its Meaning and Practice. 
Boston: Ginn and Company, 1953. 

Emphasizes principles behind the standard practices. 

Morton’s book, previously cited, describes that portion of each operation 
that is studied in fourth grade. 

Harper and Row, Publishers, has a set of eight enrichment booklets for 
use in fourth grade. 

Spitzer’s book on enrichment, cited earlier, has some helpful activities for 
fourth grade. 

Stokes’ book, cited earlier, devotes Chapter 14 to a discussion of a program 
for nine-year-olds. 
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Students should complete master)' 
of the basic facts for the Four operations on whole numbers in grade 
four. Probably no greater single stumbling block is encountered by 
students in or above fifth grade than the lack of mastery of the basic 
facts. Hence, these must be retaught at regular intervals, with con- 
centration upon those phases that are proving troublesome to individual 
students. 

This chapter presents the following topics: 

A. Number and Number Operations 
in Grade Five 

B. Measurement In Grade Five 

C. Using Arithmetic in Grade Five 

D. Problem Solving 

E. The Exceptional Learner 
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A student at fifth-grade level has 
A. Number and Number Operations had several years of contact with 
in Grade Five arithmetic involving whole num- 
bers. He has had a considerable 
amount of work with common fractions and may have been introduced 
to decimal fractions. Indeed, by the end of fifth grade, most programs 
have introduced all the major concepts in the traditional types ofarith- 
metic except per cent. Considerable attention should be given to de- 
veloping facility in using these arithmetic concepts. 


UNDERSTANDING THE NUMBER SYSTEM 

Arithmetic students of a few decades ago would be amazed at the 
emphasn which is now being given to building an understanding of 

and tor? T P r 0farithmctic Practically non-existent then, 
the chief emphasis was on memorizing and applying rules. 

datTba“ckm I ; T"" T f “ lly built u " d 'rstanding of number structure, 
lamer , „ , P ' aCe ' VaIue pockets in first grade, leads logically toward 
up to worl 8 ""? 11 ?' F!f ' h -^ dc « frequently called 

nfilliom mb ' rS “ large as 9 P'aces, that is, to hundred 

graders. Hm C ok" functional in the lives of fifth- 

to the degree that it contrih, I lncl »non of this type of work only 
system. The students should see' 'I *" understandin g °f the number 
of principles dating back to firstmade' n s Umbl:rS a furth,:r ^ration 
on large numbers include writing^hem 5° m ' of cIa!s activities 
and explaining their strurtmv. fu m f m dlctatl °n f reading them 
in addition, subtraction, and m S ° pn”!, ” y miUiom )- a ” d “ring them 

further attention is given tn ?' m0n: Important than place value, 
Understanding of place value vitalT* f™* gradc ' Not onl >' is an 
also a phase of readiness for decimal? W ” k Iarge numbcrs > it is 
In some programs s,„H„ . mal fra «lons. 
early in fifth grade. M teacli ^ totally g0 back t0 pi ace . value po^ts 

s etch companmem, fed it more effective to • 

tu ents work at the board or at th * ° F USC * n numbers, 

urc For example, consider the n , "V '° cxam!ne number struc- 
£*“* are railed „p„ n “ *«.!« shoivn in Fig. 8.1. 

<7 thousands,. N “merous ac.Mfe?, ” “ am P le - wha ‘ *■= 7 means 
«.v...es may be bull, around such a sketch. 
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Figure 8. 1 


For example, what will be the effect if we interchange the 2 and 3? 
The 7 and 8? What is the largest number we can get using these 
digits? The smallest? 

Some teachers like to use the place-value pockets with six or more 
compartments, but this may become very cumbersome. One solution 
would be to have color-coded sticks or cards. For example, a blue stick 
would represent a thousand, a yellow stick would stand for a hundred, 
and so forth. It is doubtful, however, whether the benefits derived from 
such a plan would justify the extra effort required to remember the 
code. 


Meaning in common fractions. As students advance through the grades, 
dependence on concrete representations should decrease. It is difficult 
to present common fractions meaningfully, however, without using 
concrete or semiconcrete representations. There is a tendency for 
students to use the names “top number” and “bottom number’ for 
the parts of a fractional numeral. The correct terminology should be 
used. The numeral below the line tells how many equal parts into 
which an object or group has been separated. Hence, .t denominates 
the separation, and this numeral is called the Jenemnalor. The numeral 
above the line enumerates, or counts, the equal parts under considera- 
tion; hence, it is termed the numerator. Once this nomenclature is 
introduced, every effort should be made to establish its usage by the 

programs recommend further usage of fraction boards or 
flannel boards with fraction cutouts at this stage rfi leanungl It w<mld 
be a good policy to use these concrete materials only with those Mudents 
who actually need help in understanding the fraction concepts. Nothing 
Tmore deadening than to require work with concrete materials of 
those who are ready to work with abstract concepts. 
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the whole number from the fraction, usually read “and.” Others use a 
device like the odometer (the cumulative mileage indicator on an auto- 
mobile) to lead into decimals. The last disk on the right moves faster 
than the others; hence it measures the smallest units, tenths of a mile. 
Other texts begin by formally terming this a new type of fraction, then 
citing common usages of decimals (as in the price of gasoline) to add 
variety. 

Regardless of the approach used in presenting decimal fractions, 
every effort should be made to relate them to common fractions. To 
teach .6 and , fl 0 as two different things, rather than as two ways of 
writing the same number, would be adding needless difficulty to the 
task of the student. 


Having presented the basic meaning of decimal fractions, many 
authors go immediately into the study of place value. The important 
feature of decimal fractions is that they represent an extension of the 
place-value concept in writing numbers less than 1. 

the u .? ffi r Ulty ‘ hat aris “ ' arly in thc stud f of decimals is based upon 

numerid HI '“'I" 8 d ” mal mb "= d numb '^ the 

one” ’ whil; £ JUSt thc M ° f ' ‘ho decimal point denotes “a 
Hen’e , h ' e r u S d hC t ° M ? , ,h ' ri 8 h ‘ <he point denotes “a tenth - 
wavs horn he 7 •”“! f " that he must Paces’- two different 
ZndTe ?' 1 AC,Ually ’ ,he numeral «• symmetrical 

P eceding nume a ' Z * ^ ^ ^ If oonsider 

whercasThe digit jttst to die rieht'* “ ° f thc >’ S P la « * — > 

been proposals that we place^he dr F “ ‘ h ‘ S raSOn ’ thcre haVe 
thereby making the decimal • Clma ^ P 0,nt above the Vs place, 

however, have not been widdyMce/tS”'” 1 figUre ' pr0 P osaIs ’ 

grade. Somc’ZliZZlIm m”"” "T'*' R ° man numcrals in fifth 
H is common pm'tL “ “V f ^ nUmeral < D 5 °°)' 

numerals. Some practice in cha ^ baS1C rU,es for writin S Roman 
numerals to the Arabic system a Tu S numb,:rs ™«en in Roman 
phase or thc fifth-grade program ° ^ Kvcts!: ’ u!uall y concludes this 

Round, „ s numbm. M anv arith„ .■ 
emphasis upon the value 0 r ™'V C 1®*™™ put considerable 
the computations in a problem or 1 "*• ans "' ra before carrying out 
ever, presuppose, a knowledee or ?' Es 'imating answers, hosv- 
(rou„di„g„(D isS risi J' of rounding "“mbers. This concept 
y uilhciilt for many students. If all numbers 
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were rounded downward; that is, if all numbers between 300 and 400 
were rounded to 300, it would be easy. If, however, the assignment is 
to round to the nearest hundred (the usual method), the student must 
decide which is the nearest hundred. Some teachers make this a 
mechanical operation by suggesting that all numbers above 350 e 
rounded to 400. It is important, however, that the student understand 
just what he is doing; why it is important; and how the process is 
carried out. If he is clear on the structure of number, he wtl mot need 
a rule in order to round to tens, hundreds, thousands, or to any other 

value. 


NUMBER OPERATION WITH WHOLE NUMBERS 

Although students at the " £2^ 

“nutltld U-grade tents in which 70 to 75 per cent of 
the total page space is devoted to whole-number work. 

Addition and sub, radon. It is never safe to aaiumeAa. the addition 
and subtraction facts have lesti ,he results of which 

“ receive 

special attention in the reteac ^ many fifth-grade 

Column addition is gi p . new s0 f ar as basic principles 
classes. This does not involve amy^g ^ thc length of 

are concerned, but the leve have 10 he carried out “in the 

the column, since m ° 7 J 7 n 7 fift h . grad e students adding as many as 

head.” It is not unusual to j a tter part of the year. Again, the 

6 three-place numbers dun g p column addition work, 

teacher must be very obscrvim dunng ofcourse , there are 

sincc poor work habits such as errors associated with 

certain patterns or 'f™ n “ b ^ in fiddling the carry numbers_ 
particular combinations i and L<* consi derable attention in fifth 

Another phase of addition that^e helpful in column 

■sirs ssr- ge-ss “ =■ t 
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After understanding has developed, practice will help most students 
develop facility in this type of addition. It is doubtful strategy, how- 
ever, to require students to learn as addition facts the vast array of 
“adding by endings” combinations. 

In subtraction, fifth-graders work toward the use of larger numbers. 
They study the different types of situations in which subtraction should 
be used. Most of the time devoted to subtraction, however, is spent in 
working on a wide variety of practice or drill exercises to develop speed 
and accuracy in subtraction. 


Estimating sums and differences. For many years, students have been 
called upon to apply the sensible answer test to the results obtained 
from a problem. This is still widely used and can be quite effective. 
Some programs are going beyond this point, however, and are having 
students estimate answers before they work the problem. This approach 
does not usually receive major emphasis in fifth grade. A student who 
can estimate reasonable answers before working a problem is demon- 
a > commendabl y I«el of understanding. For most 

Itr ;,uT, a T rr" could bc a ^ . 

" hould ! u / ,m P° ssib1 ' >° "take reasonable estimates 
should probably be spared undue agitation regarding the process. 

basic famuLr”‘' ““■ 1 Again - dia P'“ is ° f difficulties svith the 

plication may be cmsiderT' W ; h T Ver briefl >>. the fact nrulti- 
to basic principles in order to ^ 1 **™ of addltion - Others go back 
example, the exercise 12 x 24 ma^b" ^ 


24 
x 12 
48 
240 
288 


really multiplying by a 10 Tlf “ T‘ lti P 1 > _in S b V the 1, they a 
the second partial produci one the " see thc season for shift! 
usually omitted as non functionfn ' . ,hc Ieft ' zero in 240 

much-mechanized operation. “ d ° es shtm ' thc sense of 
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Some special cases in multiplication are usually taken im j n fifth 
grade. For example, in F 

24 

x30 

720 

we simply think that any quantity multiplied by zero wilt yield a 
product of zero, and this is written as shown. In some cases, multi- 
plication by zero is written as follows: 

24 

x30 

00 

ZL 

720 

The foregoing procedure does show the parallel operation between this 
and other kinds of multiplication examples. This system is little used 
now. A few decades ago, the expression would have been written 

24 

X30 

720 

By shifting the 30 as shotvn, the student could simply “bring down” the 
zero. With our present emphasis on place value, however, we could 
hardly justify shifting the 3 into the one’s place and the zero into an 
unnamed place. 

Other aspects of multiplication that are given attention include a 
study of the circumstances in which the operation is used, and how it 
can be used with large numbers. Also, checking of results is considered. 
Three approaches to checking may be presented. One, usable in such 
cases as 8 x 18, involves adding 8 eighteens. Another procedure is for 
the student to switch the positions of the multiplier and multiplicand 
and work the example again. The third is to use division; that is, if 
8x18 = 144, then 144 -4- 8 = 18. 

The expansion of concepts in multiplication is closely paralleled by 
that of division. The terminology is reviewed, conditions under which 
division is used are considered, and the process is broadened to include 
larger numbers. In some cases, up to three-place divisors are used. 

Two ways of interpreting a remainder are studied in fifth grade. 
Students are shown that, under some circumstances, it is sensible to 
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leave a remainder as has been done. That is, if 1 1 boys arc to be divided 
into two basketball teams, it is more realistic to have two five-man 
teams with one boy left over than to say we have 51 boys to the team. 
If, on the other hand, 4 apples are to be divided among 3 boys, it 
would normally mean that each boy would get 1$ apples. It is easy 
for adults to overlook the fact that both systems for handling remainders 
continue to be useful. 

Teachers have long recognized that division is a major stumbling 
block for students. There are several reasons for this. In 12)148, for 
example, the student starts at the left, whereas in all of the other 
operations, he starts at the right; and this is confusing. Further, his 
first step is to divide 14 by 12, although there actually is no 14 in the 
example! For years, his teachers have assured him that there arc 4 tens 
and 1 hundred in 148, but no 14. AUo, as he carries out the operation, 

' sees onl >' fragments of numbers in each step. Considering these 

fourth ^ J ro ^ ams are deluding division by subtraction at 

fourth or fifth grade. For example, 


12) 1728 

100 

1200 


528 

40 

480 


48 

4 

48 

144 


T^nlyXo'trmoed't^^r Who, = «* *= divisor 

line of thinking might be- "i"*’ ' T™” at tlle results shown. Hi 
leaves 528. I can take 40 ,akc 100 '»'*« out of 1728; thi 
4 twelves out of48. So I have tariff leaVes 48. I can taki 
Although research is still un ^ en 3 t0tal of 144 tvvelv es out of 1728.’ 
system, many teachers have foundiTl r f gard, . ng the merits of 

am W?ou'rse a ?h <,rbel r aV ' ra8 ' —ta*' ' ^ '***•'• 

quotient by the U dH S or'the 0 pc!;u CkinB ; n division is multiplying th< 
mgenious ninth-grade student hm ^° Uld be the dividend Ar 
some dupl, cation of effort in this nr""’ ^ P °‘ ntcd out ‘hat there i: 
the necessary multiplying in arriviL Tt He f ° U " d that hc had doni 
hc a ble to conserve cons'H . part,al Preducts in division 
consider able effort by using this fact 
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as shown in the accompanying illustration: 



A glance at the index of many fifth-grade arithmetic texts wdl 
indicate that a great deal of emphasis is placed on drill exercises in 
division. After the basic operations are learned, development of 
facility with the process is a major goal. 


COMMON FRACTIONS 

i W- and of the numerator as “how many of such parts” is 
Sly P re.augh. Concrete materials should be used if necessary. 

PnnreDts of fractional parts of objects and frac- 
Extending conc'p . be rev iewed and expanded. Another 

tional parts 0 P js a fraction indicates division, is frequently 

meaning ot tractions, > 

introduced in fifth introduce fractions as division through social 
Many P™S r ^ suppose 3 apples arc to be divided equally 
situations. - take the first apple, divide ; t j n(0 5 equal 

among 5 oy ■ t (Q eac h boy. The same could be done Tor the 

parts, and giv th e third. From each apple, each hoy would 

second app e.^ wcre 3 apples, each boy svould have 3 pictcs or 

receive „. obviously, the same result could have been obtained 
iomVmcdy by simply thinking of 3 * 5. Thus, ,hc fraction i 

denotes a division. 
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Adding and subtracting unlike fractions. The processes of addition and 
subtraction of like fractions is reviewed in fifth grade. These processes 
are then expanded to include unlike fractions. 

No longer does the student begin this work with a glib rule about 
“get a common denominator, add the numerators.” Indeed, many 
programs steer completely away from the term common denominator , 
placing the emphasis upon rewriting the fractions so that they will be 
like. 


One approach is the use of money, since coins have a “built-in” 
common denominator. Suppose we are confronted with the task of 
adding a quarter to a half dollar. One way, obviously unsatisfactory, 
is to say that 1 coin + 1 coin = 2 coins. Students object because they 
are not adding the same kind of coins. Many fifth-grades, however, 
know that, in making change, a half dollar is worth two quarters. 

"'t C0Uld Cha " gC the half d ° Uar <° >wo quarters, and 
result u h r a “ common denominator” of coins. The net 

doUarml t WC ^ rCdUCed ,he " v0 unUte factional parts of a 
or 75 t ,Uan " UeS and ’ hen “- can " ow them to get 3 quarters, 

ThTfarHn'T « ° f Concrctc ™><«ials in this phase of teaching. 

Is! o"!' X TJl b ° ard C0UM hdp 3 dca! - ‘ h <= 

that * is equal to \ The^efor^h CUt0lltS, * Student Can easil y conclude 
Will have two Bke fraction °+ i' °Th TT' "l 6 P roblera 50 that 
emphasis should be placed on tbr r ° ughout thls P art of arithmetic, 
they are like, that V have the a ^ Actions so that 

addition and subtraction of fraction e " 0mina,ors - Inc ldentally, in the 
just as is done with whole numbers ThT 7 ■ MS ‘ hCm “ columns 
operations are essentiallv th* r pomts U P the fact that these 
h H m adding cT^,^ £ and fractions, 

be treated as a “carryina" P* ! lm P r0 Pcr fraction, it may 

10 ones in the ones pocket we ca™ n p acc ‘ va l ue pockets, if we got 
if've add \ and } mget f’we at ^ ^ '° ° neS t0 1 ten - Likewise, 
place, yielding 1J, A], ’fraction' *' ° r *’ “"l™* ■« “ the ones 
demonstrating this idea. can be quite effective in 

Just as carrying ran j • 

rowing be used in subtraction' hlT add!tion “nation, so can bor- 
“ “ f ° Ur,hS ' 3nd convert the exe^s'e 2 f-T ^ ^ 

- d ost of the princlp,es 

PY Do y°“ remember how mixed 
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numbers were handled in earlier decades? Take If + 2± Thesludent 
would say, ‘4 ones are 4 and 3 are 7 to give V The same approach 
would be used to write 2J as f. Then i + } = £ + 12 = = 41 j n 

more modern programs, every effort is made to make there processes 
like those for whole numbers. For example, 

1!= If 
+2j = +2f 
3{ 

Upon carrying I, or 1 , to the ones place, we get 4{. Note that this 
process does not confront the student with any basically new concepts. 

Reducing fractions to lowest terms. Several textbooks introduce the 
process of reducing fractions during fifth grade. Once again, \ and £ 
equals f . By the use of fraction cutouts, rubber pies, or any of the 
other materials of this type, however, he can readily verify that f 
equals At this point, the teacher may ask what could be done with 
I in order to get \ from it. Many students will see that this can be 
achieved by dividing both the numerator and denominator by 2 . 
Ultimately, the teacher will show that 

2 2 2 _ 1 

4 4-r2 2 

The procedure for carrying out the mechanics of the operation should 
be presented after the students see what is taking place, and not before. 

It should be established that a fraction is in lowest terms, or standard 
form, when both the numerator and denominator cannot be divided 
evenly by any number except 1 . 

Teaching aids. The most valuable teaching aids in common fractions 
seem to be some type of fraction strips or cutouts by which the students 
can visualize the processes with fractions. These would be especially 
helpful in introducing processes which require finding like fractions. 

The Coronet film, Fractions: Finding the Common Denominator , is quite 
effective. Several filmstrips which would apply, at least in part, are 

Filmstrip House 

1. “Working with Equal Fractions and Reducing Fractions” 

2. “Working with Like Fractions and Improper Fractions” 

3. “Adding with Fractions” 

4. “Subtracting with Fractions” 
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Society for Visual Education 

1. “Changing the Terms of Fractions” 

2. “Adding Like Fractions and Mixed Numbers” 

3. “Subtracting Like Fractions and Mixed Numbers” 

4. “Adding Unlike Fractions and Mixed Numbers” 

5. “Subtracting Unlike Tractions and Mixed Numbers” 


In some programs, decimal fractions arc introduced in fifth grade. 
The expansion of our base-10 system of numerals to a way of writing 
numbers less than 1 can tale place so naturally that students may not 
realize that something new has been presented. Further, where the 
decimal system is understood by students there should he little difficulty 
with the major concepts. 

tiom°a t r,ST- mS ,T Ph - aSiz ' ,he rda,ions1 ><P between common frac- 
houtt h? r u factions. For example, ( dollar or 50<, may he 

nclude theo 7 °r u i0lllr - T1,c r,r,!, -e rad ' program commonly 
includes the study of tenths and hundredths 

andrL 0 e P d C d a ecZ, 0f:iddit!0 n : ' nd sub,racli °" decimal fractions 

in these operations are “so dmihr^hf COrryins “" d borro " Hng 
numbers little . !° thc samc Processes with whole 

.he’^ah^tipi 1 ::; c r oun,crcd - 11 ** ' mph “ i2cd 

to insure that we add like quantities S ' ra ' Sht ” “ “ Iogical dcvkc 

aloud, writing thlm from' d* P e ” cnce ,n reading decimal fractions 
odometers, and rulers ^ihrMe^ln^nths^f 


a. Measurement In Grade Five ^ j tUdentS P r °gre5S through the 

grades, their work svith measures 
New units of measurement ,, Sh0Uld under g° several changes, 
the skill with which stud J be ,n,rl >duced in each grade. Also, 

measurement, should improve bcnce ,he accuracy of 

progress in their basic understand, n ' r “ “ h ° ped that 'W w>U ">"1": 
onden, -S ability to estimate distant Foe example, a 

standing) should improve. ^ B ° od indicator of under- 
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Extending concepts. Length is probably the first kind of measure used 
by children. Although most of the common units for measuring length 
are introduced earlier than fifth grade, they are frequently rctaught. 
Units of length that are studied usually include inches, feet, yards, 
rods and miles. Most of these units are taught through activities 
involving rulers, yardsticks, and perhaps a steel tape. Many measures 
inside and outside the classroom may be made, with the students doing 
some estimating and comparing with results of their measurements 
Also, considerable attention is given to the relationships among the 
various units of length and converting from one unit to another. 

Liquid measures usually included for teaching or «teach™g >n fifth 
erade are the cup (or half pint), pint, quart, and gallon. Since many 

5S' WhrooiV seive mV in half-pin, -nom they are 

available for use. In general, the same types of 
mentioned for measures of lengt may e ’ convcrting from onc 
concepts of size through use of measu g » ^ Qnc dimcultv 

unit of measure to another, md ■ esumat^ ^ ^ 

sometimes arises from teachers . . s an d fruit jars, 

measuring devices, such as mi canons wi ’ [h a particular 

^o^L" cTbe avoided if the leacher is carcfu. to use 

peck, and bushel. Along with informed that a bushel of one 

viouriy described, the student is usually mformed^t ^ ^ ^ of 

material may weigh consi era ^ of pcas wc j g hs 60 pounds, 
another material. For examp . ^ pounds. The amount or 

whereas a bushel of oats ^measures is gradually being reduced, 
time given to the study o r> )csJ stu dent contact with such 
since urbanization is resulting 


measures. 


measures 


— , j, as decreased, attention to 

As emphasis on dr>' mcas c f commodities (such as 

of weight has increased becaus > thc bushel, half bushel or 
fruits and vegetables) forme) > several unils of weight that 

peck, are now sold by the pound W Indeed, 

were formerly taught no ' '“"^en, only ounces, pounds, and ions, 
many fifth-grade texts no P - d Somc teachers like lo base 

Simple scales are useful «»£•** is slightly more abslrac. than 
thc students estimate weight . 
estimating distances. 
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Temperature measures are usually limited to the Fahrenheit scale. 
Frequently, the principles of operation of the thermometer are discussed 
as a “fused” science-arithmetic activity. The method of reading a ther- 
mometer is studied. Temperatures are measured inside and outside the 
classroom, above, and on one side of, the radiator, in boiling and 
freezing water. Records of outside temperature over a period of days or 
weeks are kept. Some programs include the clinical thermometer and 
the technique of measuring body temperature. Amounts of increase or 
decrease, differences between readings, and local temperature prob- 
lems are considered. The teacher should note, however, that it is 
incorrect to use such terms as “twice as hot” or “half as cold” in 
working with Fahrenheit readings. Do you know why ? 

By the end or fifth grade, students have studied numerous units for 
mcasunng time. Among them are the second, minute, hour, day, 
week, month, year, and century. Practice for those who need help in 
a U T s ! 10 “ ld , b ' provided. The use of the “second” hand on 

activities TL ' U A great deal °f attention is given to such 
into th ■ nver ting from one unit to another. Some programs go 
life are stre^c'^T},^ 0 ’ . and .”' c ' Problcra5 involving time in everyday 
g tin. ertain difficult >'’ a, grade, in 

such measures “ reaU *” ° f measu ms, since 

way that most other kinds of measur«do° C ° nCm ' trCa ' ment “ ** 

temperature' are idealh Tf?,* m " SU ™= notably time and 
studying certain phases of p" :d r 0rCOmblmng .' vith oth = r subjects. In 
could be correlated. The tcachn^Tf I,: ‘ ? rith “ etic and geography 
of arithmetic to other subierrs 1. U d Swdc 10 sbow tbe application 
as something that hannem ' , "' P ° SSiHe - ^ id e* of arithmetic 

by such practices! W 0nly ” ari,hm «ie class can be minimized 

Square measure. Many fifth 

area. This, of course. shooldT.-ZT™ 5 introd n« measures of 
geometric figures, such as the J ?Keeded h Y s °me work on simple 
au S >c. These are usually a " d Possibly the tri- 

scarf or handkerchief, unfolded, on P US '" g famillar ob i«ts, like a 

a tnangle; table tops; chalkboards I n' * 5qUare or Mded to produce 
areas. Having examined a square’ t f i n ° 0r ° r,bcc! assroom; and play 
rectangular one (a bit of confusion . ^ ? P and com P a red it with a 
‘ actually a special kind ofrectan.M "““l* fr ° m thc ract that a square 

ter own statements about hwfc, f can frequently develop 
now the two shapes of table tops differ. 



MEASUREMENT IN GRADE FIVE 235 

This is more effective than to have them begin by learning definitions 
oi geometric figures. 

After the students have learned to recognize the geometric figures 
most texts proceed to the study of perimeter. When given an oppor- 
tunity to do so, many students can devise their own method for finding 
perimeter. For example, in the rectangle shown in Fig. 8.2, one 
student might think, "2 feet + 12 feet + 2 feet + 12 feet = 28 feet, so 
the perimeter is 28 feet.” Another might use this line of thought: 
"There are two 2-foot sides and two 12-foot sides. So 

2 12 

+2 and +12 
4 24 

and 24 feet -j- 4 feet = 28 feet.” Another way of thinking would be 
“2 feet -f- 12 feet = 14 feet; since there are two of each such measures, 
the perimeter would be 14 feet X 2 = 28 feet.” Also, there will 
always be the youngster who needs to take a yardstick or folding rule 
and measure each side. Students, however, need the opportunity of 
coping with unfamiliar situations occasionally, and such opportunities 
are abundant in the study of the perimeter. 

Many teachers like to introduce the measurement of area by pro- 
viding students with cardboard blocks cut into square feet and square 
inches. Then students may measure the area of selected surfaces by 
actually placing the square-foot or square-inch blocks on them. After 
the concept of area has been established, the blocks are discarded. 

By a variety of laboratory experiences, such as that described in the 
previous paragraph, students are led to discover that there is an easier 
way to find the area of a rectangle, this being the product of length and 
width. Some teachers present this concept with such interest-holding 
devices as a pan of fudge, the culminating activity being that each 
member of the class receives one square inch of candy. 

After the students have become acquainted with the concept of 
measuring area, many teachers let them work with three units: square 
inches, square feet, and square yards. Although the square mile will 
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come later, it is of doubtful value to fifth graders. Charts are available, 
or can be prepared in the classroom, which show graphically that a 
square foot contains 144 square inches, and a square yard consists of 9 
square feet. Some work on converting from one set of units to another 
is usually given; however, this is not a point of major emphasis at 
fifth-grade level. 

It was mentioned earlier than many denominate numbers, that is, 
numbers associated with names, cannot be multiplied by the same 
denominate numbers to yield sensible results. For example, $2 x $2 
cannot make sense nor can 2 gallons x 2 gallons. Area or square 
measure of a rectangle may be considered the number of units of length 
times the number of units of width, where length and width are 
expressed in the same units. In teaching area, some writers prefer to 
make the multiplier abstract and the multiplicand a denominate 
number expressed in square units. 

aids Probably in no part offifth grade arithmetic is there a 
Furtl r a' 1 ' am SUp P ? Caching matc rials than in measurement. 

It ' t' ma 'T a ’ arC abS ° lutely vi,al ' s!n “ a "»»« h“ve 

X mean n r ? a. I"™" 5 devices for measurement 

or in , he e—. ^’ matCriak arc a ™' ab 'e a ' «*«I 

brought from hom " e "' l11 n " d a fcw P int and quart jars 

Vou elnrtT. Cl’ neb y ° U *“ PTObably have 

teacher, and many o,he™™nTebT’ “7“ P !r Cal ' ducation 
measurement. H P provlde matc rials for teaching 

““«* “ 
aad ■ . For teaching perimeters 

California, has a “O nc Square Yard” T Huntln S 10n Park . 
Hoard" that would be helpful. board ° nd a “ p enmcter Area 

helpful. Coronet haTtl, me it 1 mi:n,i ' ,ned earlier, could be 

Mt&nirmtnt' Mtaiyrinp Areas • c„, ° n ™ a5u,Tm ent at this grade level: 
JWv, Many of the films, rip,°d?ri7n ’Z' ,s ’ !m &St°y<>fWaghlimi 
he uirful at fifth-grade icrei. P c,lca >" the previous chapter would 


c “"•lArtti.nmk a. , ha! b 'e n not cd, much of th 

arithmetic in earlier grades ecu 

" fac " " ai frequently incon^J°-" d g T S - Dri " 0n th 

P° 'ed into play activities. B 
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fifth-grade level, however, many students have outgrown this type of 
teaching and are ready for a more straightforward approach. 

Business usage. It is, of course, too early to go into “business arith- 
metic as such, but many textbooks include certain simple business 
practices for fifth-graders. A few real-life situations used by texts are 
buying and paying for school lunches, keeping a record of expenses on 
a trip, grocery shopping, earning and spending an allowance, and 
working for various rates of pay. In these and many related activities, 
students are brought into contact with elementary but basic business 
practices. 

Graphs. Another example of applied arithmetic in fifth grade is the 
use of graphs. Work on graphs has a great appeal to those students who 
like to think in an orderly pattern and is a great bother to those who 
are not particularly systematic. Line and bar graphs can, however, give 
students valuable training in seeing relationships between sets of data. 

Many teachers prefer to depart from textbook material and make 
use of locally obtained data in working with graphs. For example, a 
graph could be used to show the scores in a game, the temperature 
reading each morning for a week or so, rainfall, and other kinds of 
data. Usually, students first become familiar with graphs by reading 
data from them. Then they are given an opportunity to make their 
own graphs, using data which they have secured. 

Frequently picture graphs are introduced along with the bar and 
line types. These, of course, involve a slightly different concept in that 
students are called upon to multiply each symbol by a fixed multiplier. 
Usually, work with picture graphs is limited to reading, rather than 
preparing, such materials. 

Some texts include work in reading and preparing tables. Inciden- 
tally, it is easy for adults to overlook the fact that special skills are 
involved in reading a table. Since tabular material is usually of the 
same general nature as that used in line and bar graphs, the work on 
tables and graphs is frequently correlated. 

Scale drawings. Another applied arithmetic topic that frequently 
enters the fifth-grade program is that of scale drawings. This type of 
work can be made most meaningful by using local situations. Some 
teachers start with a scale drawing of the classroom. Others prefer a 
playground area, such as a baseball diamond. After the concept is 
established, several other types of drawings can be used, such as simple 
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house plans and road maps. Generally, fifth-graders limit their ac- 
tivities to reading rather than preparing scale drawings. Even at this 
level, however, such work can be valuable in introducing the 'concept 
of proportionality. 

Teaching aids. Generally, it is accepted that you cannot do much 
with graphs except by working with them. Certainly, the same holds 
true for scale drawings. So, whether such materials be teacher-made 
or obtained from other sources, teaching materials are vital in this type 
of work. 

Two of the Coronet films would, at least in part, be of assistance on 
these topics. They are Maps Are Fun , which might also be useful in 
geography, and Th , Languagt of Graphs. Several previously cited 
filmstrips would also be useful. 


_ _ . , „ developing a reasonable profi- 

° v n * ciency in solving “word problems” 

„ n j, A |,. , ... should receive emphasis in fifth 

inTctdnf “ S S, ‘ U SKk Pr ° blcm *»&»» <hat are real and 
higheTdet „r ra0VC '°' vard probkms ° f grater complexity. A 
\' m P hasizri - A " d - of course, each year 
drnu lean, addmonal number operations to use in problem solving. 
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to a point where the student can continue on his own and leave him to 
complete the task. 

The teacher has a third function in problem solving, that is, looking 
for clues to remedial work that might be needed. As mentioned earlier, 
diagnosis of difficulties is primarily a matter of teacher attitude. During 
periods of problem solving, many students show evidences of poor work 
habits that they do not normally exhibit. This, then, is a good time for 
the teacher to be on the alert for symptoms of basic difficulties. 

Some techniques. Several phases of problem solving receive special 
attention during fifth grade. One of these is estimating answers. It is 
safe to assume that students who consistently give reasonable estimates 
of answers before finding solutions are thinking correctly about the 
problems. Hence, some textbooks frequently call upon the student to 
estimate answers before solving problems. 

Mental arithmetic, once the pride and joy of the mental discipline 
advocates, is included in some programs as a part of problem solving. 
This, you will recognize, is similar to estimating answers, except that 
in mental arithmetic fairly easy numbers are used so that most students 
can handle the operations mentally. Some teachers believe that the 
“no-pencil” problems appeal to their strong students but definitely do 
not draw enthusiastic response from average and below-average 
students. 

The mechanical solving of problems according to a given set of steps 
has largely been discarded. Many teachers like to see how many 
different ways their students can devise for solving problems. Every 
class has its quota of non-conformists. It is to be hoped that teachers 
will view such students as challenges rather than as nuisances. No 
phase of arithmetic offers more opportunities in this direction than does 
problem solving. 

Other techniques that are useful with fifth-graders in their work 
with problem solving are (1) using analogous but simple problems in 
order to comprehend a more complex process, (2) drawing diagrams 
to help visualize a problem, (3) noting similarities among situations; 
that is, a student who can solve a particular type of problem dealing 
with measures in feet should be able to solve a comparable type of 
problem using yards or miles. 

Tracking aids. Since the goal of the teacher is to move from the 
concrete to the abstract as rapidly as possible, many teachers prefer to 
keep fifth-grade problem work on a fairly abstract level. If, however, 
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there are students who still need to use concrete or semiconcrete 
materials in problem solving, presumably such materials should be used. 

The Coronet film, Arithmetic: Understanding the Problem, would be 
applicable. Also, parts of Coronet’s How to Find the Answer could be 
used. “Solving Problems,” the Young America Films filmstrip, is quite 
effective. 


With each advance in grade level 
E. The Exceptional Learner and the corresponding increase in 

chronological age, the ability range 
in a class increases. As a result, the problems associated with excep- 
Uonal pattern! of learning become more pronounced. Indeed, one can 
hardly concave of a group, even a so-called homogeneous one, where 
these problems do not exist. 
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relax and not even try. The best remedy for this situation is to 
guarantee some degree of success by using simplified assignments 
for them, 

3. It is a part of the slow learner’s pattern of operation that he has 
special difficulty with abstract reasoning. Therefore, he will 
normally require much more work at the concrete and semi- 
concrete levels than will the students who possess average or 
above-average ability. 

The authors, in working with individual students who are having 
trouble with mathematics, have observed that fifth grade is an es- 
pecially important year. Children who failed to learn a process, or 
who learned it incorrectly, frequently get as far as fifth grade before 
thesituation becomes critical. A few actual cases illustrate this situation. 

Pupil A had difficulty with addition, but neither parents nor teacher 
could be more specific as to the difficulty. Work with the flash cards 
indicated that he had an adequate knowledge of the basic addition 
facts. By having him work aloud, it was noted that column addition 
gave him a great deal of trouble. Further testing and observation 
indicated that, in column addition, he almost invariably stumbled when 
he added a 2. He could add in 7's or 9’s quite accurately, but a 2 would 
throw him. Concentrated drill on this corrected the difficulty in short 
order. But, unfortunately, this was just one of pupil A’s arithmetic 
deficiencies. 

Pupil B had been in overcrowded classrooms for her first three 
grades, so that there had been inadequate opportunity for individual 
help from the teacher. As a result, if she learned something incorrectly, 
it was very likely to go unnoticed. By the time pupil B was a fifth- 
v rader T h was apparent that she was having trouble with multiplication 
and division. A simple oral test indicated that she was able to use the 
basic facts quite well. Since multiplication skills are essential in long 
division she was given some work-aloud exercises in multiplication. 

It developed that, in multiplying 207 by 7, she was thinking “7 sevens 
are 49, put down the 9 and carry the 4; 7 fours are 28, put down the 8 
and carry the 2.” Intensive reteaching, followed by drill, cleared up 
this point in relatively short order. 

The rapid learner. Many fifth-grade texts have suggestions, variously 
entitled, for enrichment activities. In other arithmetic series, these 
suggestions appear in the teachers' guide. Nearly all texts now provide 
some form of assistance to teachers in their work with rapid learners. 
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Many fifth-grade pupils could make profitable use of some of the 
reference materials that are available. For example, good material on 
many mathematical topics is to be found in the more popular 
encyclopedias. 

It would be impossible to cite all the available sources of enrichment 
here but, the Harper and Row series is outstanding. Some of their titles 
(fifth-grade level) are “The Story of Measures,” “Crossnumber 
Puzzles, Jokes and Riddles,” “Numbers Do Strange Things,” and 
“Ways to Multiply.” 


SchaaPs Recreational Afalkematics , published by the National Council 
of Teachers of Mathematics, should be a valuable aid to the teacher. 
This is actually a guide to the literature, or a “source of sources.” 
One of the eight chapters lists sources available to the teacher for 
assistance in arithmetic and algebra. The best materials however, will 
be ineffective unless wisely used. The first requirement to be met in 
c a cnging t e rapid learner is that the teacher recognize the need for 
oinchment. Then she must try to secure the needed materials and 
make them available to the rapid learner. 
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6. Do you have trouble with problem solving? Make a list of difficulties 
you may have experienced and analyze them for patterns and possible 
remedies. 

7. Prepare a list of problem situations that could occur in the lives of 
fifth-graders. Show how one of these could be used in the teaching of 
arithmetic. 


Selected References 
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A 

J- Y.s students advance through the 
grades, the topics emphasized in arithmetic change according to grade 
level. In the lower grades, a major effort is made to develop under- 
standing of numbers and our system of numeration. This continues to 
be a goal of arithmetic teachers at all grade levels. With each suc- 
ceeding year, however, more attention is given to learning the basic 
facts for the four fundamental operations on whole numbers. These, 
in theory, are mastered by the end of fourth grade. 

By the time the student enters sixth grade, he has had contact with 
most of the major phases of arithmetic. Hence, the chief goals in 
sixth-grade arithmetic are (1) the development of a higher level of 
understanding of the arithmetic processes which were introduced 
earlier; (2) the introduction of a limited number of new arithmetic 
processes; (3) the development of facility in the use of the arithmetic 
processes in a wide variety of applications. 

The following topics are presented in this chapter: 

A. Number and Number Operations 
in Grade Six 

B. Measurement In Grade Six 

C. Using Arithmetic in Grade Six 

D. Problem Solring In Grade Six 

E. Some Departures from Earlier 
Pattern* 

F. The Exceptional Learner 
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Much of the work in number oper- 
A. Number and Number operations ations in sixth grade is review. 

in Grade six Most texts cover these topics rap- 
idly, with the prime purpose of 
reestablishing certain skills that may have been lost through disuse. 


UNDERSTANDING THE NUMBER SYSTEM 


One might well wonder how long the teacher has to bother with this 
phase of arithmetic. Does the time ever come when a teacher can 
assume that her pupils understand the number system? It is the 
nature of learning that repeated contact with a concept is vital to 
understanding. Hence, even at sixth grade, some attention is given to 
the development of an understanding of our number system. 


• In Slxt h grade, the students usually work with numbers 

in the billions. This includes reading and writing such numbers and 
"T m ..f oblcm! ' VVhen suab numbers are first introduced, 
to a Z “ h r “V 0 g °. b f Ck f ° r a qukk re ™"’ of P lare value in order 

:“!b“t r ^ many dig!lS d “ "* «h»» 

thembTrecu^n??,? “ Sh ° W ,hat ’ in " Titin g >“g<= numbers, 

structure of our system of numeration ** “ darifieS ‘ hC 

“,‘ he rail *. — < b ^ 
ey uncuon in the lives of sixth-grade 


NUMBER AND NUMBER OPERATIONS IN GRADE SIX 247 


students. Although it is probably true that sixth-graders would not use 
such numbers in daily living, these numbers do figure frequently in the 
news which they read and hear. Many industries deal with such 
numbers in annual payroll and production figures. Space travel discus- 
sions make use of such numbers in describing distances, and there is 
always the national debt. 

Decimals. The various textbooks differ considerably in the amount 
of work with decimals given at sixth-grade level. Some go to 
thousandths, others to ten-thousandths, and others to millionths. There 
is agreement, however, about the objective. A major goal is that the 
students have an understanding of the structure of decimal fractions. 
Hence, place value (frequently using place-value pockets) receives 
considerable emphasis. Along with this, many texts stress that decimals 
represent an extension of our number system, so there is no need to 
think of them as some kind of new number system. Our system of 
money is still referred to as an illustration of “decimals in action.” 

Rounding whole and decimal numbers. It was mentioned earlier that the 
student, if he is to apply the reasonable-answer test, must be able to 
round off numbers. Somehow, this process gives considerable trouble, 
even to college students. Yet it involves nothing except an under- 
standing of place-value. 

Most arithmetic programs associate rounding off with real-life 
situations. Further, this process is usually studied in connection with 
its most valuable application, that is, estimating answers. 

Roman numerals. Most texts present a review of some of the basic 
principles of Roman numerals. The fact that there is no Roman 
numeral for zero is reviewed. Along with this, it is pointed out that 
place value is used only in a very rudimentary way and is based upon 
an additive or subtractive process. The weaknesses of this system of 
numeration for use in the fundamental processes are reexamined. 

The use of Roman numerals in writing large numbers is presented. 
Some texts give the students practice in reading and writing numbers 
to a thousand. Others go as high as two thousand (MM). 

It is important that the teacher keep work with Roman numerals 
in its proper perspective. Since this system has little value to us today, 
it is usually studied as being of historical interest and as a means of 
helping the students to develop an appreciation of our Hindu-Arabic 
system. Most sixth-grade textbooks give very little space (frequently 
only one or two pages) to the Roman system. 
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NUMBER OPERATIONS WITH WHOIE NUMBERS 


Although whole-number operations have been studied every year 
since first grade, the sixth-grader still has some work to do in this area. 
If we assume that the student has made normal progress to this point, 
his work with whole numbers in sixth grade will consist largely of (I) 
a review of the fundamental meanings of the processes, (2) rapid 
review of the basic facts, (3) application of the facts to new problem 
situations. 


Addition and subtraction. Addition for sixth-graders frequently begins 
with a series of diagnostic tests. This is logically followed by reteaching 
of the weak points as revealed by these tests. 

Variations or expansions can take several directions. One is the use 
of longer columns. It is not unusual for sixth-graders to be called upon 
to add one-place numbers in columns of 8 or three-place numbers in 
columns of 6. Some programs go as high as five-place numbers, 
usually with a limit of four addends. Another variation is that of 
ddmg numbers written from left to right rather than in columns. 
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programs include a certain amount of reteaching the fundamental 
meanings of these operations (multiplication as repeated addition, 
division as repeated subtraction). Along with this, the students 
consider the circumstances under which each operation would be used. 

The use of these processes with larger numbers is included in sixth 
grade. Two- and three-place divisiors and multipliers are used, and 
some texts go to even larger numbers. Further attention is given to 
the use of denominate numbers in multiplication and division. The 
circumstances under which one denominate number may be multi- 
plied by another (feet X feet to yield square feet) are reviewed. In 
division, the measurement and partition meanings are reviewed and 
problems involving each meaning are presented. . 

With the hope that understandings will be developed many teachers 
encourage students to estimate products and quonents before workmg 
a problem. The "sensible answer” check, however, seems to be far 
more popular with teachers than with pupils. 
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denominator tells us; what the two terms tell us when written together; 
and what different meanings may be given to fractions. 

Addition and subtraction. Since the fifth-grade program usually includes 
the addition and subtraction of like fractions (fractions with the same 
denominator), these topics are retaught and expanded in sixth grade. 
Major attention, however, is given to the addition and subtraction of 
unlike fractions at sixth-grade level. 

Although methods of presentation vary considerably among the 
texts, certain approaches are widely used. A common beginning point 
is the addition of two fractions in which the least common denominator 
is the denominator of one of the given fractions. For example, in \ + £, 
the student is confronted with the task of adding fractions that are 
obviously unlike. As in adding pennies and dimes, however, he can 
perform the operation if he will “make change” so as to get them in 
hke terms. With fraction cutouts or fraction strips, it is easy to verify 
! “"a?! b< \"' n “ en 1 Now the two fractions are in like terms 
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however, to show that this kind of exercise is basically the same as 
those studied earlier. 

Subsequently, this leads to the case in which the product of the 
denominators is not the least common denominator. When this type 
of exercise is introduced, the teacher has a good opportunity to show 
the value of using the least common denominator. For example, in 
i + I, we use the common denominator 24 rather than 48 primarily 
because the sum will not require reduction. Would you consider it incorrect 
if a student used 48 as the denominator but handled the work correctly otherwise ? 

Ultimately, the student reaches the type of exercise where no 
particular pattern is used, so that he is confronted with the task of 
getting the least common denominator with a minimum of help, as in 
i + i. Of course, he can always use the product of the denominators 
as a point of departure. Currently, a widely used procedure is seeing 
whether the larger denominator is evenly divisible by the smaller. If it 
is not, this same test is applied to the multiples of the larger. The 
smallest multiple of the larger denominator that is evenly divisible by 
the smaller denominator will be the least common denominator. Can 
you explain why 1 

In general, the approach to the treatment of unlike fractions in 
addition is closely paralleled by the work in subtraction. The first such 
case is usually the one in which the least common denominator is one 
of the given denominators. Frequently, this is followed by the type in 
which the common denominator is the product of the denominators. 
Later, the variation in which the product of the denominators is 
greater than the least common denominator is considered. In all 
these cases, much attention is given to work with mixed numbers. The 
process of borrowing receives major emphasis. Indeed, this approach 
has largely superseded the earlier method of using improper fractions. 
For example, in the exercise 3£ — \\, earlier generations of students 
would probably have changed to — f = 1=1 = 1 f. The 

more common method now is 3J — 14 = 2f — 1J = 2f — 1* = If. 
This latter approach is less mechanical and, hence, should be more 
meaningful than was the former method. 

Multiplication. Before introducing multiplication involving fractions, 
it would be in order to review, at least briefly, the meaning of this 
process as applied to whole numbers. A student must be clear on the 
4 

fact that x g means 4 + 4 + 4, or the grouping of 3 fours into a 
single group, before he can apply this concept to common fractions. 
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Many teachers like to introduce multiplication of common fractions 
by using the special case of a fraction multiplied by a whole number. 
This case may be readily illustrated concretely. For example, using 
fraction cutouts, the teacher might show that £ + £ = § ■ Then, since 
multiplication represents addition of like quantities, it can be shown 
that this is actually 2 X £ (“2 one-thirds”), or f. Another variation 
might be writing the problem as 2 x 1 third = 2 thirds; this brings 
out the close parallel between this operation and that with denominate 
numbers, such as 2 X 1 dollar — 2 dollars. 

After a certain amount of familiarization work with multiplication 
of fractions by whole numbers, the students would probably be able, 
through skillful questioning by the teacher, to see a shorter way to 
cany' out this type of problem. Students should observe that, in 
2x^=1, wc can arrive at the same result by multiplying the 
numerator by the whole number and retaining 3 as the denominator. 
With additional examples to verify that this procedure works, students 
can evolve a pattern or rule. Note that the rule, however, is developed 
from understanding. 

Frequently, this work is followed by the inverse operation, in which 
we multiply whole numbers by fractions. This operation is a little 
harder to visualize than its inverse. Some teachers use examples, such 
as that just shown (2 x $ = f ) as a beginning point. In multiplying 
whole numbers, students reached the generalization that 4x2 and 
2x4 yield the same product. Hence, we would expect that 2 X| 
and Jx2 would yield the same product. From this approach, the 
student is led to see that we are actually dividing 2 into 3 equal parts. 
Only after considerable work with this type of problem, however, will 
the student be able to see that multiplying by $ is equivalent to dividing 


The type of example lead! logically io the next phase, multiplication 
of Tract, on, hy fractions. In order to add reality, many types of 
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Figure 9.3 

illustrative material should be used, such as folding paper, manipu- 
lating blocks, and shading drawings. For example, consider the exercise 
\ X *, or £ of*. In the block shown (Fig. 9.2), we have cross-hatched 

* of the total area. If we designate the total area as 1, then we would 
describe the hatched part as * of 1, or *. Suppose that we then take 
the cross-hatched part, described as f, and double-cross half of it; the 
result will be as shown. The double-marked section, then, would be 

* X (or of) *, or * of the block. Similarly, * X * = l, as shown 
(Fig. 9.3). Obviously, this type of treatment can be adapted to a 
number of similar examples. From these illustrations, the teacher 
works toward the generalization that * X £ = i by multiplying 
numerators and multiplying denominators of the two common fractions 
to get the numerator and denominator of the product (Fig. 9 A). 

Some texts point out that, in such exercises as I X *, we can shorten 
the process A) by dividing before multiplying. This 

means that we could divide the 6 by the 3 to change the problem to 
1 

1 1 1 1 

5 5*2 10 

2 

The 3 and 6 are said to have been canceled. 
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The treatment of mixed numbers varies somewhat among sixth- 
grade arithmetic texts. In such cases as 

2i 

x3 

1 

6 

7 

the most common procedure is to use partial products, as shown. 
Frequently, the same type of procedure is used for the inverse operation. 
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Figure 9.5 

measurement, that J -f- i = 3. After other such exercises, it is pointed 
out in the incidental method that we can get the same result by in- 
verting the divisor and multiplying. Our illustration then becomes 
J -r J X 4 =* V *= 3. It is doubtful whether this method would 
satisfy the curiosity of the students, especially those who frequently 
ask “why?” 

The question is raised occasionally: “Since in multiplying fractions 
we multiply numerators, then multiply denominators, why don’t we 
divide fractions by dividing numerators, then dividing denominators?” 
The answer is that you can, if you pick your numbers carefully. For 
example, in the exercise $ §, it is entirely feasible to set it up as 

4 -r 2 = 2 
9 -r 3 3 

You can, however, visualize how such a method would bog down if we 
used numbers that were not evenly divisible. Imagine trying to use 
$ §. Then you would get 

7 -j- 2 

8 -r 3 ’ 
or 

3| 

2i 

Another question that sometimes arises is “Why don’t we use a 
common denominator?” Here again, the answer is that we can. 
Indeed, many teachers like this approach, since it makes the operation 
of division resemble, to some degree, the processes of addition and 
subtraction. Again, it is well to be sure that the numbers used for 
illustration will serve to clarify rather than confuse. For example, in 
i ~r A, we can use a common denominator of 16, so that we have 

io . i _ io 1 _ io _ 

16 ' 16 16 ~ 16 1 
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One of the most logical developments of the process used in dividing 
fractions, however, is based upon certain premises, each of which 
would need to be presented to students for their own verification: (1) 
If we multiply both dividend and divisor by the same number, we do 
not affect the quotient. For example, in 8 -r 4 = 2, we could multiply 
through by 4 to get 32 4- 16. The quotient is still 2. (2) The easiest 
divisor to use is I, since any dividend divided by 1 is the unchanged 
dividend. Now our line of reasoning might be as follows: In | we 
could simplify the operation if we multiplied both dividend and 
divisor by whatever quantity is needed to yield a divisor of 1. A 
certain amount of experimentation will show that when any number 
(including a common fraction) is multiplied by its reciprocal, the 
product is 1. (Be sure the student knows the meaning of “reciprocal.”) 
fn our example, we would multiply both fractions by f, the reciprocal 
of.. Our statement now becomes (| x |) -n (J x §). Since I x I = 
° r ’> ™ “ u,d ' vri " < hc problem as (} x 5) -r 1. Now we may 
tsregard the divisor of 1. We have inverted the divisor and changed 
the operation from division to multiplication. Hence, our result 
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mixed -number dividends and divisors to improper fractions. Thus, 
2| — i£ would become f s- i — # x f = x 8 ~ = If. 

Teaching aids. Among the most useful manipulative materials for this 
phase of arithmetic are the fraction cutouts and fraction strips which 
have been described earlier. All the fundamental operations with 
fractions can be illustrated with such materials. There are, however, 
many ways in which the teacher can adapt sheets of paper, rulers, 
fruit, and other readily available items to use in teaching fractions. In 
some classrooms, the apple is practically indispensable for such 
purposes. 

Two of the Coronet films would be suited, in part, for use with this 
topic. They are Fractions: Finding the Common Denominator and We 
Discover Fractions. 

Several filmstrips could be helpful in this phase of arithmetic, 
among them: 

“Beginning to Multiply and Divide with Fractions” 

“Multiplying with Fractions” 

“Dividing with Fractions” 

By Filmstrip House 

“Multiplying Fractions and Mixed Numbers” 

“Dividing Fractions and Mixed Numbers” 

By Society for Visual Education 

In some of the processes with fractions, there is considerable variation 
among the texts in the use of terms. The teacher should examine film 
material rather carefully before using it in class, since differences in 
nomenclature could produce more confusion than enlightenment. 

DECIMALS 

Most of the sixth-grade programs reintroduce the study of decimal 
fractions by going back to the very beginning. Reference is usually 
made to odometers, gasoline pumps, coins, and various other devices 
to add reality. The equivalence between certain common fractions 
and decimal fractions (J = .5) is reviewed. Charts, place-value 
pockets, and similar devices are used extensively. 

Addition and subtraction. After the basic structure of decimal fractions 
has been retaught, most sixth-grade programs go into the processes of 
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addition and subtraction of decimals, with special attention to tenths, 
hundredths, and thousandths. Some texts show an intermediate step 
in addition with carrying. Tor example, if we add , ? o + 10 , we get i«, 
or 1 i i,. This can also be shown by adding 7 tenths and 6 tenths to get 
13 tenths, or 1 and 3 tenths. The student soon realizes, however, that 
it is much easier to add 

.7 

+.6 

1.3 

Here, although he is carrying from tenths’ place to ones’ place, it is a 
straightforward and, to the student, a comparatively easy operation. 
Column addition involving 3 or 4 numbers with decimals up to 
thousandths is frequently studied in sixth grade. 

Generally, students who can subtract whole numbers do quite well 
in subtracting decimal fractions and mixed decimal numbers, since 
there is a high degree of similarity between the two. Even the process 
of borrowing, which can be shown with place-value pockets for decimals 
just as it can for whole numbers, is essentially the same thing that was 
introduced to them several years earlier. 

Multiplication. A popular method of introducing multiplication with 
decimal fractions is to begin with the process of addition. For example, 
if Henry lives 1.6 miles from school, how far does he ride his bike each 
day in order to make the round trip? Obviously, we can find out by 
adding 

1.6 

•H.6 

3.2 mi. 

The same result, however, can be achieved by multiplying 

1.6 

X2 

3.2 


The placement of the decimal in the introductory phases of this wort 

l * ,T I "w"™'"’ 5 ' >" example, the possible results 

nught Ik listed for class dtscussion: .32 miles, 3.2 miles, and 32.0 miles. 

that maiTsense.^a * * h ' °"!>' °" £ 

led to see thf 1 - • of such experiences, the student i< 

~ P ™' ^ P^ees in th, 
product a, we have pomted off in multiplier and multiplicand. 
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Some teachers like to relate the early phases of multiplication of 
decimal fractions to the comparable operation with common fractions. 
Thus, lx a o X 2 = 2if = 3r 0 . This approach might clarify the process 
for some students. 

Students frequently have difficulty multiplying two decimal frac- 
tions. This usually is not particularly hard in decimal mixed numbers, 
since the sensible answer usually shows rather clearly where to place 
the decimal point. For example, in 2.3 x 1.1 = 2.53, the other possible 
answers (.253, 25.3, or 253) obviously would not apply. However, in 
such examples as 

.3 

x.3 

.09 

how does the student decide where to place the decimal point? 
Obviously, one way is by applying the rule: one place in multiplier, 
one place in multiplicand, two places in product. Students may prefer 
to verify their results by using common fractions: i a 0 xA = Too. This 
can also be written as .09. Only after the student has had some experi- 
ence with this type of multiplication does the product .09 look reason- 
able to him. 

Division. The division of decimal fractions is essentially the same as 
the division of whole numbers. Some difficulty, however, is en- 
countered in trying to make division ivith decimals meaningful. One 
difficulty is in deciding where to place the decimal point in the quotient. 

Teachers usually begin by using a whole number as the divisor. For 
example, 2).8 rather obviously yields a quotient of .4. This can be 
verified by “multiplying back” as one would do with whole numbers: 

2 x .4 = .8. The same kind of reasoning may be applied to a decimal 
mixed number as a dividend, such as 2)1.4 = .7, since this is the only 
quotient that will yield 1.4 when multiplied by 2. 

Students encounter the most difficulty when both dividend and 
divisor are decimal fractions. Many teachers like to use the “division 
as measurement” idea here. For example, in ,2). 8 we can imagine .8 
of a foot to be measured off into segments .2 of a footjn length. 
Obviously, our measure would be applied 4 times, or .2). 8 yields a 
quotient of 4. This result can be verified by multiplying divisor and 
quotient to get the dividend. 
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Several different methods have been used to help the student to 
locate the decimal point in the quotient: 

1. The traditional rule is: the number of decimal places in the 
quotient equals the number of decimal plac es in the dividend less 
the number in the divisor. By this rule, .5). 125 yields .25, since 
three places in the dividend less one place in the divisor gives two 
places in the quotient. Although this system works, there is a 
tendency to apply it in a very mechanical manner without 
understanding. 

2. The sensible answer system is one in which the student carries out 
the division process in order to find the digits in the quotient. 
Then he surveys the several possible decimal fractions these digits 
could produce. In the preceding example, these would include 
25.0, 2.5, .25, .025, and others. From these, he selects one that 
makes sense to him and places the decimal point accordingly. 
This obviously requires a thorough understanding of the principles 
involved. A student who is deficient in such understanding would 
find this system to be highly unsatisfactory. 

3. The multiply back system is one in which the student divides 


25 

.5). 125 

without regard for the placement of the decimal point in the 
quotient. Then he multiplies 

25 

x.b 

A25 


Obviously, if .125 is the product, the multiplicand must be .25, 
and the decimal point is placed accordingly. 


T1,c cqual-mulf, plication system. Ir we arc to divide .3)J, it 
"ould be a relat.sely simple matter to multiply both numbers by 
1° , "hicl. ssou'd yield the simple form: 3J? = 3. This system is 
rather svtdely used in cases svherc the divisor is a decimal fraction, 
or example; -0tj2 may be resvritten as 4)200, and the placement 
number inl “ “ “ ' vould b = *e divisor is a svhole 
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5. The caret system. This method is a rather mechanical application 
of the equal-multiplication system. In 


.25 

,5 A p^5 

the carets are inserted so as to make the divisor a whole number, 
and the decimal point in the quotient is placed above the caret as 
indicated. This method may be applied without understanding 
and is not as widely used now as formerly. 

Doubtless there are other variations of this general procedure for 
locating the decimal point in the quotient. It is impossible to point to 
any of them as the perfect system. Generally, the teacher will end by 
using the method that works best in her own classroom. It is well, 
however, that she realize that there are several ways of achieving the 
desired result. 

It is important for the students to see that division with decimal 
fractions and mixed numbers is essentially the same process as the one 
they use with whole numbers. Usually, however, it is somewhat more 
difficult for students to visualize the operation with decimals. For 
example, most people find it easier to visualize a divisor of 8 than a 
divisor of .8. The student who understands the meanings of division 
will find that the processes of dividing whole numbers and decimal 
fractions are essentially the same. 

PER CENT 

Many programs in sixth-grade arithmetic do not include per cent, 
presumably because this topic is considered to be too advanced for 
students at that grade level. Others, however, introduce the per cent 
concept and give attention to some of the easier applications. 

The study of per cent logically follows the study of decimal fractions. 
The earlier method, “move the decimal point two places to the right 
and add the per cent sign,” has largely disappeared. Instead, every 
effort is made to give meaning to the new term. 

Essentially, what is meant by per cent? “Per” has long been associated 
with the concept of rate, as in miles per hour, feet per second, and many 
others. “Cent” means hundred and is found in such words as “century” 
or “centurion” and in our own system of money. Hence, the term per 
cent means per hundred. 
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Several different methods have been used to help the student to 
locate the decimal point in the quotient: 

1. The traditional rule is: the number of decimal places in the 
quotient equals the number of decimal places in the dividend less 
the number in the divisor. By this rule, .5). 125 yields .25, since 
three places in the dividend less one place in the divisor gives two 
places in the quotient. Although this system works, there is a 
tendency to apply it in a very mechanical manner without 
understanding. 

2. The sensible answer system is one in which the student carries out 
the division process in order to ftnd the digits in the quotient. 
Then he surveys the several possible decimal fractions these digits 
could produce. In the preceding example, these would include 
25.0, 2.5, .25, .025, and others. From these, he selects one that 
makes sense to him and places the decimal point accordingly. 
This obviously requires a thorough understanding of the principles 
involved. A student who is deficient in such understanding would 
find this system to be highly unsatisfactory. 

3. The multiply back system is one in which the student divides 

25 
.5). 125 

without regard for the placement of the decimal point in the 
quotient. Then he multiplies 

25 

x.5 

7125 

Obviously, if .125 is the product, the multiplicand must be .25, 
and the decimal point is placed accordingly. 

4. The equal-multiplication system. If we are to divide .3Y9, it 
would be a relatively simple matter to multiply both numbers by 
10, which would yield the simple form: 3)9 = S. This system is 
rather widely usedin cases where the divisor is a decimal fraction. 
For example, .04 )2 may be rewritten as 4 )200, and the placement 
of the point is handled as it would be when the divisor is a svhole 
number. 
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5. The caret system. This method is a rather mechanical application 
of the equal-multiplication system. In 


.25 

.5jA^S 

the carets are inserted so as to make the divisor a whole number, 
and the decimal point in the quotient is placed above the caret as 
indicated. This method may be applied without understanding 
and is not as widely used now as formerly. 

Doubtless there are other variations of this general procedure for 
locating the decimal point in the quotient. It is impossible to point to 
any of them as the perfect system. Generally, the teacher will end by 
using the method that works best in her own classroom. It is well, 
however, that she realize that there are several ways of achieving the 
desired result. 

It is important for the students to see that division with decimal 
fractions and mixed numbers is essentially the same process as the one 
they use with whole numbers. Usually, however, it is somewhat more 
difficult for students to visualize the operation with decimals. For 
example, most people find it easier to visualize a divisor of 8 than a 
divisor of .8. The student who understands the meanings of division 
will find that the processes of dividing whole numbers and decimal 
fractions are essentially the same. 

PER CENT 

Manv programs in sixth-grade arithmetic do not include per cent, 
presumably because this topic is considered to be too advanced for 
students at that grade level. Others, however, introduce the per cent 
concept and give attention to some of the easier applications. 

The study of per cent logically follows the study of decimal fractions. 
The earlier method, “move the decimal point two places to the right 
and add the per cent sign/’ has largely disappeared. Instead, every 
effort is made to give meaning to the new term. 

Essentially, what is meant by percent ? “Per” has long been associated 
with the concept of rate, as in miles per hour, feet per second, and many 
others. “Cent” means hundred and is found in such words as “century” 
or “centurion” and in our own system of money. Hence, the term per 
cent means per hundred. 
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Figure 9.6 


Various approaches are used to introduce the per cent concept. A 
hundred-chart (Fig. 9.6) is commonly used. Suppose that five squares 
are colored blue. The squares on the chart have been colored at the 
rate of 5 per hundred, or the rate could be described as 5 per cent. 
Numerous examples using the hundred-chart will help develop under- 
standing of per cent. 

Another method might be to use classroom games or school sports. 
Suppose that Joe won 3 of the 10 games that were played in the class- 
room. Students might be asked to describe this situation in a variety 
of ways. Some would say that Joe won A of the games. If Joe’s skill 
and luck had held out, we would expect him to win 


6 games in 20 
9 games in 30 
15 games in 50 
30 games in 100 

Note that these are rates of winning. Hence, Joe won at the rate of 30 
games per hundred, which can also be written as 30%. How then 
would you interpret the symbol, %? 

Throughout the curly phases of work with per cent, a dote relation- 
ship is maintained between tins system or writing fractional quantities 
and the two systems described earlier, that is, common fractions and 
decimal fractions. Hence, in the preceding illustration, the 30 per 100 
idea would he written ns .30, and 30% interchangeably for a 

Those sixth-grade programs that present the per cent concept 
generally go little beyond an introduction. Some of them take up a 
few simple applications; but these are usually designed to help devebp 
an understanding rather than to build skills in the use of per ccm If 
the sixth-grade student can come see per cent as a meaningful Way 
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of interpreting certain types of data using 100 as a reference point, he 
will be making good progress toward mastery of a very important and 
functional concept. 


Probably no area of study better 
B. Measurement fn Grade Six illustrates the evolving nature of 

arithmetic than does measurement. 
Introduced in grade one, there is a constant reteaching and expansion 
of concepts each year. Many of the units formerly taught have dis- 
appeared from the texts, so that the student has fewer units and 
conversion factors to remember. The modern teacher, however, hopes 
that her students can work with measures meaningfully. This would 
imply that the student can (1) estimate with fair accuracy, (2) visualize 
situations requiring measurement, (3) evaluate the results of measure- 
ment problems, at least to the extent of deciding whether they are 
“reasonable” or “unreasonable.” 

NUMBER OPERATIONS AND DENOMINATE NUMBERS 

A large majority of the units of measurement used in modem arith- 
metic are introduced before sixth grade. Hence, a major activity during 
this year is a reteaching of the units learned in earlier grades. 

Considerable attention during sixth grade is given to the use of 
denominate numbers and interpretation of results obtained from 
problems using them. For example, many students fail to recognize 
“carrying” situations with measures. For instance, in adding the 
following : 

4 feet 7 inches 
3 feet 6 inches 
7 feet 13 inches 

many students would be content with the results as shown, not recog- 
nizing that they could carry a foot from the inch column. It is not 
unusual for students to object to our adding feet and inches in the same 
exercise. This is no more illogical, however, than adding dollars and 
cents in the same exercise. The important thing, of course, is that wc 
add inches to inches and feet to feet. The usual system is to begin on 
the right, as in the foregoing exercise, and carry the foot to the left 
column without cluttering the situation with carry numbers. This 
land of work has an incidental merit: it immediately detects any points 
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or confusion that might exist as to the number of quarts in a gallon, 

minutes in an hour, or other such relationships. 

The same line of reasoning applies to subtraction. Some students 
find it surprising that on occasion tve must borrow a gallon, a foot, or 
an hour. Of course, it is possible to convert all quantities to the smallest 
unit used, thereby avoiding any necessity for borrowing. For example, 

8 feet 3 inches 
—3 feet 7 inches 

could be rewritten as 

99 inches 
—43 inches 

This should be discouraged, however, since it is awkward and time- 
consuming. Rather, the student should visualize the problem as 
7 feet 15 inches 
—3 feet 7 inches 

This same method is the one usually recommended for all phases of 
subtraction with denominate numbers. 

Multiplication of measures can occur under a variety of circum- 
stances. The simplest case, however, is one in which a denominate 
number is multiplied by a number. For example, if it takes 2 hours 40 
minutes to drive to your friend’s home, how much time would be 
required for a round trip? The problem, of course, is 

2 hr 40 min 
x2 

4 hr 80 min 

Note that the multiplier is 2, not 2 hours. In our application, it means 
that 2 trips require 4 hours 80 minutes, or 5 hours 20 minutes. Or, if a 
certain type of container holds 2 gallons and you have 3 such containers 
filled with gasoline, you have 2 gallons x 3 (in this case, number of 
containers), or 6 gallons of gasoline. 

Tlus is equally applicable to denominate numbers in division, 
except that we may have two interpretations of division: measurement 
and partition. If >ou wanted to sec how many boards, each 4 feet in 
length, \ou could cut from a single board 12 feet long, you would 
apply the measurement concept. This means you would have 12 
feet - 4 feet, or one denominate number divided by another, and the 
quotient would not be measured in feet. Rather, it would indicate 
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number of boards. This may be illustrated by a cancellation type of 
procedure. We could write 

12 feet 
4 feet 

and assume that units cancel in the way that numbers do, and so get a 
quotient of 3. 

If we apply the partition idea to the same situation, our question 
might be: If we cut a 12-foot board into 3 equal parts, how long would 
each part be? Here we would have 

12 feet 

3 (not 3 feet) 

and hence our result would be the denominate number 4 feet. 

In division with denominate numbers, several different methods are 
possible. To illustrate: suppose that 3 gallons and 3 quarts of milk is 
to be divided into 3 equal parts. One way would be 

I gallon 1 quart 
3)3 gallons 3 quarts 

Another method would be to write the dividend as 3f gallons, then 
divide by 3. 3f ~ 3 = 4- 3 = £ = 1 J gallons. Still another way 

would be to write the 3 gallons 3 quarts as 15 quarts. This, when 
divided by 3, yields 5 quarts, or 1 J gallons. Students who develop an 
understanding of denominate numbers may have considerable skill in 
recognizing the approach that is best for a specific problem. 

AREA AND VOLUME 

The use of denominate numbers in determining areas and volumes 
is somewhat different from that described in the previous section. In 
computing the area of a rectangle in square feet, we multiply two de- 
nominate numbers expressed in feet. [Does this hold true fora circle? How?) 
Conversely, if we divide 24 square feet by 12 feet, our result is 2 feet. 

To compute the volume of a rectangular solid in cubic leer, we multiply 
three denominate numbers each of which is expressed in feet. By the 
same kind of reasoning, we may say that a measure expressed in cubic 
feet divided by a measure expressed in feet yields a measure in square 
feet. 

The commonly used measures of areas for sixth grade are the square 
inch, square foot, and square yard. In some programs, the square rod, 
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acre, section, and square mile are included, usually without major 
emphasis. Some sixth-grade programs include finding the volume of 
rectangular solids. In most texts, however, the study of volume is 
deferred until seventh grade. 

Teaching aids. Several of the films and filmstrips that were cited 
earlier would be helpful in sixth grade. At this grade level, however, 
many teachers like to concentrate on the laboratory type of activity. 
This would require clocks, watches, and calendars for studying time; 
thermometers for temperature study; and scales or balances for 
studying weight. In working with lengths and areas, both of which are 
given considerable emphasis in sixth grade, the most valuable laboratory 
aids would be rulers, yardsticks, folding rules, and steel tapes. If 
available, a surveyor’s chain would be valuable for working with 
larger areas, such as the acre. 


In the lower grades, extensive use 
c. using Arithmetic in Grade six is made of games in the teaching of 
arithmetic. As students advance 
through the grades, however, there is a decline in the amount of play 
activities used and a corresponding increase in the amount of attention 
given to real-life problems. This does not mean that fifth- or sixth- 
graders should be given a course in business arithmetic. In several 
texts, however, there has been a definite shift of emphasis in that 
direction. 

Budgets. Although it is by no means a universal practice among 
sixth-grade teachers, many like to give their students some work in 
budget-making. Since many students at this level have an allowance 
or an earned income, work on budgets should be meaningful to them. 

The most realistic work in budgeting would deal with the personal 
budgets of the students, and several texts devote some space to this 
topic. Another, probably less interesting, topic would be the family 
budget. It is doubtful whether many sixth-graders have been involved 
in or are interested in the family budget. 

Textbooks usually limit work on budgets to basic ideas and illustra- 
tions. As is generally true, only the teacher can add reality to this 
work. This she can do by adapting textbook material to the community 
and the class and by having most class activities based upon students’ 
budgets. There are numerous opportunities here to emphasize the 
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value of planning and organizing one’s personal affairs. Many sixth- 
grade students need help and encouragement in this direction. 

Other business usages. Other business applications of number are fre- 
quently introduced to sixth-graders. It should be emphasized, however, 
that work with these applications usually is limited to the familiarization 
level. Some teachers, for example, like to introduce their students to 
bills and receipts. Frequently, students have already had limited 
contact with these instruments and are interested in knowing more 
about them. The bill from Mary’s piano teacher or John’s dentist 
might be used to add a realistic touch. The circumstances under 
which one should be given a receipt and the value of receipts may be 
presented. 

Frequently, sixth-grade texts present problems involving the con- 
cepts of profit and loss. Hence, teachers commonly give some attention 
to these terms. Since per cent is introduced late in sixth grade (if it is 
introduced at all), any work on profit or loss is usually based upon 
amount of profit or loss rather than on a per cent. Again, students can 
frequently add reality to the study of these topics by describing some of 
their own experiences. 

Graphs and tables. Some of the most valuable work at the applied 
level in sixth-grade arithmetic has to do with graphs and tables. 
Consider how many phases of arithmetic one uses in preparing a simple 
bar graph. Along with work on graphs, a student frequently uses 
tables. Hence, these two methods of presenting data are closely 
associated. 

Learning to read graphs is an important topic. This can be made 
very real to students if the graph is based upon a topic of interest to 
them. Frequently, students can bring to class graphs that they have 
found in newspapers or periodicals. If these are not too complex, they 
make good study materials. 

It is generally true, however, that a student is not particularly 
successful at reading graphs until he understands their structure, and 
one of the best ways to develop such understanding is through practice 
in graph construction. Construction of graphs in sixth grade is usually 
limited to bar graphs and line graphs, but students are given practice 
in reading several other kinds, such as circle graphs, picture graphs, 
and the dot map. 

If work with graphs and tables is to be meaningful, it is important 
that data of interest to sixth-graders be used. As is true of problem 
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work generally, the teacher must decide what kind of data would be 
real and interesting to sixth-graders. 


SCALE DRAWINGS AND MAPS 

Closely related to the construction and interpretation of graphs is 
the study of scale drawings. Essentially, isn’t a graph a scale drawing? 

It is important that we remember the basic purpose of the study of 
graphs, maps, and scale drawings. Isn’t it primarily a matter of 
helping students see relationships? The ratio idea should be a major 
part of such study. 

In the student’s preparation of scale drawings, it is essential that we 
keep in mind his level of maturity. He may lack skill in the use of some 
of the basic tools required, and so not be ready to produce a work of 
art. The assignments in the work on scale drawings should be quite 
simple. Frequently, the floor plan of the classroom serves as a beginning 
point. Later, certain parts of the playground might be used. It is 
doubtful, however, that sixth-graders are ready for floor plans of the 
school building or a house. 

The chief emphasis at this grade level should be on the interpretation 
of drawings. This can take many forms, such as simple floor plans, a 
map of the school campus, a map of the town ot city in which the 
school is located, road maps, and many others. And if a member of the 
group has developed skill in the construction of model airplanes or 
other types of models, he can be most helpful in presenting the basic 
ideas of scaling. 

AIDS AVAILABLE 

In the limited amount of work with budgets, bills, and receipts, 
probably the most effective materials would be the printed forms that 
are available. In the case of bills and receipts, the local dime store can 
serve as a source, since these items are normally carried in stock. 

In working with scale drawings and maps, a supply of rulers is most 
helpful. Of course, there is never any problem in getting a supply of 
road maps. A map of the school campus might well be available 
through the principal’s office; the same source might be able to supply 
floor plans of the building or of the classroom. 

There arc two Coronet films which, at least in part, would be useful 
at sixth-grade In-el. These are Maps Are Fun and The Language of 
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Graphs. Popular Science has several filmstrips that would be helpful in 
the work on money. Among these are “Earning Your Money,” 
“Paying Your Bills,” and “Spending Your Money.” 


In general, the teaching of problem 
D. Problem Solving In Grade Six solving in the sixth grade follows 

the same patterns that were used in 
earlier grades. After each type of operation has been presented, there 
are drill exercises and problems applying the principles that have been 
learned. Numerous variations are used, such as problems without 
numbers, problems with insufficient data, problems with an excess of 
data and incomplete problems in which the student provides the 
questions. Also used is the straightforward type of problem where a 
situation is presented and a question asked. 

Most of the texts concentrate on problems which should be of interest 
to sixth-graders. Some illustrative problem topics are grocery shopping, 
planning a trip, buying gasoline, painting a room, vacations, and 
earning and spending money. It should be repeated, however, that 
the teacher should try to adapt problem situations to fit the local 
community. It is hoped that the textbook problems will at least be 
supplemented by other problems based upon local school and com- 
munity. Why not let the students do some problem making along with 
problem solving ? 


USING LETTERS OR SYMBOLS FOR NUMBERS 

Although most of the sixth-grade texts refrain from using the term 
algebra, many of them do introduce some of the algebraic concepts. 
One way is in the use of letters or symbols (“unknowns”) for numbers 
in certain types of work. Actually, this will not be new to the students 
since, as early as third grade, they have encountered such exercises as 

3 + □ = 7. 

Some of the “missing number types ot problems or exercises for sixth 
grade are 

? 7 
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G ? ? 2 ? ? 

8 4 =8 8 =7 8 ^ 6 3 =6 9 =5 9 
14 quarts — ? gallons ? quarts 
25 days = ? weeks ? days 
4 yards 1 foot = 3 yards ? feet 

2 3 

16 = - of ? and 8 = - of ? 

3 4 


Many teachers use the missing number approach in finding common 
denominators or in the reduction of fractions. For example, to write 
| as twelfths, we might set it up as 

3 __L 

4 ~ 12 

It is to be hoped that such an operation would be meaningful, not just 
an application of a mechanical process. 

fORMING GENERALIZATIONS 

The ability to think mathematically b a skill that b somewhat 
difficult to develop. Some teachers find that they can further the 
process by encouraging students to form generalizations. 

Thb, of course, amounts to encouraging students to evolve patterns, 
rules, or formulas that would help solve a particular type of problem. 
The traditional approach, still widely used, has been for the teacher, 
or teacher and student cooperatively, to follow the textbook presen- 
tation of a process. This usually led to a rule or formula which was 
given at the end of the explanation. The task of the student was to 
follow (hopefully, with understanding) the presentation, then apply 
the rule. 

In another approach, the student is given certain kinds of data and 
attempts to develop a pattern or rule. For example, many sixth-grade 
classes deal with problems involving dbtance, rate, and time. Some of 
the students in an average sixth-grade class would, under proper 
guidance, be able to set up the basic formula, distance = rate x time, 
based upon their own experience and observation. Thb approach is 
more challenging than simply presenting the formula, followed by 
pages of problems using it. 
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It is doubtful, however, that all the students in a sixth-grade class 
would profit by the approach just described. In some cases, we would 
be happy if the student involved would learn to work even the most 
routine problems. Unfortunately, this is frequently true of students 
who are above average in other subject areas. And it sometimes 
happens that a student who does quite well in arithmetic exercises 
cannot seem to handle problems. 

During the late 1950’s, several of 
E. Some Departures from Earlier the national organizations of mathe- 

Patterns maticians and mathematics teachers 

became concerned over the mathe- 
matics curriculum in the elementary and secondary schools. Partic- 
ularly, they expressed fear that students were seeing mathematics as 
“the frozen product of antiquity” rather than as a “living and ever- 
growing subject.” Several universities served as study centers for 
groups who were looking into the problem. Later, writing groups were 
created, their function being to produce curricular materials to be used 
on an experimental basis at various grade levels. 

One such group has worked on study materials in mathematics for 
grades four, five, and six. Some of the topics proposed for inclusion in 
the mathematics curriculum at the intermediate level are 

1. A concept of sets and operations with sets 

2. Numeration, including considerable attention to number systems 
with bases other than 10 

3. Principles and techniques of addition and subtraction; the 
abacus is featured in this work 

4. Sets of points, this serving to introduce some aspects of geometry 

5. Principles and techniques of multiplication and division 

6. Concept of fractional number 

7. Linear measure 

8. Factors, primes, and common denominators 

9. Triangles 

10. Measurement of angles 

11. Area 

12. The integers 

13. Exponents. 
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Even a casual examination of the topics listed will indicate that the 
sponsoring group is suggesting a rather drastic departure from the 
usual content. Many topics are being introduced earlier than was 
formerly the case. Further, all the material is presented from the point 
of view of the mathematician. Doubtless this approach to elementary 
mathematics will be tested and evaluated over a period of years. The 
work of these groups is likely to have a definite influence on the context 
of elementary mathematics programs. 


Although, as teachers, we must 
F. The Exceptional Learner accept the fact that the “average 

student” does not exist, it is true 
that a large number of our students progress according to the same 
general pattern. It is a matter of common sense that we devote con- 
siderable time and effort to teaching this group. 

It is also important, however, that we be aware of those students who 
depart from the “normal” level of achievement. Every effort should 
be made to meet the needs of the rapid learners and the slow learners, 
is cannot be done if all our teaching is directed entirely to the 
average.” 


THE SLOW LEARNER 

It requires very little effort on the part of the teacher to locate the 
u ents w o are having trouble. But it does require much careful 
feam r/m ,“ U! “ ° rd * cul > i '* are to be recognized. Diagnosis of 

learning difficulties is an important field. 

have a PPty * n working with the slow learner 

have already been discussed. They may be summarized as follows: 

examS USe ° f f diagnostic tests i close observation of written work, 
other rieJ 311 ° P roce ^ ures through “work aloud,” and by any 
culties CC aVa,labIe ’ tr V to locate the student’s specific diffi- 

tions an7r ^ corr f ctlon of these difficulties by using explana- 
This of rm aC CC "^ich will apply specifically to the difficulties, 
the big esr„mh, mu!t r be ^-dualized. Probably, this is one of 
., P ems from the viewpoint of the teacher. 

single source oferor ' Ve " ^ sixth 'S rade level, the greatest 

inadequate knowledge of the basic number 
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combinations. Teachers should look for opportunities to give the 
slower students more drill on the basic facts using the four fundamental 
operations, with special emphasis on those facts that are known to give 
trouble. 

THE RAPID LEARNER 

The student who can master the prescribed arithmetic program and 
have time left over deserves an opportunity to deal with challenging 
material, not in lieu of, but in addition to, the work done by other 
students. 

Many of these students would cherish an opportunity to proceed on 
their own in using enrichment materials. A good collection of such 
material is available. For example, the previously cited series by Harper 
& Row has the following titles for sixth grade: "Arithmetic of Long 
•Ago,” "Short Cuts to Multiplying,” " Excursions in Arithmetic,” 
"Crossnumber Puzzles,” "Brain Teasers,” “Faster and Faster,” 
"Amusing Problems,” and “Some Curious Numbers.” 

Although designed primarily for older students, the Webster Pub- 
lishing Company’s series, “Exploring Mathematics on Your Own,” 
probably would appeal to some sixth-graders. Some of the titles are 
"Sets, Sentences and Operations,” "Fun With Mathematics,” "Under- 
standing Numeration Systems,” and "Short Cuts in Computing.” 

Some sixth-grade teachers like to keep a few high school mathematics 
texts on hand for students who want them. Such materials would 
probably be of occasional interest to some of the more rapid learners in 
the sixth-grade group. Usually, these would be for browsing and for 
familiarization work, not for making assignments. 


Something to Think About 

1. Observe a sixth-grade student as he works on arithmetic. Prepare a 
list of items you noted which might be significant in diagnosis of 
difficulties. 

2. Some of your sixth-grade students add downward in column addition. 
Others add upward. Would you have them change to your system’ 
Why? 

3. Your class is working on missing terms in the various operations. One 
student objects because her parents told her “algebra is for ninth 
grade.” How would you deal with this situation ? 
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4. Make a list of the problems that might result if you constantly asked a 
rapid learner to tutor a slow learner. Can you find references dealing 
with this situation? 

5. In your opinion, what is the most important single objective in sixth- 
grade arithmetic? Defend your choice. 

6. A student suggests that you are inconsistent in that you permit him to 
multiply feet by feet but object when he multiplies quarts by quarts. 
How would you explain your position? 

7. What would you consider to be appropriate remedial work for a 
Student who (1) counts fingers, (2) mumbles, (3) consistently misses 
multiplication problems imolving carrying? 


Selected References 

Adler, Irving. The Magic House of Numbers. New York: The John Day 
Company, Inc., 1957. 

Good enrichment material for the middle grades. 

Archer, Allene. Number Principles and Patterns. Boston: Ginn and 
Company, 19G1. 

Interesting enrichment material for intermediate grade levels. 

Marks, John L., James R. Smart, and Irene Saublc. Extending Mathe- 
matical Ideas. New York: Ginn and Company, 19GI. 

An enrichment work-text that would be appropriate for sixth grade. 

School Mathematics Study Group. Mathematics for the Elementary School. 
Net' Hatcn. Yale University Press, 1961. 

Contains surest tons regarding content tn arithmetic for grades four, fie, and 
six. 

Swain, Roller! L. I ’nderitar.dtng Arithmetic. New York: Holt, Rinehart & 
Wimton, Inc. 1957. 

.l/» eery good on common fractions. 

Thiele, C. 1.. “Arithmetic in the Middle Grades," Fiftieth Yearbook, 
Part II, The National Society for the Study of Education. Chicago: 
t’m>crsit> of Chicago Press, 1951. 

Gttci tor-t etcetUnt malmel or U'otIir* with fractions. 
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Definitions of several “kinds” of 
numbers and operations on these numbers have been made in previous 
chapters. The kinds of numbers include the natural numbers, integers, 
rationals, and real numbers. Traditionally, arithmetic as an elementary 
school subject has been concerned with operations on these kinds of 
numbers by making use of the Hindu-Arabic, base- 10, positional 
system of numeration. Also, some characteristics of these numbers, 
some processes peculiar to our system of numeration, and some 
applications of these numbers have been presented. 

More recently, emphasis has been placed on the structure of our 
number systems (we have more than one) and on the nature of our 
systems of numeration. Understanding is facilitated by making dear 
distinctions between numbers and numerals, between number opera- 
tions and renaming processes with numerals, and between characteris- 
tics of systems of numbers and characteristics of systems of numerals. 

This chapter presents some concepts of number operations and 
numerals, organized as follows: 

A. Number Structure 

B. Operations on Fractions 

C. Operations on Decimals 

D. Other Number Concepts 
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The base- 10, positional system of 
A. Number structure numeration has already been ex- 

plained. Also, we indicated that 
this is only one of several systems by which numbers may be written 
or named. Our understanding of number is closely related to our 
understanding of the system of numeration we use. So close is this 
relationship that we frequently come to confuse numbers with their 
names. We commonly refer to the symbol for a number as the number 
itself. If the difference is understood, no harm is done. The nature of 
numbers, numerals, and number operations should be clear to the 
teacher and, eventually, to the student. 

NUMBER OPERATIONS 

What is a number operation? In our more or less formal develop- 
ment of the several kinds of numbers, operations on numbers were 
defined. Our first numbers, the cardinal or natural numbers, were 
developed from elementary concepts of sets. Also, the operations of 
addition and multiplication of natural numbers were defined in terms 
of sets. Our first numbers and number operations, then, grew out of 
basic conceptions of sets of objects and the regrouping of sets of objects 
to form new sets. These definitions had nothing to do with a system 
of numeration or a way of symbolizing numbers. 

Upon accepting a system of numeration for the natural numbers and 
some symbols to indicate number operations, we are confronted with 
such symbols as 56 + 25, 13 x 36, 34 — 18, and 87 -i- 16. We 
commonly refer to these symbols as indicating a number operation. 
Now, “56 + 25” is the name of a number. What number? We are 
expected to find a standard name for the number. How do we do this? 
The number 56 + 25 in our standard form is 81. We get this by 
“adding.” In other words, addition in arithmetic has come to mean the 
process by which we rename a number to some standard form. This 
was not ou; original definition of addition. The operation of addition is 
a number operation. The process by which we rename an indicated 
number to a standard form is peculiar to our system of numeration. 

For example, 56 + 25 needs to be renamed to 81. How do we get 
the 81? First, we must know the so-called basic addition facts. These 
we get by counting. Then we must know that, in. our positional 
system of numeration, 

56 - 50 and 6 or 5 tens and 6 ones 
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and 

25 = 20 and 5 or 2 tens and 5 ones 

Now, we use our basic number facts to add digits in corresponding 
positions to get 7 tens and 1 1 ones, which are regrouped to get 8 tens 
and 1 one, which in our system of numerals is written 81. It should be 
clear now that to go from the number 56 + 25 to its standard form 81 
is a process peculiar to our system of numerals. In Roman numerals, 
for example, the process would be very different. This process of 
renaming is what we have come to think of as addition. Similar re- 
naming procedures involving multiplication, subtraction, and division 
signs may be detailed. 

PROCESSING NUMERALS 

The term processing numerals has been applied to the procedure for 
finding the standard name of an indicated number. This is done to 
emphasize the point that the “meaning” of the operations on numbers 
lies in the definition of the operation and the “laws” or rules obeyed 
by the operation. These definitions and laws, of course, have nothing 
to do with any particular system of numeration or symbols. 

The more traditional approach to arithmetic presents number 
operations and the renaming processes with the Hindu-Arabic numerals 
as synonymous concepts. Such an approach leaves the impression that 
addition is defined by the procedures whereby one finds the standard 
name for an expression such as 56 + 25. 

So far as computational skill of the child is concerned, these rather 
fine distinctions are not likely to matter. If, on the other hand, we have 
the more remote aim of developing future understanding and applica- 
tion of number to more difficult and abstract mathematical concepts, 
then these distinctions should perhaps gradually evolve in a planned 
arithmetic program. 

NUMBER STRUCTURE 

The teacher at any grade level should know exactly what number 
system is under consideration. In the primary grades, the natural 
numbers are used. These are: 


0, 1,2, 3,4, 5,..., 75, 76, 77,... 
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In the middle elementary grades, the non-ncgaUve rational numbers 
are studied. These include such numbers as: 

0, 1, i, I, 6, 11, 

Also introduced are the nonnegative real numbers or decimals. 
Examples are 

0, 1.0, 4.2, .666..., 7.125, 3.14 ... 

Both finite and infinite decimals are included. In the upper elementary 
grades, the positive and negative integers and operations on them are 
considered. Concepts of negative integers may then be extended to 
include negative rational and real numbers. 

Prime numfeers. The theory of numbers is the study of the cardinal or 
natural numbers. One of the oldest divisions of such numbers was into 
even and odd numbers. Characteristics of odd and even numbers 
were discussed in an earlier chapter along with their relation to the 
set of all natural numbers. 

A very important concept is that of prime numbers. A prime number 
is a number greater than 1 not divisible by any other number than 
itself and 1. The first few prime numbers are 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, . . . 

There are twenty-five primes less than 100. Numbers that are not 
prime are called composite. Note that 2 is the only even number that 
is prime. 

Factors. In the set of natural numbers, if a x b — c, then a and b are 
called factors of c. For example, 3x6 = 18, thus 3 and 6 are factors 
of 18. Also, 2 and 9 are factors of 18, as well as l and 18. Thus, the 
factors of 18 are 1, 2, 3, 6, 9, 18. If we allowed rational numbers to be 
factors, 18 would have an infinite set of factors. This points up the 
importance of knowing what system of numbers is under consideration 
at any time. 

We frequently need to know the prime factors of a number. The 
prime factors of 18 are 2 and 3. Note that 2 x 3 x 3 = 18. If we 
wish to find the prime factors of a number, we need try only those 
primes whose squares are equal to, or less than, the number. For 
example, to find whether 89 is a prime, we need to try dividing 89 by 
2, 3, 5, and 7. Since 1 1 squared is greater than 89, we know that if 
89 had a prime factor greater than 11, then it would have one less 
than 11. Why? 
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Fundamental theorem of arithmetic. Any natural number greater than 
one may be factored into primes in only one ' va Y* or *' xa * 
36 = 4 X 9, but 4 and 9 arc not prime. If we factor 4 and 9. w g 
36=2x2x3x3 

Also, 36 = 3 X 12. The number 3 is a prime, but 12 h f 
6. Thus, 36 = 3 x 2 x 6, which may be written 36 „„ pvrl , nt in 

These arc the same prime factors as found for the first mstan P ^ 

order. This rather obvious theorem or statement will no P 
here. 

Greatest common divisor. Frequently, in considering two 
need to find a number which will divide each of the numbers Th 
number is called a common divisor or. facto. Often - ^ as 

common divisor. Now, we know that any 

a product of primes in only one way. / so, 1 P hi idea 

factors ora number is a divisor of the number. We may « » 
to find the greatest common divisor 0 n d 3 ,j ? Factor each 
what is the greatest common divisor of 180 and 
number into prime factors. 

ISO =2 ! x3’x5 
315 = 3"- x 5 x 7 

The factors common to 180 and 315 are 3* and 5. The greatest common 
“ifnumhers are large 

euclidean algorithm provides a ' Y _ ^ ^ greatest common 

divisor without factoring. Suppose vrewsh^ to find^th S^ thc smaller 

divisor of 165 and 286. First divide the larger 
number. 1 

165)286 

165 

121 .. 
rmainder, repeating each time until 


Then divide the divisor by the rei 
a remainder of 0 is reached. 

1 _J 

121)165 44)121 

121 

"44 33 


1 

33)44 

33 

11 


3 

11)33 

33 

0 
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The divisor last used is the greatest common divisor of the two numbers. 
In this case, it is 11. 

Find the greatest common divisor of 154 and 195. 


1 

3 

1 

3 

10 

154)195 

41)154 

31)41 

10)31 

lJTo 

154 

123 

31 

30 

10 

~41 

31 

10 

1 

0 


The greatest common divisor of 154 and 195 is 1. Later we will make 
use of the greatest common divisor to reduce fractions to “lowest terms.” 
This is what we have defined as putting rationals in standard form. 

Least common multiple. The least common multiple of a pair of natural 
numbers is the smallest natural number divisible by both numbers. 
The prime factors help us determine the least common multiple. For 
example, find the least common multiple of 12 and 30. 

12 = 2* x 3 
30 = 2 x 3 X 5 

The least common multiple contains all the different prime factors of 
both numbers and contains them as many times as they most appear 
in either number. Thus, 

2 2 x 3 x 5 = 60 

is the least common multiple of 12 and 30. The addition and subtrac- 
tion procedures for fractions make use of the least common multiple. 


Our logical development of num- 
B. Operation* on Fractions bers led to a system of numbers 

called rationals. Operations were 
defined for this set of numbers. The rationals were defined as an 
ordered pair of integers. Therefore, each ordered pair of integers is a 
rational number. How are these rational numbers related to our 
common fractions? 

FRACTIONS AND RATIONALS 

In our logical development of the rationals, we found there was 
justification for considering the symbol ^ to mean division of a by b. 
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The more common meaning given to fractions in the elementarygrades, 
that of an implied division of natural numbers, is only one of several 
interpretations that may be given rationals. Fractions may be thought 


of as ratios or relative 


comparisons of two sets. The symbol - , read 


“a over 4” or “<z divided by A”, is not restricted to the integers. We 
may let a and b themselves be fractions. The line drawn between two 
fractions indicates division. Thus we have 


2 \ l_+6 f-j 

3’ I’ 3 + 7’ § + t 


all written in fraction form. 

We should think of a fraction as a number among an ordered set of 

numbers. The numeral for a fraction y is composed of two parts 

b 

separated by a line. The part above the line is called the numerator , 
and the part below the line is called the denominator. 

Earlier, we defined a standard form for a fraction. We call this 

reducing a fraction to its lowest terms. This simply means that if ^ is a frac- 

a . , 

tion, and if a and b have no common divisor other than 1, then - is in 

b 

standard form. Thus we have a family of fractions represented by the 
member in standard form. Note that if we are given any member of 

the family, say -, we may multiply or divide both numerator and 
d 

denominator by the same number and get another member of the 
family. For example, 

3 3 x 12 _ 36 

4 “ 4 x 12 48 

and 

35 35 4- 7 _ 5 

77 ~ 77-^7 11 


Members of the same family of fractions are “equal.” (Recall our 
definition of equal rationals.) This means that, in any operation 
involving a fraction, we may substitute for the fraction any member 
of the family represented by the fraction. 

Fractions less than 1 are called proper fractions. Examples are 1, 1, 
is, f§j. Fractions greater than 1 are called improper fractions. Examples 
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arc: V, a> ¥• Every improper fraction may be considered as the sum 
of an integer and a proper fraction, in which case it is called a mixed 
number. Tor example, 


Since we may think of a fraction as an indicated division, divide 7 
into 11 to get the number l with a remainder of 4. We indicate the 
division of 4 by 7 as *. Thus the quotient ofll divided by 7 is It. 


ADDITION AND SUBTRACTION OF FRACTIONS 

The addition and subtraction of fractions are, of course, defined by 
our definitions of the addition and subtraction of rationals. Most texts 
separate addition and subtraction of fractions into two cases involving 
“like” and “unlike” fractions. This really refers, not to the fractions, 
but to the numerals denoting the fractions. Thus ? and f are like 
fractional numerals, since their denominators are the same numeral, 
whereas ? and ,‘ 4 are unlike fractional numerals, since the denominators 
arc not the same numeral. Note, however, that and represent 
the same fraction. 

Wc arc again faced with a question. Is addition an operation on 
abstractions called fractions or is addition a renaming process on 
number names or numerals? For all practical purposes, in the ele- 
mentary grades the latter is what we mean by addition of fractions. 

If the fractional numerals of two fractions arc “like”; that is, they 
hate the same denominator, then we add the numerators and write 
this number over the denominator to get the fractional numeral which 
represents the sum of the fractions. Thus, 

5 4 _ 9 

To + To _ To 

Wc subtract the numerators and write this number over the denomi- 
nator to get the difference between the fractions. Thus, 

_5 j_ = _L 

1G 1G 1G 

If the fractional numerals arc unlike, wc change them to like fractional 
numerals. \\ c find the least common multiple of the two denominators, 
then denote the fractions as fractional numerals with the least common 
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multiple as the denominator. For example, we may add & and f. The 
least common multiple for 6 and 8 is 24. Then, 

1 _ 1 x 4 _ 4 

6 6 x 4 24 

7 _ 7 x 3 _ 21 

8 “8 x 3 '“24 

We now have like fractional numerals, and add accordingly. To sub- 
tract A from f, we must find the least common multiple of 10 and 6, 
which is 30. Then 

5 = 5 x 5 25 

6 6 x 5 30 

3 3x39 

10 ~ 10 X 3 ~30 

and 

25 9 25 — 9 16 

30 30 ~ 30 ~ 30 

The standard form for H is A. Why? 

Mixed numbers may be changed to improper fractions by simply 
adding the integer to the proper fraction. Thus, 4 £ means 4 -f «• 
The rational 4 means f, so we have 

4 4 5 - 4 x 6 l 5 __ 29 

I + 6 "1x6 + 6~6 + 6~6 

We may add mixed numbers by changing them to improper fractions 
and adding, as has been indicated, or we may simply add the integral 
parts and fractional parts of the mixed numbers separately. For 
example, we may add 2^ and 3«. Changing to improper fractions. 


we get 

2 H + H 


and 


„ 24 7 31 

8 8 8 


Upon 

adding, we get 




7 31 _ 7 x 8 

31 x 3 _ 56 ' 93 _ 

”?-ga 


3 + T ~ 3 x 8 

+ 8 X 3 24 24 

24 
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We may add as follows: 


2 i= 2+ 2T 

+35 =3 +H 


5 + - 


= 5 + I— = G— 

24 24 


MULTIPLICATION ANO DIVISION OF FRACTIONS 

Multiplication of fractions is defined by our definition or the multi- 
plication of rauonals. If - and - arc fractions, then 
b a 


a c _ ac 
b ' d bd 

The product of two fractions is a fraction whose numerator is the 
product of the numerators and whose denominator is the product of the 
denominators. We need to consider multiplication when we have frac- 
tional numerals of different kinds. We may have a whole number 4 
which, as a fraction, means {. We may have a proper fraction, such 
as f, and we may have improper fractions or mixed numbers, such as 
a or 2§. What is 4 x i? Write this as a fraction multiplied by a 
fraction: 

4 3 4x3 ^ 12 

1*51 x 5 5 

What is 1 x 3 ? This is Then we have the case 4 X 2$. We may 
write this as 


4 x25 


32 

3 


In this case, we change the mixed number to an improper fraction 
and multiply. 

Division was defined as the inverse of multiplication. If - and -arc 
rationals, then ^ d 

a _ c ad 

~b d be 


This is the same result as if we “inverted” the divisor - and multiplied, 
that is, & 

a . c __ a d __ ad 

b d b c be 
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Note that - is the reciprocal of Thus, to divide by a fraction, we 
c “ 

multiply by its reciprocal- For example, 

2.3 2 v 4 _ 8 

3 “ 4 — 3 3 9 


SOLVING PROBLEMS WITH FRACTIONS 

Most problems applying fractions to practical situations may be 
recognized as one or three types. An understanding of these types 
will help the teacher and student to decide how to solve a problem. 

The first type of question asked in a problem involving fractions 
as follows: What number is j of 36? This may be written 

? = ?x36 

There is a second type ofquestion: The number 27 is what fractional 
part of 36? This may be written 

27 = ? x 36 

The third type ofquestion is: The number 27 is * of what number? 
We write this ^ 

27 -= i x ? 


Each of these types of problems involves :a : simple equation in which 
we wish to find the missing number. Names have been g 
three numbers involved in the equation. 


36 


fractional part = fraction X base 


Upon reading a problem Tht obje”ti“e 

decide which two of "^"“^indicLd as follows: 
is to find the missing number, aoiu 

Fractional part missing: 

fractional part = fraction X base 
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Fraction missing: 

fraction = fractional part base 

Base missing: 

base = fractional part -r fraction 

Note that the fractional part may be larger than the base. Also, both 
the fractional part and the base may themselves be fractions. The 
three types of problems with fractions may be understood by relating 
them to the multiplication of whole numbers. If the multiplier, 
multiplicand, and product of whole numbers are understood, then the 
relation of fraction, base, and fractional part should be clear. 

We have seen how the real numbers 
C. Operations on Decimats were defined in terms of repeating 

and non-repeating decimals. Fur- 
ther, it was shown that all rationals or common fractions may be 
written as repeating decimals or as terminating decimals if we do not 
wish to repeat zero. The term decimal fraction is used to mean a special 
group of common fractions, those whose denominators are one of the 
following: 

10 , 10 2 , 10 3 , 10 *, . . . 

We sometimes shorten the term decimal fraction to simply decimal. 

Not every one writes decimals as we do. We commonly use a decimal 
point in our decimal numerals, placed even with the bottom of the 
symbols, as in 26.365. In England, the point is written higher up, as 
in 2-63; in other European countries, a comma is used as the separator 
in decimals. 

PLACE-YALUE STRUCTURE 

Decimal fractions are written simply as an extension of the Hindu- 
Arabic base- 10 system of notation. Each succeeding place to the left 
of the ones place increases by a factor of 10, and each succeeding place 
to the right of the ones place decreases by a factor of iV Thus, the place 
value in a decimal numeral is as follows: 

hundreds oner hundredths 

1000 100 10 1 _L _L 1 

10 100 1000 

thousands ton tenths thousandths 
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The number 8356.472 means 

8(1000) + 3(100) + 5(10) + 6 + 4/—) + 7 (-L) + sl - L ) 

{ 10 / [ 100 / (.1000/ 

Note that the “center” of the decimal numeral is the ones place, not 
the decimal point. The point simply tells us which is the ones 
place. 

The place-value system for writing decimal numerals makes the 
processing of decimal numerals very much like the processing of whole 
numbers or integers. We may analyze the numeral representing a 
decimal number several ways. For example, some ways that 56.27 
may be analyzed arc as follows: 

5 tens -f 6 ones -f* 2 tenths 4- 7 hundredths 
56 ones 4- 2 tenths -f 7 hundredths 
56 ones + 27 hundredths 


FRACTIONS TO DECIMALS 


Earlier, we presented a method by which rationals could be expressed 
as a terminating decimal or as an infinite repeating decimal. Any 
common fraction written in lowest terms whose denominator has prime 
factors including only 2’s and 5’s may be written as a terminating 
decimal, that is, a decimal fraction. Thus, we have 


1 

4 

4 

5 

3 _ 

16 


25 

= ioo : 
_8 _ 
B Io~ 


.25 


= .1875 


Other common fractions when converted into decimals do not termi- 
nate, but instead give a repeating decimal. These may be written as 
decimal approximations, using as many places as are desired. Thus, i 
may be written as .33 if two places are accurate enough, or as .333 if 
accuracy to the thousandth place is desired. 
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DECIMALS TO FRACTIONS 

Any terminating decimal may be expressed as a common fraction by 
removing the decimal point and writing the numerator and denomi- 
nator. Examples are: 

.5 - A, .75 = •£& 3.167 = 3ioq 5 
If the numerators are divisible by 2 or 5, these fractions may be reduced 
to lower terms. 

The method for converting infinite repeating decimals to common 
fractions has been demonstrated. Infinite non-repeating decimals have 
no common fraction equivalents. 

Some frequently used common fraction-decimal equivalents are 


| = .5 

i =.33J 

\ = .25 

5 = -66| 

| = .75 

i =.161 

i = .125 

ll 

o 

l = .375 

1 = .2 

| = .625 

! =.6 

l = .875 

i = .8 

h = .1 

100 = .01 


Some of the preceding fractions give infinite repeating decimals. These 
have been written as a combination of a decimal and fractional 
numeral. For £, we have .33J in which the £ means \ of x£o. 

OPERATIONS WITH DECIMALS 

In adding or subtracting whole numbers, we write the numbers 
with the places aligned, that is, ones under ones, tens under tens, and 
so on. No new principle is involved in adding or subtracting decimals. 
Simply align places when the numerals are written and add or subtract 
as whole numbers. For example, to add 26.75 and 7.6, we write 
26.75 
+7.6 
34.35 

The usual rule for multiplying decimal fractions is to multiply as if 
the decimals were whole numbers and “point off” as many decimal 
places in the product as there are decimal places in the multiplier and 
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multiplicand together. The rule may be demonstrated. Find the 
product of 1.6 and .32. Following the rule, we get 
.32 
X 1.6 
192 
32 
.512 

If we change these decimals to fractions, we have 
1.6 = 1^ and -32=^ 

Then 


Its x 


*10 ' N 100 10 - - iw * — 

Note that we multiply 16 and 32 to get the numerator^ 10 ^00 
to get the denominator. To change the fracuon to a deeunal 
we point off just as many places in the 512 as there are tens m the 

denominator to get .512. , ,ie, mrt n«tratrd as 

Multiplication of a decimal fraction by 10 may be demonstrated 

follows: The number 43.76 means 

4 tens 4- 3 ones + 7 tenths + 6 hundredths 
Suppose we move the decimal point one place to the right to get 437.6. 

' !i,i 4 hundreds + 3 tens 4- 7 ones + 6 tenths 

j l ~ factor of ten, and the number is 
Each place has been ‘"“ case ^ y decimaI is m0V ed to the left, we 
ten times as large as before. It tne a 
have 4.376. Then we have 

4 ones 4- 3 tenths 4- 7 hundredths 4- 6 thousandths 

Each place is one-ten, h as large as before and so 

tenth as large. Therefore, to m, duply a tTedecimal' numeral. To 
the decimal point one place to t e ng , to the left in the 

divide by 10, move the decimal pomt one place 

decimal numeral. . , . ^i_ m - v he 

Division of dtamals wW^number. Suppose we wish to 

xrsittZT-. 

multiply numerator and denommat f fam ; ]y of fractions. We 

equivalent fraction or a me «< va i ue ” remained unchanged. We 

expressed this by saying that tn 
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may think of a division example as a fraction. Thus, we may multiply 
divisor and dividend by 10 or any power of 10 so that the divisor 
becomes a whole number. The quotient remains unchanged by this 
operation. For example, 37.5132 -4- 8.6 is the same number as 
375.132 -r 86. We divide as we would whole numbers or integers, 
ignoring the decimal point. 

4.362 

86)375.132 

344 

311 

258 

533 

516 

172 

172 


The rule is as follows: If the places in the dividend and quotient are 
carefully aligned, place the decimal point in the quotient in the place 
above the decimal point in the dividend. Why this rule? 

The rule should be meaningful. Why is the above answer 4.362? 
We could determine an approximate answer that would help us decide 
where to put the decimal point. The divisor is roughly 100 and the 
dividend is roughly 400; therefore, the quotient is approximately 4. 
We can be fairly sure the quotient is not 43.62 or .4362. The decimal 
point should be placed to give a quotient near the approximate 
quotient 4. 

We could change the decimals to common fractions, divide, and 
change back to decimals. Thus, we would have 37 iffifc ~ 8i® 0 . 
Other than to demonstrate a few examples this is not feasible. Decimals 
were invented to shorten the tedious task of multiplying and dividing 
large common fractions. 

Various kinds of examples in dividing decimals may be encountered. 
If the moving of decimal points in dividend and divisor is understood 
and if the rule for placing the decimal point in the quotient is under- 
stood, no trouble should be experienced. Find the quotient of 10.35 -f* 
.015. We write this 


We need to multiply the dividend and divisor by 1000 to make the 
divisor a whole number. (Moving the decimal point 3 places to the 
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right does this.) It is necessary to annex a zero to the dividend to get 
10,350 45. Dividing, we get 

23 


45)10350. 

90 

135 

135 

Now, is the answer 23 ? No, we place the decimal point in the quotient 
according to the rule and fill the vacant place with a zero to get L 230 as 
the quotient. Why? Again we find the approbate ^"■er Letthe 
divisor be 50 and the dividend be 10,000; then the : quotient . 00 

because 50 X 200 = 10,000. Our answer, then, must 230 mstead 
of 23. To show that a whole number is a decimal, we may write 

Tedmdfractions are terminating decimals. How do « ^perform 
operations with infinite decimals? If the infinite decimal » « ^ ® 

decimal fractions. 

SOLVING PROBLEMS WITH DECIMALS 

■ i tvnes as are those involving 

Problems be jllustra ; cd ’ by examples. W. have 

common fractions, inese 
the following relation in such problems: 

fractional part - decimal fraction x base 

The first type occurs when the fractional part is missing. «■»« 
number is .65 of 250? We write this: 

? .65 x 250 

What 

decimal fraction of 45 is 9? " C J' rlt ' ^ ^ 
j = 9 4-45 


The decimal fraction is 


. 2 . 
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The third type of problem has the base missing. The number 12 
is .3 of what number? We have 

12 = .3 X ? 

or ? = 12 ri- .3 

The base is 40. Knowing these three cases, we need to decide in a given 
problem which items are given and which item is to be determined. 
Other problems involving increase or decrease in numbers may have 
other steps combined with one of these three types. 


Several other number concepts are 
D. other Number Concepts useful in number applications. 

Raising numbers to powers and 
extracting roots have almost become basic operations. Whereas our 
four basic number operations are binary, these two operations are 
uniary. They are operations on a single number. Ratio and proportion 
and per cent are rather standardized concepts. 

POWER AND ROOTS 

A rather brief presentation of powers and roots has been made. We 
have seen how our base- 10 positional number system is based on 
powers of 10. When a number is used as a factor several times, we 
may indicate this by a special symbol. Thus, 

10 x 10 x 10 = 10 3 

2 x 2 x 2 x 2 = 2 1 

The number used as a factor several times is called the base. The 
superscript to the right of the base is called the exponent and indicates 
how many times the base is used as a factor. A kind of arithmetic of 
exponents may be set up. 

Now V- 3* means (3x3) x (3 x 3 x 3 x 3) 

The associative law of multiplication permits us to group factors any 
way we choose; therefore, 

(3x3) x(3x3x3x3)=3x3x3x3x3x3=3 8 

Note that the exponent of the product is the sum of the exponents of 
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the original powers of 3. We may state this as a rule. Let a be the 
base and m and n exponents. Then, 


Suppose we have 2 6 t 2 4 . Then, 

2x2x2x2x2x2 Q2 
26 - 2 ‘= 2 x 2 x 2 x 2 ~ ^ 

The rule for division of powers is 

a m -7- a n = ° m ~ n 

where m > n. , . AS rp. ■ 

Now, suppose we have a case in which n > m, such as 4 . . 

means , 

4x4x4 __ 

" 4 2 


4 3 -r 4 5 


= 4x4x4x4x4 
Now, if we let 4° 4- 4 s mean 4’"“, then we get 4'=, a negative exponent. 
We will then define 4-» to mean I . We may let the division rule hold 

for all integers m and n, with the understanding that 
1 


Suppo 


= n, and we have a n -r a”, then 


, n, n onH = 1. We then dehne any base 

but if m then a -a : an ofzero and negative 

raised to the zero power to De rvnonents. 

integers as exponents 

The base may be a fraction. What is 




3 3 3 

= - x - x 7 

4 4 4 


3x3x3 


3* 

= 43 


4x4x4 
we raise the numerator and denominator 


To raise a fraction to a power, 
to the power. power is extracting a root. The 

The inverse operation ,ora.^ rithn P ^ ^ d emons.ra.cd, 

square root “ nd “ S rding notation are desirable. 

£ — - - •• *• — 1 • 
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means the cube root of a, and so on. The root of a number may be 
indicated by a fractional exponent. Thus, 

Va = Va = oS'\ <Ta = n 1 '* 

If we have the root of a number raised to a power such as Vo 3 , we 
write 

= a Vi 

where the numerator of the exponent tells the power to which a is 
raised, and the denominator tells the root extracted. 

We may have powers of powers, such as (2 2 ) 3 . This is read “2 squared 
to the third power.” What does this mean? 

(2 s ) 3 = 2 a x T x 2* = (2 x 2) x (2 x 2) x (2 x 2) 
2x2x2x2x2x2=2 6 

The rule (a" 1 )" = a m * n . The rule for extracting the nth root of a power 
is (a"*) 1/B = a n,n or a m ~*. For example, find the square root of 2 s . We 
write this 

V2® = (2 6 ) 1/2 = 2 6,z = 2 3 

Scientific notation. Extremely laTge or small numbers may be written 
in a more compact way using powers of 10. We may note that the sun 
is 93,000,000 miles from the earth, or the wavelength of a microwave 
generator is .0000015 centimeter. These are, of course, approximations, 
each with two significant digits. (See section on measurement in 
Chapter 13.) We may write these numbers in scientific notation by 
writing them as a number equal to, or greater than, 1 but less than 10, 
multiplied by an integral power of 10. 

Wc simply shift the decimal point so that one digit stands to the left 
of the point and multiply by the power of 10 necessary to move the 
point back to its original position. To write 93,000,000 in scientific 
notation, move the decimal point to the left seven places to get 9.3. 
Multiply this number by 10 7 to indicate the original position of the 
decimal point. 

93,000,000 = 9.3 x 10 7 

Wc may make use of our negative exponents in writing small numbers 
in scientific notation. To change .0000015 to scientific notation, we 
move the decimal point to get 1.5, then multiply by 10" 6 to indicate 
its original position. This is the same as diriding by 10*. So 

.0000015 = 1.5 x 10-« 
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This notation makes very large or small numbers with only a few 
significant digits easier to understand. Computation is easier. Suppose 
you desired to find the product of 93,000,000 and .0000015. Our 
regular multiplication process would be rather long. Consider the 
following. 

(9.3 x 10 7 ) x (1.5 x 10-*) = (9.3 x 1.5) x (10’ x 10-*) 

= (9.3 x 1.5) x 10'-* 

= (9.3 x 1.5) x 10 1 
= 9.3 x 1.5 x 10 
= 13.95 x 10 = 139.5 


Most of the foregoing steps could be done mentally. They have been 
included to illustrate the process. The placement of the dec.mal point 
is facilitated by use of the scientific notation. 


RATIO AND PROPORTION 

Traditional texts usually define ratio as an implied division. The 
ratio of the number 12 to the number 4 is 12 -r 4 or — . Also, »c 

rates. 7ve drive 240 miles and bun, for 6 
getting 16 miles to the gallon. We . costs us S 1.B5 

hours, so we are 270 miles from home. Our ^ g250 ulo . 

per thousand kilowatt hours r^'o'Ls been defined as a division, 
watt hours. How much ts ,he b . * thcrc a general concept of ratio 
a rate, a comparison, or a fractio . s 

that would encompass aU of t atra in. This time, let the 

Suppose we use ordered numbers have subset, 

numbers be real numbe . intcscrs , and the natural numbers, 

isomorphic to the rationa , m 2), (2, 2), (3.6, 1.8). 

Examples of such number pairs are (1, 1), (5. 4), 1 
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We define a ratio to be an ordered pair of numbers. The ordered 

pair (a, b) as a ratio will be written ^ or a:b, and will be read, “a is to b." 

The ratio - and the ratio ^ are members of the same family of ratios if 
b d 

ad = be. Two members of the same family of ratios are said to be equal 
and a statement that they are equal is called a proportion. Thus, 


a c 


b d 


is a proportion. Consider the ratio 


V2 

2 


and 


1 

V2 


Are these ratios equal? ( Members of the same family.) Does 

V2 

2 “ V2' 

How does our definition of ratio differ from our definition of rationals? 

Numerous applications of proportion may be made. In alt such 
cases, we have given a ratio and one number which is part of a ratio 
equal to the given ratio. The problem is to find the other number in 
the equal ratio. Our definition of equal ratios supplies the answer. If 
a c 

^ and - are equal ratios, then ad = be. Suppose the numbers a, b, and 

d are given. We wish to find c. We may let x represent the unknown 
number. Set up the proportion 


b d 

Then ad = bx. We then solve this equation for x. Now suppose c is 
known and d is missing. We have the proportion 


a c 

b = i 

and ax = be. Solve this equation for x. These are the two cases 
possible in a proportion example. 

In such problems, the given ratio may be expressed as a fraction, a 
rate, or a comparison. In many cases, it is convenient to use an equation 
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called a formula. For example, d = ft means distance equals rate 
multiplied by time. The rate is a ratio. Distance to time is a ratio. 
These are equal; therefore, we have a proportion. Our rate may be 
45 miles per hour. This is the ratio -¥•. Our time is 6 hours. We have 
the proportion 

45 distance 
1 — 6 hours 

Distance xl -45 X 6. Our distance is 270 miles. The formula was 
simply a proportion written in a convenient form. It is an equation 
already solved for your convenience. . , 

In a general sense, we may describe a family of ratios as one kind 
of relation sometimes called a proportionality "lotion. In general, we may 
define a Mon as a set of ordered pairs of numbers. Thts is a con- 
venient device to describe more advanced number concepts, such 
functions. 


PER CENT 

Where common fractions have denominators that aTe f ^ ° f 
10, we may omit the denominator and wnte the “tnmon fracUon a^ 
decimal fraction. The decimal fraction mdteaung h^^hs has co 

to have numerous applications. Through common usage t h- becom 
convenient for us to partition things into »° P^" d h “ Ued , 
the parts. A number indicating hundredths has come to be 

^Te'bank charges us 8 per cent interest tp«r year on aloanf — 
This means we are charged interest at the second of the 

parts of the loan. Thus, a per cen Up 100 We write a per cent 

ordered pair of numbers is understood to be 100. Wewn . P 
as a number followed by the word “pec cent or the sym 
Thus, 8% means -ffe or .08. as commo „ fractions. We 

We have written ratio in the same fraction is a number, 

should remember however, that a c ^ ^ up the m atter 

whereas a ratio is a relation. Even so most t0 

of — ng — “ * £2^ «. as number, 

but as an implied division of XdmaTfmctions make it 
co r^: S thlT= ZZL To convert common or decimal 
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fractions to per cents, write them as fractions with 100 for the de- 
nominator. The numerator becomes the per cent. Examples: 


* = H! = 125% 

4 100 /0 

62 

•62 =-= 62 % 
76.9 

. 769 = __ = 7e , 9% 
5,86 = 755 “ 586% 


In some cases, the numerator is not a whole number when the de- 
nominator is 100. In these cases, the numerator may be a fraction or 
mixed number, or it may be a decimal fraction or mixed decimal. For 
example. 


1 _ 33J 33.3 + 

3 “ Too or ioo 


- 33J%or 33.3+% 

The plus sign indicates an approximation. 

Wc arc also concerned with changing per cents to fractional or 
decimal form. The per cent sign indicates hundredths. When we 
remove it, wc must divide by 100. For common fractions, we simply 
25 

write 25% ■ To convert to decimal fractions, we move the 

decimal point two places to the left. Why? Thus, 25 % = .25. Examples : 


. . 10 

0 ° ” Too 

1 

~ 10 

and 

10% = 

= .10 

50 

50 ”““7o5 

1 

“ 2 

and 

50% = 

.50 
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250% 

12.5% 


250 

100 

12.5 

100 


= 2 and 

125 

" 1000 “ 


250% = 2.50 

l and 12.5% = .125 

8 


66s 200 

66 S% = 100 = 300 


^ and 661% = - 66 J 


Problems in per cent. Since per cents are ratios, problems involving 
per cents are proportions with one of the four numbers missing. 
Example: What number is 25% of 60? The given ratio is 25% or 

m . We need to find the equal ratio i , where the * is to be de- 

termined. We have 

25 x_ 

100 ~ 60 

100* = 25 x 60 = 1500 


1500 

100 


= 15 


The answer is 15. It has been convenient to develop a formula for 
proportions involving per cents. It is 

percentage = rate X base 
p — rb 

In the preceding example, the rate is 25%, ^ “^0 “d ‘he 

percentage is 15. The similarity between per cent prbbl^andft^f 

involving common and decimal frac *!°“ ^hl third may be computed, 
the percentage, rate, and base are ffven ‘he ‘tardm y F ^ ^ 

common or to a decimaltraction. m r 

~ We could use the formula and change 25% to .25. This wo 
100 ' 

givCUS percentage = r X b 

= .25 x 60 


= 15 
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The formula may be “solved” for any one of the three components: 
p — rb 


P 



Many per cent problems involve an increase or decrease in a number. 
We need to decide which number is the base. For example: The cost 
of an article was $12.00. The article was marked to sell for $15.00. 
What per cent profit was made? The cost of the article is the base, 
whereas the profit, $3.00, is the percentage. The rate, then, is found by 
substituting in 



2 

= 12 

_ 1 

“4 

The rate or per cent profit is 1, or 25 %. 

A third type of per cent problem is that of finding the base when the 
rate and percentage are known. This type of problem does not have 
as many applications as the other types, and some texts advocate not 
teaching it in the elementary grades. An example: A paper boy saves 
40 % of his earnings. At the end of the first year he has saved $120.00. 
What were his earnings for the year? The rate is 40%; the percentage 
SI 20.00. Therefore, we have 

bast = - 
r 

120 
~ .4 
= 300 

His earnings for the year were $300.00. 

Per cents are constantly used in business in problems involving 
interest, discounts, commissions, profit and loss, net price, selling price, 
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margin, and cost. Such fields as economics, finance, and the social 
sciences make frequent use of per cent. Its numerous applications to 
everyday affairs make per cent an important concept in arithmetic. 


Something to Think About 

1. Is a number operation something we do with numbers or is it some- 
thing we do with numerals ? Explain. 

2. Can you explain what is meant by the term number structure? 

3. How do prime numbers differ from other numbers ? 

4. Select some numbers at random. Find whether they have a greatest 
common divisor other than one. Use the factoring method and the 
euclidean algorithm. 

5. Show how most of our rules for operations on fractions are really 
rules for processing fractional numerals. 

6. Explain how our rule for the division of fractions really comes from 
our definition of the multiplication of rationals. 

7. Explain the place-value method of writing decimal fractions. 

8. Explain the meaning of negative exponents. 

9. What is meant by the scientific notation of numbmMVh« are i« 
advantages? Make up examples of numbers that could be expressed 
in scientific notation. 

10. Explain several ways of defining ratios. 

11. Why Is pioportion such an important concept in arithmetic? 

1, Using the ^ 

rr:;rtr,cSiLo,tin g problems? 
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The junior high school grades have 
been referred to as the “lost yean” so far as ^““^"and 
Traditional programs have rOTe "' d nth-grade students 

applications to various business proWe S mortgages, and 

are ten years or more away from sec g th „ a re 

insurance, these applications are large y <«g° 7 ^ ^ arithmet ic 

needed. Recently, many chan ?“ dcs general trend of these 
programs of the seventh and eighth g tonics and eliminate 

proposals is to introduce more basic mathematical topics 
many of the repetitious applications of ant me 
This chapter presents the following topics: 

A. Toting and Dragno.lt 

B. A Seventh-grade Program 
problem Solving 

D. The Exceptional Learner 
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In traditional arithmetic programs, 
A. Testing and Diagnosis most arithmetic concepts had been 

presented by grade six. Grades 
seven and eight were used to reteach and extend understandings and 
applications of concepts already introduced. More recently, many 
groups are recommending the introduction of new mathematical 
content in grades seven and eight. The evaluation procedures carried 
on by the teacher in these grades will then depend in part upon the 
arithmetic content of these grades. Evaluation is used here in the broad 
sense and includes a consideration of objectives, content, and various 
appraisal procedures, including testing and diagnosis. 

No attempt will be made to formulate objectives for grades seven and 
eight. Many excellent statements of mathematical objectives may be 
found in the literature. 1 2 3 4 5 * 7 The introduction of new content in these 
grades may tend to stress the mathematical outcome rather than the 
social outcomes. Accordingly, our appraisal and the procedures related 
to appraisal will change. 

Four types of tests are available to the upper grade arithmetic 
teacher. These arc the standardized tests of achievement in arithmetic, 
ready-made diagnostic tests of achievement, ready-made tests found in 
arithmetic texts, and teacher-made tests. Standardized tests have a 
place in a program of evaluation. National norms provide a basis for 
comparison, and many of these tests are rather comprehensive. Some 
of the most frequently used standardized tests suitable for grades 
seven and eight arc 

1. Analytical Scales of Attainment in Arithmetic (California Test 
Bureau) 

2. California Achievement Test (California Test Bureau) 

3. Coordinated Scales of Attainment (Educational Test Bureau) 

4. Iowa Every Pupil Tests of Basic Skills, Advanced Examination, 
Basic Arithmetic Skills (State University or Iowa) 

5. Metropolitan Achievement Test (Harcourt, Brace and World) 

G. New Stanford Achievement Examination (Harcourt, Brace and 
World, !ne.,j 

7. SRA General Achievement Tests (Science Research Associates) 

* Ij-o Ilmrcknrr, rl a! , Dtttltftnf Mathmatual Underitandm* in Iht Uptxr Gradet 
{No* York Holt. Umchart St Wituton, Inc.. 1D57), chap 2. 



TESTING AND DIAGNOSIS 309 


Diagnosis for difficulties in arithmetic should continue in grades 
seven and eight. For the traditional topics in these grades, ready-made 
diagnostic tests may be used. (See Chapter 5 for a list of such tests.) 

Tests in texts or teachers’ manuals may be used for diagnostic 
purposes. Teacher-made tests probably must be used to diagnose 
learning difficulties or measure achievement in the new content that is 
coming into these grades. 

A broader view of evaluation becomes necessary as our objectives for 
arithmetic instruction change. Increased emphasis on mathematical 
understandings may require that we adopt new methods of appraisal. 
Harding 2 notes that functional situations may be used in broadened 
programs of evaluation. A list of twenty-three content topics is pro- 
vided to illustrate the need for teachers to be fully acquainted with 
arithmetic content. Applications of this content may be used to 
evaluate the concepts and skills of the student for each topic. 

The teacher should use many techniques in evaluating the work o 
students. Some or all of these techniques should be employed during 
the school year: 

1. Standardized tests of achievement 

2. Ready-made diagnostic tests in one or more areas of arithmetic 

3. Inventory tests in texts, workbooks, or teachers’ editions of texts 

4. Teacher-made tests 

5. Observation 

6. Records of student participation in class activities 

7. Individual conferences 

8. Functional applications of arithmetic concepts 


B. A Seventh-grade Program 


The problems of selecting topics 
and deciding how far they should 
be developed in a particular grade 

are not likely to be solved 

demands of society make it necessar>- constantly m 

ate arithmetic and other programs in our schools. P 

2 Lowry H. Harding, 

Mathematics,” of Teachers of Mathematics, 1954), pp. 

(Washington, 

355-63. 
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proposed here may need additions and deletions to fit the needs of a 
school or community. Nevertheless, the emerging mathematics pro- 
gram for the junior high school grades does have recognizable features. 
Some attempt has been made to include these features in this program. 

RETEACHING AND EXTENSION 

Most of the basic facts concerning the nature of numbers and 
operations on whole numbers, common fractions, and decimals are 
introduced before grade seven. These concepts need to be reviewed or 
retaught where necessary. Some kind of inventory or achievement test 
may be used to evaluate a new class and make a decision about re- 
teaching. Then some extension of these basic concepts should be made. 

Nature of Numbers. By the time a student reaches the seventh grade, 
he should have gained rather definite concepts of our decimal number 
system and the Hindu-Arabic system of numerals. The student should 
understand the difference between a number and a numeral. As for 
the whole numbers, the student should demonstrate some understanding 
that a number is an abstract concept denoting plurality or manyness 
or quantity. He should know that a numeral is a symbol for a number 
just as a noun is a symbol for a person, place, or thing. The collection 
or set concept and the one-to-one correspondence concept may be 
used to associate a number with a collection of objects. 

The most important feature of our system of numeration is place 
value. Since ours is a decimal system, the value of a digit one place to 
the left is increased ten times. Zero as a place holder, indicating no 
digits in a place, made possible a concise written system of numeration. 
Before the use of zero, some mechanical place holder, such as the 
abacus, had to be used to indicate places. The absence of a bead 
indicated the absence of a digit. 

The teacher should be sure students understand the meaning of the 
decimal feature of our numerals. This may be done by having them 
tell the value of digits in a large numeral. For example, in the numeral 
568,312, they may be asked to tell what value the 8 has or the 1 or the 5. 
Students should clearly understand that 568,312 means: 

5(100,000) 4- 6(10,000) + 8(1,000) + 3(100) + 1(10) + 2 

Some arithmetic texts emphasize that a digit has two values : one is 
its face value which is based on its meaning as a number, the other is its 
place value which is based on its position in a written numeral. Thus in 
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the numeral “63” the “6” has a face value of six and a place value of 
ten. In the numeral “444” each “4” has a face value of four, but place 
values of hundred, ten, and one from left to right. 

Operations with whole numbers. The seventh-grade teacher must be 
prepared to review and extend understanding of number operations 
with whole numbers. It is entirely possible for students to exhibit skill 
in computation with whole numbers, but lack the understanding 
necessary for successfully proceeding to more advanced topics in 
mathematics. 

Students at this level are not yet ready for a completely abstract 
treatment of the number processes. The basic ideas of sets of objects 
can be very useful in developing understanding of the so-called funda- 
mental operations. The number operations may be considered a 
process of grouping and re-grouping. Numbers may be re-grouped in 
many ways. Thus 42 may be thought of as 4 tens and 2 ones, as 50 — 8, 
or as 30 + 12, or in many other ways. Students should clearly under- 
stand that adding means putting two or more groups together to make 
one group. Subtraction should be understood as the inverse of adding 
and means taking apart or separating a group into two subgroups, one 
of which is known. Teachers should indicate that “borrowing” in 
subtraction is really re-grouping. Thus to subtract 18 from 42, we 
regroup 42 into 30 + 12 rather than 40 + 2. 

Multiplication should be understood at this level as an operation 
which combines several equal groups into one group. Re-grouping 
may also be used to simplify multiplying. Thus to multiply 23 by 12, 
students think of 12 as 10 and 2. Ten 23’s would be 230 and two 23’s 
would be 46, and 230 and 46 are 276. 

Dividing should he understood as separating a group into a given 
number of equal subgroups or into groups of a given size. This may be 
demonstrated as the inverse of multiplying. The two concepts of 
division are sometimes called measurement and partition. For example: 
How many 3's are there in 18? We could subtract 3 repeatedly to find 
how many 3’s are in 18. This is the measurement idea. If 18 is divided 
into 6 equal groups, how large is each group? This is an example of 
the partition idea. Students should discover the relationship among 
divisor, quotient, and dividend in division examples. 

Laws of operation. The laws or rules regarding whole numbers and 
the operations of addition and multiplication may be introduced, 
though perhaps not by name. Thus, students should discover the 
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commutative and associative laws of addition and multiplication. The 
order in which numbers are added makes no difference, and the order 
in which two or more numbers are multiplied does not affect the 
product. 

Also, they should discover that the indicated sum of two or more 
numbers is multiplied by a number when each number in the indicated 
sum is multiplied by the number. Thus: 

6(3 + 4) = 18 + 24 

and likewise 

5(7 - 2) = 35 - 10 

Now, an indicated product of two or more numbers is multiplied by a 
number when only one number or term in the indicated product is 
multiplied by the number. This fact is sometimes confused with the ' 
distributive rule just cited. 

Common fractions . Many students entering the junior high school 
grades have only a hazy idea of common fractions. Much of their 
knowledge centers around using fractional numerals in the four 
fundamental processes. An abstract presentation of rational numbers 
cannot be made at this level. Some kind of concrete representation of 
common fractions should be made. Common fractions may be pre- 
sented as parts of a whole, parts of a group, as a ratio or comparison, 
and as an indicated division. Fractions as ratios or comparisons are 
not so easily understood by children as the first two concepts. 

A concept of equal fractions should be developed. Thus we say that 
I = il- These are said to be equal or equivalent fractions. A fraction 
chart can be used to demonstrate equivalent fractions. We may say 
that i = f. 

This is demonstrated by the fraction chart (Fig. 11.1). Other concrete 
demonstrations may be used. 
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Many texts define like fractions. The teacher should realize that this 
term applies to the way a fraction is written. In other words, two 
fractions may be written so that the denominators of the numerals of 
the two fractions are the same. Thus i and | may be written as f and 
f. The “likeness” refers to the written symbol only, and makes easier 
the operations on fractions. 

The four operations applied to common fractions may need to be 
reviewed in the seventh grade. Teachers should observe the ability of 
students to “think through” the operations on fractions. Where under- 
standing is lacking, illustrations and examples to develop meaningful 
concepts of operations on common fractions should be provided. 

Decimal fractions. Decimals as real numbers is an abstract concept 
that should be understood by the teacher, but not necessarily y t e 
students. Only certain decimals are presented as decimal fractions. 
These are the finite decimals; those which may be made equivalent to 
common fractions with denominators of 10, 100, 1000, 1 , > an ® 

on. Decimals that are equivalent or equal to common fractions may d 
demonstrated. 

Name Common Fraction Decimal 


one tenth = 
one one-hundredth = 
one one-thousandth = 

The principle of place value in c 
strated by a chart. 

hundreds tens ones 
100 10 1 - 



iooo 

numeral system may be demon- 


tenths hundredths 
J-or.l r !<“' 01 


The number 346.72 means 

3(100) + 4(10) + 6 + 7(A) + ^ (too) 

Powers of 10 should be understood at this grade level. Thus we m y 
write the preceding number 

3(10 2 ) + 4(10) + 6 4- 7{io) + 2(*) 2 ^ 

The units place should be the center of a coun tries, the 

decimal point is used to indicate the ones place. n _ operations on 
point is placed above the units or ones p a ^ e - p rev j ous chapters 
decimals should be reviewed at this level as nee e 
have illustrated ways of presenting these operation 
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Many texts define like fractions. The teacher should realize that this 
term applies to the way a fraction is written. In other words, two 
fractions may be written so that the denominators of the numerals of 
the two fractions are the same. Thus | and § may be written as £ and 
£. The “likeness” refers to the written symbol only, and makes easier 
the operations on fractions. 

The four operations applied to common fractions may need to be 
reviewed in the seventh grade. Teachers should observe the ability of 
students to “think through” the operations on fractions. Where un er 
standing is lacking, illustrations and examples to develop meaning u 
concepts of operations on common fractions should be provided. 


Decimal fractions. Decimals as real numbers is an abstract concept 
that should be understood by the teacher, but not necessarily by the 
students. Only certain decimals are presented as decima ractions. 
These are the finite decimals; those which may be made equivalent to 
common fractions with denominators of 10, 100, 1000, , . jn 

on. Decimals that are equivalent or equal to common fractions may 
demonstrated. . , 

Name Common Fraction Decimal 


one tenth — To 

one one-hundredth = Too 

one one-thousandth = Tooo 


.1 

.01 

.001 


The principle of place value in our numeral system may be demon 
strated by a chart. 


hundreds tens ones tenths hundredths 
100 10 1. Aor.l Titt or - 01 


The number 346.72 means 

3(100) 4- 4(10) + 6 + 7(-*) + 2(t£o) 

Powers of 10 should be understood at this grade level, 
write the preceding number 

3(10=) + 4(10) + 6 + 7 (*) + 2 (*) = Th( _ 

The units place should be the center of a d “’ 1 ™ c countr ics, the 
decimal point is used to indicate the ones p ace. ^ operations on 
point is placed above the units or ones p a ^ e ' p rev j ous chapters 
decimals should be reviewed at this level as neede . 
have illustrated ways of presenting these operations 
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Graphs. The various kinds of graphs are introduced before grade 
seven. In the seventh grade, students should understand the difference 
between a line graph and a bar graph. Students should observe that 
a line graph is a continuous line connecting points determined on a 
coordinate system. The bar graph is a discontinuous graph made up of 
bars of various lengths. 

Students should be introduced to a coordinate system. The number 
line should be reviewed and pupils shown how points and numbers 
correspond. A coordinate system may be illustrated as a pair of 
perpendicular number lines. Illustrate how the point (3, 2) is located 
(Fig. 11.2). Explain that units along the number lines arc entirely 
arbitrary and may be chosen to fit the data to be graphed. Explain 
how points on the plane correspond to number pairs, with the first 
number telling the units out on the horizontal axis and the second 
number telling the units up on the vertical axis. 


Sociai applications. Traditional texts have placed much emphasis on 
social applications. The topics usually included in the seventh grade 
ave een budgets, buying, banks, interest, accounts, business, dis- 
counts, and profit and loss. Many or these so-called social applications 
arc very far removed from the everyday life of the seventh-grade 
student. Even though some of the advantages attributed to these 
applications such as immediate application and interest, may have 
been far-fetched, some good can come from broad social applications 
o number concepts. More applications in concrete situations can help 
“ genera lze number concepts. A problem-solving approach 
may be emphasized in these applications. 

The teacher should continue to make use of social applications as 
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new number concepts are introduced or old ones reviewed. Thus 
problems involving whole numbers, common and decimal fractions, 
and the four operations on these numbers should be taken up as 
learning is reviewed and extended. Problems involving ratio and 
proportion and per cent have numerous applications. Various topics 
involving measurement furnish many everyday problem situations. In 
each ease, teachers should present new terms or ideas peculiar to the 
application and then emphasize a problem-solving approach. The 
most important outcomes may be, not the applications themselves, but 
an understanding that mathematics is a series of structures and that 
problems fall into patterns. When a pattern is known many problems 
can be easily solved. Learning mathematics then is learning patterns 
or structures and finally reaching a point when new patterns may be 
evolved. 

RATIO AND PROPORTION 

One of the most frequently encountered ideas in elementary mathe- 
matics is that of comparing numbers. If we wish to find how much 
larger or smaller one number is than another, subtraction is involved. 
This is comparison by subtraction. If we wish to find how many times 
larger or smaller one number is than another, then division is involved. 
This is comparison by division. 

A ratio is a comparison of two numbers by division. Example: A 
mother is 40 years old, and her daughter is 10 years old. Compare the 
mother’s age to the daughter’s age by division. 

40 -j- 10 or 40/10 = 4 

The mother’s age is 4 times the age of her daughter. The ratio is 4 to 
or 4;] or 4 yj Now the comparison may be phrased as follows: 
ompare the daughter’s age to the mother’s age by division: 

10 40 or 10/40 = 1/4 

The ratio is now 1 to 4. This may be written 1 :4 or 1/4. 

Where measurements are to be compared they must be stated in the 
same units. Inches may be compared to inches, but not to feet, yards, 
or miles. Examples using common measures should be used to 
illustrate this point. 

^Problems involving ratio form an important part of the applications 
comparisons to everyday life. Formerly such problems were taught 
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as proportion, and a mechanical rule was applied to get the ans ", er ' 
Now emphasis is placed on understanding ratio and >l'>^mg throu g h a 
problem Example: If 4 apples cos. 21*. how much are appl per 
dozen? The student should see that a companion ts involved It » 
to 12 or 4/12. The fractional form for writing the ratio 4/12 ts 1/a, 
reduced to simplest terms. Thus 1/3 of a dozen costs 21*. A dozen 

costs 3 x 21* or 63*. (Kg. 11-3.) . _. d ine 

A proportion shows the equality or two ratios. The preceding 

problem may be expressed as follows: 

4/12=21/? or 1/3=21/? 

If an x is put in place of the question mark, we have an equation. 


1/3 = 21/* 

Students should know how to change fractions to equivalent or equal 
fractions. So the student should reason that 21 times the numerator o 
1/3 gives the numerator of the equal fraction. Then he must multiply 
the denominator of 1/3 by 21 to get the denominator of the equal 
fraction. 

1 x 21 21 
3 x 21 63 


The ratio of 4 apples to a dozen apples is 1 to 3, the ratio of the cost of 
4 apples to the cost of a dozen apples is 21 to 63. The cost of a dozen 
apples is 63$. Solving proportions as equations may come after some 
elementary concepts of algebra have been introduced. 

Some texts now advocate introducing ratio as a number~pair, then 
defining a proportionality relation between number-pairs. This approach is 
more in line with newer concepts of numbers that are being introduced 
in the elementary grades. This is obviously a relatively abstract pres- 
entation of ratio and proportion. Experimentation with these concepts 
may be valuable to the teacher. 



Figure 11.3 
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PER CENT 

The meanings of per cent and the changing of common and decimal 
fractions to per cents may be introduced before grade seven, but a 
redevelopment of the basic meanings of per cent is usually needed. A 
chart or board with 100 squares is very useful in demonstrating the 100 
basis for per cent (Fig. 11.4). Examples may be used to show the 
equivalence of fractions with denominators of 100 and per cents. Out 
of many such examples can come an understanding of the equivalency 
of common fractions and per cents. Thus, 

25/100 is 25 per cent or 25% 

But 25/100 may also be written as a decimal 
25/100 = .25 

Therefore, .25 is 25 per cent or 25%. The fact that 
25/100 = .25 = 25% 

can be developed from the hundred board. This relationship needs to 
be generalized so that students may easily convert from common 
fractions or decimal fractions to per cent and back. It is also necessary 
to develop the fact that 100% of something means the whole or all of it. 

Usages of per cent. There are three different usages of per cent. Some 
writers advocate teaching two usages in the seventh grade and saving 
the third for the eighth grade. More recently texts advocate teaching 
the three “cases” in the seventh grade. 

Examples of the three usages are as follows : 

1. Finding a per cent of a number, as 6% of 240 = ? 

2. Finding what per cent one number is of another number, as 

16 = ? % of 64 


12 squares are shaded 
88 squares are white 
12/100 of the squares are shaded 
12% of the squares are shaded 


WWW? 


lESEBBSnonGO 

fegBnsnpnnn 

iQDDQDDnnnrai 

fenEmnomd 

tepnnnnnnnn 



Figure 1 1.4 
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3. Finding the number when a per cent of it is given, as 6 = 30% 
of ? . . 


Since per cent means per hundred, the per cent in a problem should 
be changed to the equivalent common or decimal fraction. To find 
6% of 240 means find 6/100 of 240. This, from a study of common or 
decimal fractions, means 6/100 x 240 or .06 x 240. 

The ratio of two numbers may be expressed as a per cent. The ratio 
should first be expressed as hundredths and then as per cent. For 
example, a student got 32 questions correct on a 40-qucstion quiz. 
What per cent did he get correct? 


40=T00 = 80% 

The third usage of per cent usually causes students some difficulty. 
Brueckner 3 ^ noted that lack of social applications may account for 
students difficulties in finding the whole amount when a part and the 
per cent are given. Such examples as 6 = 30 % of ? do not have 
very many applications. Again the teacher must demonstrate the 
meamng of find a per cent of a number.” It means multiply. Thus 

6 = .30 x ? 

Using the already understood relationship of a product to its factors, 
students may see that 

l_ = 6 4- .30 

advocate delaying the introduction or the percentage 
formula beyond the seventh grade. Many seventh-grade student, 

of ainh n r “ y "° rk wi,h ,his f™ 1 * as a generalization 

of all three krnds of per cent usage. The formula is usually written 


P = b x 7 


where 


p = percentage or part 
b = base or whole 
r = rate or per cent 

^enth rO B ra U d C e 0 S.° H Per Brea '" than 100 P cr Cmt come in the 

grade. Students usually wonder how we can have more than 

5 Bruce kner, op. at., pp . 239-40. 
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all or the whole of something. Per cents greater than 100 per Gent come 
about when we compare two numbers or convert their ratio to a per 
cent. When we compare a smaller number to a larger number we get a 
ratio less than 1 and a per cent less than 100. When we compare a larger 
number to a smaller number we get a ratio more than 1 and a per cent 
larger than 100. Thus to compare 32 to 20 gives us a ratio of 32/20 or 
8/5. 

8/5 = 160/100 or 160% 

Then we may say that 32 is 160% of 20. 

MEASUREMENT 

In the first six years, students are informally introduced to many of 
our standard measures. Various units are applied to practical problems 
and students are introduced to certain denominate numbers. In the 
seventh grade the approximate nature of measurements may be 
emphasized. This may be demonstrated by letting students measure 
the length of a stick with a ruler marked in eights. Then the distribution 
of the measurements may be shown. The range, median, and average 
of the set of measurements may be found. The distribution may be 
displayed on a simple graph (Fig. 11.5). Need for accuracy can be 
impressed with such a display. 

The use of denominate numbers in computation should be under- 
stood. First, students should understand that in computation only 
units in the same system of measure may be added. For example, we 
cannot add units of length and units of liquid measure. We may add 
units oflength to units of length and units of volume to units of volume. 



Figure 1 13 
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Also, within the same system of measure, such as length, wc may add 
only coefficients of “like” units. Thus, we may add feet to feet, yards 
to yards, or inches to inches. We may put feet and inches together, as 
in the measure 4 ft 3 in., but we must change units if we are to get one 
numerical coefficient, such as 51 in. 


INfORMAt. GEOMETRY 


Many basic concepts and techniques of geometry may be presented 
in the upper elementary grades. At the seventh-grade level, geometry 
is called informal because formal argumentations are not presented. 

Uses of the compass and straightedge are extended. Further work in 
geometric constructions using these instruments is presented. Lines and 
points are accepted without definition. Line segments as parts of a 
line, are defined and used in basic constructions. These include bi- 
secting a line, erecting a perpendicular to a line, and drawing a parallel 
line through a point to a given line. 

Concepts of angles and the measurement of angles by protractors are 
presented in the seventh grade. An angle is usually described as a 
figure formed by intersecting lines or as being formed by rotating a line 
in a plane about a point. Drawings and illustrations can be used to 
develop needed concepts. The rotation or a line concept may help 
s udents visualize the meaning of an angle since there is a tendency for 

and T “ COnfuse ‘"f h of sid “ size of an angle. Use of a clock 
and the rotabon of its hands can be used to demonstrate what is meant 

a e ven °, a” 8 '/. Pup,ls ma y learn construct an angle equal to 

a given angle and to bisect a given angle. 

menk form^T 1 ' S ‘“ deMS should become generally aware of the geo- 
» w l ‘bcfi- They can best do this if specific forms are 
have a c„u ‘ dent,fi r ' d “ ,he >' “ ** surroundings. Teachers may 

tile cardboa d f made fr ° m Various materials, wood, 

g ometrk fo ™ ^ StUdCntS t&pl a ys with examples of 

fve^daTJorM a„dT; mC P*'"™ ° r f °™ are abundant * ™ 
paSns Some T T T ^ "™y il ems illustrating these 
elude the circle ST, ^ Sh ° U ' d be St “ dM in d « ail - These 
and h“ ' " SlK ° fVar ‘° US «"*■ fi ua drilaterals, the pentagon, 

d,st"c?fmm fi a "! d oi “ a " 0f '! h “= « the same 

center and ending on the c' C 1 ■ ' A lme segment through the 

the center to auoini ca ed a diameter. A line segment from 

a pom, on the circle is called a rad, us. A radius is half as 
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Figure 11.6 


long as a diameter. The distance around a circle is called the circum- 
ference. A chord is a line segment with ends on the circle. The diameter 
is a chord, but all chords are not diameters. An arc is part of a circle. 
These parts may be illustrated (Fig. 11.6). 

A triangle is a dosed figure having three line segments for its sides. 
Special names have been given to some triangles. These names are 
based on the angles made by the sides of the triangles (Fig. 1 1.7). The 
sum of the angles in a triangle is 180°. The rigidity of triangles should 
be demonstrated. Use of this property in the construction of bridges 
and buildings may be studied. 

Closed figures with four line segments for their sides are called 
quadrilaterals. Some special kinds of quadrilaterals may be identified 

(Fig. 11.8). 


An equilateral triangle has three 
equal angles and three equal sides. 


An isosceles triangle has two equal 
angles and two equal sides. 


A right triangle has one 90* angle. 


A scalene triangle has three unequal 
angles and three unequal sides. 



Figure 11.7 
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A square has four equal sides and 
angles. 


A rectangle has four equal angles 
and opposite sides equal. 


A parallelogram has opposite sides 
parallel and opposite angles equal. 


A trapezoid has one pair of 
parallel sides. 


A rhombus has four equal sides. 


Figure 1 1.8 


Properties of these figures should be explored, including the fact that 
the sum of the angles in a quadrilateral is always 360°. 

fhe word polygon means many angles. All plane closed figures 
haying straight lines for their sides are called polygons. Regular 
polygons having five, six, and eight sides may be demonstrated and 
these constructions studied. These figures may be used in making 
various geometric patterns or designs. 

rtf '“Tim " Aftcr sl “ d ™ts I™e developed some knowl- 

fivf S rt WOr c mg Wi,h points ’ lines ’ certain geometric 

aonhert To 110n r shlps aI "° ng thKe conce P ts - measurement may be 
to ot efe fTr li " d *- Many geometric figures are basic 

mobile, rt • rt ° Ur ° Ur r ° ads and brid S«. our auto- 

cirdls ° Ur TT and ,heir P^ucs we find applications of 

clscs '„ PdyEOm ' and ! °rt hd Se0me,riC of many kinds. In some 

volumnnd lwT W ' ,h ‘“T and P eri ™'«i - others, with 
( 1 ) linear mea ? V McaSUr ,. Craent ,n « eom ctry may be of three kinds : 
mca T foTam e T engt n " di5tances aro 'md Perimeters, (2) square 

ZZrl foe T P T C figUra OT surfa “ s of solid figure!, (3) cubic 

have many orarllrl ° f T” 11 * grometric All these measures 

values P applications as weli as mathematical and aesthetic 

fo™“ut n, ^ t Rrad ' ,CVCl ShoU,d b <= abI = 'o understand and use 

comes from manv " d ' nS m ' asl,remcnt geometry, however, 
mes from many concrete tllust rations, written descriptions, and 
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definitions. Statement of a measurement fact as a formula should come 
after understanding has been developed. 

Square measure is introduced by illustrating, describing, and defining 
a unit of square measure, such as the square inch. The use of the square 
inch in measuring area in a rectangle then may be considered. Many 
examples should be used. Visual materials are available to demonstrate 
area of rectangles. The rule comes last and after understanding. 
Students may then write or “discover” the rule for themselves. On such 
a foundation, an understanding of area of circles, various polygons, and 
surfaces may be developed and rules or formulas stated. Formulas for 
perimeter, area, and volume of common geometric figures are given in 
Chapter 13. 

SETS AND NUMBERS 

Just when sets and operations on sets should be introduced in 
arithmetic has not been settled. Some textbooks introduce sets in the 
seventh grade and extend the concepts in the eighth grade. Suppes 4 
has conducted trial programs which introduce some concepts of sets in 
grade one. In any case, the importance of developing better under- 
standing of modern mathematical ideas justifies some work on sets, 
their relation to numbers, number statements, and variables in grades 
seven and eight. 

Sets should be presented simply as collections of things. The students 
in your class, the students’ desks, the boys in your class, the girls in your 
class, the persons with blue eyes in your school — all are sets of things. 
Sets do not have to be physically collected together in order to be 
defined. The set of all National League baseball players may be widely 
separated in space and time, yet it is a definite set. The names of sets 
are included within braces { } to denote a set. For example: {John, 

Mary, Jane, Bill} is a set of children. The “things” may or may not be 
physical objects. 

Sets of things are themselves things. Therefore, we may have sets of 
sets. Your class is a set of pupils. Your school is a set of classes 
Members of sets are called elements of the set. The symbol “e” means “is 
a member of.” Thus, if 

R is the set {John, Mary.Jane, Bill} 

4 Patrick Suppes and Blair A. McKnight, “Sets and Numbers in Grade One, 
1959-60,” The Arithmetic Teacher, 8 (October, 19CI), 287-90. 
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then we may say that 

John e R 

Pupils should join the teacher in defining and exhibiting different kinds 
of sets. This will help them see that sets may be defined in two different 
ways. One way is by tabulating or naming the members, the other is 
by giving a rule for deciding whether things arc members of the set or 
not. 

A set is called a subset of a second set if every member of the first set 
is also a member of the second set. For example, in the foregoing set /?, 
the children whose names begin with the letter " J ” form a subset of/?. 
We may call this subset J. We then write J <= R which is read “7 is a 
subset of/?.” Write other examples of subsets. Is R a subset of itself? 

We may assign a number to a set. The number tells us how many 
members are in the set. Sets may be matched member by member. 
For example, the sets {1, 2, 3} and {a, b, c} may be matched as follows: 

1 < ► a 

2 -< v b 


The sets are said to be in a ‘‘one-to-one correspondence.” Such sets are 
sax to be equivalent. Equal sets have identical members. How do they 
diner from equivalent sets? 

J™ , d,a ^. a “ S " la >' be used to illustrate membership in sets and 

n ™ ^ ° rmcmb,:n! in your class. Let O be the girls 

myour class (Fig. 11.9). Then G e C. 

are Hue ‘’'VT ^ bluc ' eycd stud ' nts your class. Now some girls 

reoresentTh ’ V S, “ d ="“ ™ girls. We could 

he rela ion IT ¥ 1U °' ^ ° = C and E = C - Describe 

«amHe o?s b r e r„ a " d * ™ *° ur !t “ dents up other 

examples of sets and illustrate with Venn diagrams. 
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Figure 1 1. 10 

Sets may be combined to form a new set. Let A = {1, 2, 3} and 
B as {a, b, c}. Then we may combine the two sets to get the set 
{1, 2, 3, a , b, c}. The new set is called the union of the two sets. The 
symbol vj is used to denote union. Thus 

A UJ3 = { 1,2, 3, a,b,c) 

Recall that C is the set of pupils in your class. G is the set of girls in your 
class. What isC U G? Let students make up sets and form subsets and 
unions of sets. Illustrate with Venn diagrams. 

A set with no members is called an empty set or null set. The symbol 
(which is the Greek letter phi) is used to denote the null set. The set 
of boys enrolled in a girls’ school is an empty set. Most examples of 
empty setsseem a bit silly, but thisisa very important concept. Note that 
an empty set is a thing. We cannot just say it is nothing. A women’s 
reading club may be an organization of women. The members may 
all drop out, but the organization still exists. The individual members 
of a set are different from the set itself. 



Problem solving should not be 
C. Problem Solving considered as another topic in an 

already crowded arithmetic pro- 
gram. Instead, problem solving ought to be inherent in the develop- 
ment of each topic in arithmetic. What is problem solving in arithmetic ? 
Isn’t everything in arithmetic a problem? Banks 5 seems to give the 
simplest definition. He means by “problem” a quantitative situation 
described by words, requiring a quantitative answer, in which the 
arithmetical operations required are not provided. Thus, “If a dozen 

J. Houston Banks, Learning and Teaching Arithmetic (Boston: Allyn and Bacon, 
Ir >c., 1959), p. 364. 
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oranges cost Si. 08, how much does one orange cost?” is a problem, 
whereas “15 x 23 = ? ” is not a problem. Marks, Purdy, and 

Kinney 6 take a broader view. For them, a pupil solves a problem any 
time a quantitative question is answered by means other than a 
memorized response. Others view problems in a very general sense to 
include not only textbook problems but problems in everyday life. 
Generally in arithmetic, the word “problem” refers to a word statement 
and a question which requires the student to make judgments about 
number concepts and operations and perform operations on numbers. 

Difficulties in problem solving. Several reasons for difficulty in solving 
arithmetic problems have been identified. These include (1) reading 
difficulties, (2) poor skill in computation, (3) inability to relate arith- 
metic concepts to elements of problems. Most other difficulties will be 
refinements of these three. Comprehension in reading is necessary in 
problem solving. Arithmetic problems are likely to contain special 
words or terms which must be understood if the problems are to be 
solved. Students must develop a good reading vocabulary, under- 
standing of the social setting for the problem, and understanding of 
arithmetical symbols and terms. 

In order to choose number operations to be performed in a problem, 
pupils must relate number operations to the problem situations 
described in words. A simple example: Father is planning a 400-mile 
trip. His car averages 16 miles per gallon of gasoline on a trip. If he 
starts with a full tank of 20 gallons, will it be necessary for him to buy 
more gasoline before reaching his destination? Pupils must understand 
that 


miles per gallon x number 
and that 


of gallons in tank 

— distance in miles without refueling 


distance in miles without refueling must be 
compared to distance of trip 


The student must choose number operations to allow him to make the 
comparison called for in the problem. Is there only one way to 
approach this problem? After relationships are understood and oper- 
ations are selected, obviously computational skill is needed in problem 
solving. 


r«rifr h, M wv’ C v R, f ha ^ Purdy ’ and Luc,en B. Kinney, Teaching Arithmetic 
for Undemanding (New York: McGraw-Hill Book Company, Inc., 1958), p. 310. 
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Developing problem-solving ability. What can the teacher do to help 
students develop ability to solve problems? Several writers 7 have noted 
that problem solving cannot be taught as a skill. Problem solving is 
inherent in understanding mathematics. The student who is proficient 
in producing correct answers to arithmetic examples, but cannot solve 
problems, may be compared to the student who is able to give sounds 
to syllables according to rules, but does not know the meaning of the 
words he sounds. You may well say that these things go together. Yes, 
they should, but they do not develop together in every child and for 
every teacher. 

Efforts have been made to reduce problem solving to a series of steps. 
Some junior high school mathematics textbooks list steps students 
should follow to solve problems. Other writers 8 have listed “rules” for 
use in solving arithmetic problems. Most statements of steps or rules 
for problem solving include such items as: read the problem carefully; 
decide what is given; decide what is to be found; think through the 
steps necessary to answer the question; select and do computations; 
estimate answer by using simplified data; check answer carefully. There 
seems to be general agreement, however, that problem solving cannot 
be reduced to a fixed set of steps or rules. Instead, lists of steps should 
be considered only generally descriptive of what a person does when 
he solves a problem. 

If arithmetic is understood as a structure of related concepts, then 
problem solving for the student becomes a matter of recognizing 
patterns and fitting what is given in a problem to a pattern already 
understood. For example, how frequently do we find the relationship 
between divisor, dividend, and quotient appearing in arithmetic prob- 
lems? Students should know that divisor times quotient equals 
dividend and dividend divided by quotient equals divisor. The “three 
cases” of this relationship are found for whole numbers, for common 
fractions, for decimal fractions, and for per cent. Understanding of this 
relationship is needed for problems on topics ranging from interest and 
profit to perimeters and areas of geometrical figures. Once the full 
mathematical meaning of the equation a x b = c is developed for the 
several kinds of numbers, a whole range of problems may be solved. 
How many formulas or types of problems can you think of which are 

7 Leo J. Brueckner, Foster E. Grossnickle, and John Reckzeh, Deieloping Mathe- 
matical Understandings (New York: Holt, Rinehart & Winston, Inc., 1957), p. 310. 

8 Wilbur H. Dutton and L. J. Adams, Arithmetic for Teachers (Englewood Cliffs, 
N.J.: Prentice-Hall, Inc., 1961), pp. 178-80. 
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based on this simple relation? 

If a x b =* c 


c 



Thus, teachers should strive for generalizations along with teaching 
specific meanings or techniques of arithmetic. 

Procedures or techniques for helping students improve in problem 
solving may be summarized: 

1. At each point help students to generalize or sec a pattern when a 
specific concept or operation is taught. Do this by showing 
application of the concept or operation to a variety of concrete 
situations. 

2. Teach reading skills needed in arithmetic. 9 

3. Help students develop techniques for making problems more 
concrete, such as 

a. Using simplified numbers in the problem 

b. Drawing a picture or diagram of the problem 

c. Rewording by student 

d. Analyzing problems by use of rules or steps 

e. Use concrete materials related to social situation described in 
the problem 

f. Provide First-hand experience, such as a trip to a bank when 
studying interest or a store when studying profit, list price, or 
discount 

4. Develop other devices for approaching problem solving, such as 

a. Making up problems 

b. Stating a problem without numbers and verbalizing what is 
given and what is asked 

c. Reasoning from what is required back to what is given 

d. Relating a problem to a simple analogous one 
c. Looking for hidden questions 

f. Estimating or checking reasonableness of answers 


• Bmeckner, op. nt., pp. 314-19. 
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Many studies have shown that 
D. The Exceptional Learner students entering the junior high 

grades vary widely in achievement 
level and ability to do academic work. They vary widely both in 
arithmetic achievement and in ability to learn arithmetic. Student 
differences in arithmetic in the seventh grade may be due to a number 
of factors. These factors include (1) innate mental potential, (2) home 
background and environment, (3) maturity level of student, (4) general 
academic achievement level, (5) attitudes toward arithmetic, (6) 
previous teaching student has received. 

Many different kinds of administrative arrangements are now being 
made to care for individual differences in the junior high school. These 
range from differentiated assignments and grouping within the class- 
room to honors and remedial classes in separate classrooms. 

THE SLOW LEARNER 

We may recognize two kinds of slow learners. Most unselected classes 
include children below average in their capacity to learn. Generally 
the same materials used in regular instruction are used for these 
children. Their learning is characterized by the need for more con- 
crete learning experiences extending over a longer period of time. The 
teacher needs to present very specific topics and procedures. We also 
will find the child who seems to have average or above average ability 
to learn but who is low in arithmetic achievement. Efforts to determine 
why these children have not achieved to capacity should be made. One 
thing seems clear. The teacher must accept the slow learner at the level 
which he has attained and attempt to improve his achievement from 
that point. Grossnickle and Brueckner 10 have made some excellent 
suggestions for working with the slow learner. 

THE RAPID LEARNER 

The rapid learner is characterized, not only by his ability to grasp 
factual material, but by his insight into meanings and ability to 
generalize. Often the rapid learner has simply been given more and 
harder arithmetic problems to solve. Since he does not need the drill 
or repetition that a slower learner may need to fix learning, it is likely 

10 Foster E. Grossnickle and Leo J. Brueckner, Discoiertng Meanings m Arithmetic 
(New York: Holt, Rinehart & Winston, Inc., 1959), pp. 394-95. 
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that boredom and dislike of arithmetic can result. The rather strict 
topical placement of arithmetic in the elementary grades along with 
our lock-step method of proceeding by grades, one per jear, have made 
it difficult to provide proper experiences for the rapid learner. As a 
result, some kind of enrichment has come to be widely used. In 
practice, this has often resulted in keeping the same text and topical 
placement and adding some new topics, tricks, or games. This practice 
is not likely to extend and develop mathematical understandings in the 
superior student. Instead, a definite program for the development of 
additional mathematical concepts and their application is needed. 
New texts and materials arc becoming available to help teachers with 
this problem. 

Where it is not administratively possible to provide for acceleration 
or for a modernized program involving additional mathematical 
concepts, the teacher may have to use some kind of enrichment. 
Suggestions for enrichment may be found in several sources. Knrich- 
ment may include (1) history of arithmetic, (2) games and puzzles, 
(a) different algorisms, (4) nesv applications for arithmetic, (5) in- 
vestigating some topics in depth, (G) making mathematical displays, 

, , S » tU yin ?m C " topics * 8110,1 as elementary statistics, probability, and 
set theory, (8) number systems with other bases. 


Somethin! to Think About 

gradc‘matliemalics? S0C ' al “ PI ’ ,ica,ion5 '>“"8*"* “PPer elementary 

2 ' ' Vi ' h b = — — 

3 ' fvatTnr, 1 S ' V '" ,h -^ d ' ar *tltmetie texts, both old and nets-, ,o 
ESTtS&r " h ' Ch ™ incorporated 

4 ' t^d P Deem'„ !,hat P " ' ,U " dr ' d ) ““d than per 

each of the foregoi“g’is use" ? Ca " >OU "''" k ° rsi ‘ uations in " ,,ich 

5 ' W^s^rXer.^ in SCVcn,ll 'h' ra tlc mathematics 
this’ Cl ” ‘. hc " Mh «»"• do you account for 

t-an you find any.h.ng i„ the literature to support your ansster? 
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6. Is there any place for concrete materials in seventh-grade arithmetic? 
Explain. 

7. What does a teacher do with, or for, a seventh-grader who cannot add ? 
Refer to the literature if you need to do so. 
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L/ome teachers consider eighth 
grade to be a rather difficult year. For example, in certain school 
organizations, it is an elementary grade. In others, it is a junior high 
grade; in a 6-6 organization, it is neither of these, yet not quite in the 
high school. The trend, however, seems to be toward a junior high 
organization, with a corresponding decline in the number of 8-4 
units. 

Sociological changes have contributed to the confusion which arith- 
metic teachers sometimes experience in dealing with the eighth grade. 
For example, a few decades ago, most students ended their formal 
education after they finished “grammar school.” Consequently, in 
arithmetic classes, considerable emphasis was put on business practices 
just because this was the last chance to give students this type of 
experience. Further, the tendency of our society to shift from rural to 
urban has rendered obsolete many of the “practical” problems about 
farming that were once prominent in the eighth-grade arithmetic 
program. 

This chapter includes the following topics: 

A. An Eighth-grade Program 

B. The Exceptional Learner 
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Just as there is lack of unanimity 
a. An Eighth-grade program as to the general goals in eighth 

grade, so is there a wide degree of 
diversity in arithmetic content. Hence, in describing a program, about 
all one can do is to point out certain features that arc being stressed. 
Obviously, teachers who sec eighth grade as the culmination of an 
elementary program use a different approach from that of teachers 
who think of eighth grade as an orientation for high school mathematics. 


RETEACHING AND EXTENSION 


From the very first work in elementary arithmetic to the end of 
grade eight, certain concepts are continuously rctaught, since they are 
of vital importance. Many of the elementary texts begin work in 
eighth-grade arithmetic by summarizing, rcteaching, and extending 
these concepts. 


Number structure . By the time they reach the eighth grade, students 
have certainly heard a great deal about the structure of numbers. 
Many texts, however, devote some space to a rcteaching of such terms 
as place value and place holder. Special attention is given large numbers, 
including billions. The analysis of numbers is usually part of this 
work. For example, in the number 123,771,348,193, what is the 
meaning of the 8? Of the 2 ? 

An activity frequently used with the study of number structure is 
a ?“" g numbers - For sample, estimate the sum of 212,385 
and Ul. Only those students who have developed a relatively high 
degree oT understanding can round off numbers in a way that is 
meaningful. Frequently, eighth-grade students need additional practice 
in rounding off. 


eighth-grade texts are making use of exponents in writing 
,JT berS i'nn he f„“, d '“ USUally b 'P n "™ h familiar procedures as 
lng . . ° . 10 : J hls conc 'Pt is expanded to 1000 = 10 s and may 
go considerably higher. Little attention, however, is usually given to 
the use of the exponential form in carrying out number operations. 

eighth-grade arithmetic texts now present some work on 
restricted tnT b “ es ° th ' r than 10 - Exercises are usually 

doina a r T g Wntt ' n nUmberS rr ° m °“ base to another and 

opera,ions - F ° r ™p ie: h °» *> «* «« 42 

{ ). Then the z tells how many ones, the_y tells 
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how many fives (the base), and the x tells how many twenty-fives (the 
base squared). Since 42 (base 10) contains 1 twenty-five, the x is 1. 
The 17 which remains contains 3 fives, so the^> is 3. All that remain 
are the 2 ones, so the base 5 numeral is 132. 

Although many texts and teachers’ manuals do a masterful job in 
explaining numerals with other bases, it is vital that the teacher be 
clear on it before she introduces it to her class. Careful preparation is 
essential at this point. 

Some teachers are questioning the value of having students work 
with number bases other than 10, especially on the ground that this 
does not meet the social criterion. Basically, the motive in such work 
is to help the student reach a better understanding of a base- 10 system. 
Considerable experimentation will be necessary before we arrive at any 
conclusions about the effectiveness of this method of expanding the 
student’s understanding of number. 

Operations with whole numbers. One who has not taught might think 
that the addition, subtraction, multiplication, and division of whole 
numbers has been mastered by eighth grade. Indeed, this is true of 
many students. On the other hand, the assumption by the teacher that 
such mastery has been achieved is always dangerous. 

Consequently, many texts begin the eighth-grade year by a rapid 
reteaching of the fundamental operations with whole numbers. It 
should be emphasized that diagnosis ought to be one of the prime 
purposes of the teacher. Although eighth-grade students have had 
extensive contact with the operations applied to whole numbers, some 
students may still be making certain errors because of misconceptions 
that were acquired years earlier. During this phase of reteaching, the 
teacher should be especially observant for patterns of errors, poor work 
habits, lack of self-confidence, and any other characteristics that would 
prevent normal progress. 

Some teachers have found that they can use the reteaching of whole- 
number operations to present certain basic mathematical principles. 
For example, the commutative principle of addition is frequently 
illustrated. This principle says the order of adding two numbers does 
not change the sum (3 + 4 = 7; 4 + 3 = 7). Would this principle apply 
to subtraction? Give the reason for your answer. Along with this, the as- 
sociative principle is usually presented. This says that numbers may 
be grouped in different ways to find a sum, or (3 -f 4) -f- 5 = 3 + 
(4 + 5). 
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Fractions. Generally, the pattern that has been described in the 
reteaching of whole numbers is also used in the reteaching of operations 
with both common and decimal fractions. The basic concepts of 
fractions are restudied. Terminology is covered as rapidly as is feasible. 
This leads to a variety of applications. In general, however, very little 
is presented in the way of new concepts or operations. 

Here again, it is of vital importance that the teacher maintain a 
diagnostic point of view. Few areas of study offer more opportunities 
for misconceptions than that of common fractions. Such errors are 
frequently rather easy to correct. This, however, can occur only if the 
teacher becomes aware of the existence of the difficulty. 


Per cent. Many beginning teachers are surprised when they learn 
that the per cent concept is a source of considerable confusion. This 
system of writing fractional numbers, however, is used in a wide 
variety of applications. Probably its versatility contributes to the 
difficulties students encounter in working with per cent. 

Usually, teachers review with their eighth-grade classes the basic 
meaning of per cent” as “per hundred.” For example, if on a hundred 
board we hang 97 blue tags and 3 red tags, the red tags are present 
auhc rate of 3 per hundred. This can also be written as yfy, or .03, or 
%. The idea of “at the rate of” is given considerable emphasis, since 
it is basic to an understanding. 

Although the pattern of presentation varies considerably, there are 
certain phases or work with per cent that usually are studied, or 
rcstudied, in eighth grade. One such topic is that or expressing the 

“ per cem ' c °n,mon Traction, and decimal fraction 
orm. This involves such exercises as 3 = .75 = 75 °/ True such 

rr n \r atcly ^ ecomc s ° me ' vhat but it » L P or. 

21 1 Studc " ts . und 'r«and, and possibly demonstrate concretely, 
eve a or , he" S ' '“ chers “P'« ““dents to learn 

, = 311 o ' “T™ P " such as i = 50%; 

this list tn°' 3 1 ,1 5 — 25%; and J = 75 %, Some others expand 

rn nmth a d -' X Cighth! ' TlMi ° m "« h *'™th, 

"t — 3rC fr ' q “ Cml >' *-=>■ are seldom 

uscu m practical situations. 

a per'cent’or a"' ‘^n” c<msid ' ra blc attendon is that at finding 
wi* familiar f h ° Ugh the “P* is normally introduced 

^ rapid ' T ' ? ^ 25 ' « ” Me\vill usually 

r p '“ progress toward such cases as “find 37 5°' ell 7 •• 
u h u , .ff thm pkc , s ,, p „ dm , ^ 
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when the 37.5% is written as .375. Fractional per cents (find of 
500) are usually included here. 

The use of per cent as a means of expressing ratios is usually retaught 
in eighth grade. Frequently, this is combined with a study of simple 
geometric figures (Fig. 12.1). For example, the student may see that 
i or 25% of the figure is shaded. The concept of ratio can also be 
applied in such areas as won-lost records in sports. If a basketball team 
won 20 games out of 30, the ratio of wins to games played is 20/30, or 
ior66f%. 

The use of per cents to describe amount of increase or decrease is 
sometimes a bit confusing. For example, a $10 sweater is marked down 
to $7 during a sale. Is the decrease in price % or i 3 0 ? The general 
principle is to compare the amount of change to the number before 
the change occurred, so that the price decrease would be A or 30%. 

One of the most difficult types of per cent problems is the one in 
which we are to find a number when we know a certain per cent of it. 
For example, 80% of a number is 60. What is the number? Several 
methods are available to us in working such a problem. One is to 
think “.80 times a number — 60; the number will be 60 — .80; hence 
the number will be 75.” Another approach would be to write the 80% 
as i . Then we would say, “f of a number = 60; the number = 60 
& = 60 x 3 = 75.” Another might be “If .80 of the number is 60, 
then .01 of it will be Then of it will be f x 100 = = 

75.” Note that the essential differences among these methods fie in the 
pattern of thinking; the computations involved are essentially the same. 

The work with per cent in eighth-grade arithmetic usually places 
considerable emphasis on problem solving. The teacher should try to 
use real situations for problem work: sports records, ticket sales, 
advertisements from the local paper, and others. Many texts get into 
simple business practices in working with per cents. Such terms as 
profit, loss, discount, margin, mark-up, and overhead are frequently 
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introduced and used in problem work. These, however, are not 
emphasized as much as was the case several decades ago. 


MEASUREMENT 


In the earlier grades, students concentrated most of their attention 
on the English system of measurement, since this is the system that is 
accepted as the standard in America. This means that the students 
have worked extensively with the foot, along with its multiples and 
parts, and with pounds, tons, and ounces. In the upper elementary 
grades, however, students begin to come into contact with the metric 
system, particularly in science and mathematics classes. 

In eighth-grade mathematics, considerable time is devoted to the 
metric system. Generally, the meter as a unit of length is studied first. 
This leads into the units that are larger (kilometer) and smaller (centi- 
meter and others) than the meter. The simplicity and logic of this 
system of measures is apparent to the student after he has had experience 
in converting from one metric measure to others. 

From the metric units of length, most texts go into other measures 
m this system. Frequently this includes such volume measures as 
the milliliter and liter. It is not unusual to have some space devoted 
to weight measures, such as the gram, kilogram, and metric ton. 

Usually however, it is necessary to introduce a confusing by-product 
or the study of the metric system-that or changing from metric to 
tnghsh measures or the opposite. It may have contend the student in 
” *“ th ' re " erc 12 in <*cs in a Toot and 3 feet in a yard. It 

wll doubtless be even more puzzling to him to learn that a meter is 
° r t J at a P°“" d h «3.6 grams. Although the study ol 
baekerouTd" ,0 F rT “ ' SS ' mia ‘ * thc stud ™. P^mably frith a 

uniu^^ordoubfltl^al'ue S to r placVemn a h rC conce P don , ° metr i c 

rrmiu-mit. ° P lacc em phasis upon conversions, 
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standard scales, spring scales, and balances. Other types of measures 
also involve using instruments. The use of these instruments should be 
thought of as more than concrete teaching. For one thing, we should 
expect students to develop some facility in the use of these instruments, 
thereby achieving a higher degree of accuracy in measures. Also, using 
these instruments gives opportunity to bring out the basic principle that 
all measures are approximations. This point is frequently confusing to 
students. By working with measuring instruments, however, they 
demonstrate that they frequently disagree with themselves when the 
same object is measured several different times. As instruments are 
improved, and as skill in the use of instruments increases, our measures 
become better approximations. An exact measure, however, one that 
cannot be improved, has not been achieved. 

Many eighth-grade texts give some work in indirect measurement. One 
of these is somewhat traditional in that we measure the length of a 
shadow cast by an object of known height, then measure the shadow 
length for an object of unknown height. By using these data, one can 
compute the height of the unknown object. The school flagpole has 
long been a favorite object for this calculation. Although ratio and 
proportion do not get major emphasis in eighth-grade arithmetic, the 
teacher and class, in a carefully directed discussion, can usually evolve 
the principles that apply here. Incidentally, the time factor should not 
be overlooked in this type of problem. The shadows are longest in 
early morning and late afternoon, but the shadow lengths are changing 
at a maximum rate at these same times of the day. Hence, if the 
shadow measures of the known and unknown objects are several 
minutes apart, some error is inevitable. 

There has been a tendency for more and more geometry to be 
included in junior high mathematics. Thus some programs now 
introduce the concept of similar triangles in seventh and eighth grade. 
Do you recall that in similar triangles (that is, triangles that have the 
same shape), the corresponding sides are in proportion? Maybe you 
remember it as Afa = Bjb, where A and B are two sides of one triangle 
and a and b are corresponding sides of a similar triangle. Actually, this 
is the principle that was used in the shadow measurements described 
earlier. In the general form, however, this principle can be used to 
find distances across lakes or rivers, distances which would be all but 
impossible to measure directly. 

A further application of indirect measurement is in the use of scale 
drawings. This procedure is usually introduced before eighth grade. 
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usually work with a convenient part of a line called a line segment. The 
interrelationships among points, lines, and planes are sometimes used. 

In some cases, students are shown how to carry out certain types of 
operations using lines. For example, the method used in bisecting a line 
is frequently presented. In some programs, a method for drawing a 
line parallel to a given line is shown. Generally, however, lines are 
treated as essential tools for establishing geometrical figures. Hence, 
the line as such is given little attention. 

Angles. Since the use of the protractor is frequently taught earlier 
than eighth grade, the concept of angles is usually somewhat familiar 
to students of this grade level. It is well to reteach the meaning of 
“degree,” however, and to review the techniques of using a protractor 
in order to measure the size of an angle. 

Some terminology is taught (or retaught), including “vertex of an 
angle,” “sides or legs of an angle,” and possibly a few others. From 
here, the texts usually go into types of angles, right, acute, obtuse, and 
straight angles, with practice in working with each. Do you remember how 
these types of angles differ? One of the more popular approaches to 
working with angles is in problems based upon the compass, since any 
type of angle can be illustrated by this device. Indeed, some texts are 
including fairly sophisticated navigational problems for use in eighth- 
grade mathematics classes. 

Types of figures. Although several of the relatively simple geometric 
figures, such as squares, rectangles, and triangles, are usually introduced 
earlier than eighth grade, these are usually retaught. The concepts are 
expanded in various ways. For example, in working with triangles, the 
method for computing area is developed. Congruent triangles and 
similar triangles are frequently studied, along with certain applications 
of these concepts. Special types of triangles, scalene, isosceles, equi- 
lateral, acute, obtuse, and right, are frequently included. The fact that 
the sum of the angles in a triangle equals 180° is presented, along with 
certain applications and problems based upon this figure. 

In further work with geometrical figures, the various programs vary 
considerably, both as to scope and depth of treatment. Hence, it would 
not be possible to describe a “typical” content for such texts. Among 
the topics being included, one finds triangles, rectangles, squares, 
trapezoids, the rhombus, the parallelogram, quadrilaterals, the penta- 
gon, hexagon, and others. It is noted, of course, that several of the 
terms listed are overlapping. Can you tell which ones are? 
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Some programs take a limited list of figures and go into some detail 
as to computational procedures based upon them. Others present a 
more comprehensive list but, with the exception of a few of the more 
common ones, limit themselves to descriptive treatment. A few pro- 
grams include some details of construction. These may include such 
items as circumscribing a hexagon about a circle or inscribing a square 
in a circle. 

A next step in the geometry section would include the study of solid 
figures, this usually going into a computation of surfaces and volumes. 
Some texts give a relatively comprehensive treatment of this phase, 
going into the study of such solid figures as cubes, rectangular solids, 
cylinders, spheres, cones, and prisms. Certain specialized applications, 
such as the computation of board feet in lumber, are sometimes 
included. 

Probably as important as geometry content is the treatment of these 
topics. The awesome spectacle of a formal geometric proof does not 
confront the eighth-grader. The concepts are presented in narrative 
style, with many illustrations. Further, the developmental approach is 
used to a large degree. Thus, students seldom begin with a formula 
which they apply in order to solve problems. Rather, basic principles 
are presented, then the students and teacher evolve a method. Ulti- 
mately, they summarize their findings in a formula. Certainly it 
would be inefficient to have students develop a method every time 
they need to use it. On the other hand, a student can make meaningful 
use of A ~ ^bh only if he knows why and how it works. 

Good teaching is not likely to result from inadequate preparation. 
This is especially true of the geometry topics which have become a part 
of elementary mathematics. Yet in many cases, elementary teachers 
have rather limited background in geometry because their college 
curriculum did not include any work in that subject. In helping a 
class evolve a concept in geometry, it is vital that the teacher be clear 
on what she is doing. Consequently, in teaching this phase of elemen- 
tary mathematics, it is essential that the teacher make careful, thorough 
daily preparation for teaching. Many experienced teachers can testify 
that it is embarrassing to have students “catch you off base” in such 
matters. 

GRAPHS 

Most of the common types of graphs are introduced to students 
before eighth grade. Consequently, although a considerable amount of 
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reteaching is needed, in most types, little by way of concept develop- 
ment remains to be done. Hence, the authors of the texts usually stress 
a higher degree of accuracy or a wider variety of applications than 
was the case in earlier grades. 

There is an occasional criticism by teachers that the students have 
too many of the decisions made for them in graph preparation. 
Certainly if the student is told to “incorporate the following data” 
in a particular type of graph, he is being given little opportunity to 
decide which graph would serve best under the circumstances. There 
is no reason, however, for the teacher to follow textbook procedure 
blindly in such circumstances. Local data can be used, or textbook 
data can be incorporated into a variety of graph patterns. At any rate, 
the student should have an opportunity to exercise his judgment to 
a considerable degree in deciding which type of graph he wants to use. 

The most widely used graphs in eighth grade are bar, circle, line, 
pictograph, and map graphs, such as are used in meteorology. There 
are numerous variations of these types, such as showing two sets of data 
on the same bar graph or using adjacent scales in showing comparisons. 

In a few programs, students are introduced to coordinate graphs in 
seventh or eighth grade. This, you recall, has x and y axes and is 
divided into four quadrants. Although the concepts involved are 
probably not too difficult for the average eighth-grader, it is of little 
use to bring in this phase of graph work unless it serves a purpose. 
Since the most common use of this type of graph is in working with 
equations, it would be logical to study the two together. Hence, in 
those texts where coordinate graphs are used, they are usually studied 
as part of the work on equations, rather than as part of graphs. Also, 
the relationships with geometry are given considerable emphasis. 

Certain very valuable work habits can be emphasized in working 
with graphs. For example, to be effective, a graph must be neat; many 
eighth-graders need to make further effort in this direction. Also, such 
matters as setting up and using an appropriate scale can give a student 
valuable experience in estimation. The teacher should keep these and 
related goals in mind, since it is easy to let the mechanics of graph 
making come to overshadow other teaching opportunities. Further, a 
teacher should be careful to assign this work at a reasonable speed. In 
one minute, the teacher can assign enough graph work to give the 
student several hours of intensive labor. This would be especially true 
a stu dent who is poorly coordinated and has trouble in the use of 
ru er J protractor, and other instruments. 
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ALGEBRA 

Tor many years, algebra was thought of as something that happens 
in ninth grade. This pattern has gradually changed, however, and now 
the algebraic approach is introduced in the lower elementary grades. 
For example, many small children work with such equations as 
3q.Q =s 7 > or3+ ? =7. As long as students do not think 
that this is something that '‘Mama studied in high school,” they 
usually handle it rather well. 

The algebraic approach gets considerable emphasis in grades seven 
and eight, although frequently the term algebra is not used. Rather, 
attention is concentrated on equations, their uses, and the ways in 
which they can be interpreted. There will usually be some work in 
problem solving by use of equations. 

Although there is no universal pattern in the presentation of algebra 
in eighth grade, one approach is extensively used. After a review of 
terms and concepts associated with equations, it is common practice to 
show that if wc subtract the same amount from both sides of an equa- 
tion, the remainders are equal. Can you. think of ways in which we could 
go back to the concrete in order to show this? After the principle of equal 
subtractions has been established, it is used in the solution of such 
equations as x + 8 = 10. Here wc subtract 8 from each side of the 
equation, so that x = 2. 

Using the same kind of thinking, students may verify that wc can 
solve equations through use of any of the fundamental processes, since 
we can add, subtract, multiply, or divide them. This work will be 
meaningless, however, unless we are sure that students are clear on 
the meaning of equations. Can you see any place for a laboratory balance in 
presenting the f^ualion concept ? Further, there is danger of glib verbalism, 
rather than understanding on such matters as “If equals are added to 
equals, the sums me equal.” 

Some parents and teachers find it confusing that students now learn 
to solve equations without learning to “transpose.” This process 
l carry all unknowns to the left and all knowns to the right, changing 
the sign of any quantity that crosses the equal sign”) was the ultimate 
:n mechanical manipulation. In all too many cases, understanding was 
neither expected nor encouraged. Consequently, the study of algebra 
was not greatly harmed when the process of transposition was no 
longer used. 

It is noted, of course, that the method of equal additions, subtrac- 
tions, multiplications, or divisions is a meaningful way of achieving 
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the same result one would get by transposition. For example, in 
x — 5 = 2, transposition would yield x — 2 + 5 = 7. By equal 
additions, we add 5 to each side of the equation. This gives x — 5 + 
5 = 2 + 5, or * = 7. 

The value of checking a solution by substituting the answer in the 
original equation is usually pointed out in eighth-grade texts. This 
procedure is excellent when taken seriously. In the checking of equa- 
tions as in other types of checking, however, if one works from the 
presupposition of accuracy, little benefit comes from checking. For 
example, if a student solves x — 2 = 6 to get x = 9, he might be 
tempted to set up, by way of a check, that 9—2=6. If checking is 
to be emphasized in such work, it should be treated as a meaningful 
process which can be most helpful in locating errors. It should not be 
just a term that appears in the heading of a long list of exercises, such 
as “Solve and Check.” 

SETS AND SENTENCES 

Some eighth-grade programs are making use of algebraic approaches 
and terms based on set theory. Although the ideas are closely related 
to those of traditional algebra, the terminology is different. For 
example, an equation is referred to as a “sentence” since it expresses a 
complete thought written in symbols. Mathematical sentences with an 
unknown are called “open” sentences. The time-honored term place 
holder may be applied to the unknown in an open sentence such as 
* + 2 - 5. 

Also, students are introduced to the symbols: ^ (does not equal), 
> (greater than), and < (less than). We may have such inequalities 
as x > 5 or x -f- 3 < 10. In the eighth grade, the universe for the 
‘variables” or unknown is usually restricted to the natural numbers. 
Sometimes equations and inequalities are collectively called set selectors, 
since they select a set of numbers that will make a true statement of 
the sentence. 

For example, let the natural numbers be the universe from which 
we choose the "solution” set. 

If x + 3 = 10, the solution set is {7}. 

If x > 5, the solution set is {6, 7, 8, 9, . . . }. 

If x > 10 and x < 13, the solution set is {11, 12}. 

Students may learn how to graph a solution set. Often this helps to 
clarify their ideas about open sentences and solution sets. 
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The emphasis upon business procedures that long dominated some 
eighth-grade programs is gradually disappearing. This is inevitable, 
since the content at this grade level is steadily expanding to include 
more topics that formerly were introduced in high school. Obviously, 
something must be removed in order to make room for the newer 
phases of work. Further, eighth grade is far less ‘‘terminal" than it 
used to be, since the likelihood of student dropouts after “grammar 
school” is less. As a result, less attention is given to business practices 
at this grade level. 

T he sets of arithmetic texts that include books for grades one through 
eight frequently give more attention to business arithmetic at eighth- 
grade Jc\cl than do the separate junior high school sets. 'Hie latter 
group of texts give much more attention to basic mathematics than to 
business practices. 

Some topics included in the more traditional eighth-grade texts arc 
assessed valuation, various types of insurance, the standard types of 
discount, slocks and bonds, checking and savings accounts, simple and 
compound interest, corporations and how they operate, customs’ duty, 
the public debt, dividends, government costs and taxes, installment 
bu>ang, wholesale and retail trade, and many others. Some or these 
top** arc treated in considerable detail. Efforts to add reality arc made, 
chiefly by asking the students to bring in “live" data. 

Some junior high texts designed for use by the eighth grade give very 
i e attention to this phase of arithmetic. It is not unusual to find such 
books omitting such terms as savings, taxes, and discounts. When these 
rem C T thc >’ arc commonly used as applications of per 

hav ■ 1S, thCy , are U$Cd ilIu «ratively. They arc seldom taught as 
having major teaching merit in their own right 

s hS7“ H r any ‘“ Ch ' rS bc conccmcd “ "Mom of this 

v arv LdT T“' general COnC ' U!ions arc since conditions 

further eh ° m °"t “ mmunit >' «° another. We are likely to see 

to shift fh m e ;F hth - gradc contcm ’ wilh emphasis continuing 
to Shirt from the utilitarian to the mathematical. This seems to be the 

“ C mI“l hS °hh lhe h H OWinS P ° Wer ° r,hc -.r f =wer nnd 

lewer terminal eighth-grade students. 


and nrobabfliw eI Th- eW - t0PIC elementar y mathematics is statistics 
probability. This ts receiving attention in several programs. 
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especially those designed specifically for junior high schools. A certain 
amount of background in set theory is usually assumed, since the 
nomenclature used in based upon this approach. 

Students work from very elementary demonstrations to evolve a 
concept of probability. For example, “If you draw a marble from a 
box containing a red, a blue, and a white marble, what is the proba- 
bility that you will draw a red one? A red or white one?” Graphs and 
frequency distributions are used concurrently in order to present 
certain types of data. The mean as a measure of central tendency is 
usually stressed, whereas the standard deviation is emphasized as a 
measure of variance. 

Again, teachers may find themselves wondering whether it serves any 
useful purpose to teach statistics at eighth-grade level. This, of course, 
leads back to the basic question: How is the social criterion, or the 
element of practicality, functioning in the eighth-grade program? 
Corollary to this, to what degree should it function ? At any rate, the 
illustrative and problem material that is used in presenting the work 
in elementary statistics is such as to add reality to this work. Hence, 
it probably does contribute to a students’ basic understanding to give 
him background work in elementary statistics. 


As has been mentioned, a first- 
B- The Exceptional Learner grade class includes a wide range 

of ability. If, however, we assume 
that the intelligence quotients remain stable as the individuals progress 
through the elementary grades, it is apparent that the ability levels, as 
measured by r the mental ages, show an ever-increasing diversity \ 
Consequently, there is likely to be a wide range of abilities by the time 
the group reaches eighth grade (chronological age of fourteen or 
thereabouts). Constant effort on the part of the teacher is essential if 
the needs of all groups are to be met. And, incidentally, she must keep 
m mind that students of average ability (the largest group of all) are 
still present. 


THE SLOW LEARNER 

Unfortunately, the slow learner seldom encounters those phases of 
mathematics that stimulate students, such as enrichment materials. 
His time and effort have largely been devoted to more prosaic matters. 
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such as work on the basic facts. What is the duty of the eighth-grade 
teacher if the student still lias not achieved the required degree of 
confidence in the multiplication or addition facts? 

In such cases, one cannot evade the need for additional work on the 
fundamentals. It is to be hoped, however, that the teacher will mini- 
mize the use of a deadening type of drill. After all, this phase of 
mathematics has probably contributed about all it has to ofTcr by the 
time the student has reached eighth grade. Rather, the teacher should 
try t0 g>'*c the slow learner practical problems in which he will need 
to use the fundamentals. Frequently, slow progress in this area is, at 
least in part, attributable to a lack of interest. Some teachers achieve 
good results by trying a more adult approach. The teacher might 
point out certain weaknesses, the more specific, the better, and urge 
the student to proceed on his own or with a minimum of teacher 
guidance. Many eighth-grade students respond positively when treated 
as adults since this is a relatively new approach to them, and there is a 
real challenge involved. Further, if, he me of enrichment materials is 
limited to the fast-learner group, there is a built-in caste system func- 
° n ”f I ', ,a " y !lo ' v lcarncrs rcs P°"d quite well to an occasional contact 
vith the challenging materials .ha. they see other students using. Some 
teachers, for example, testify that work with bases other than 10 can 

5 TT" 8 P rofilabk >° slow learner as to any other 
segment of the class. 

THE RAPID LEARNER 
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would experience if he v j imagine the thrill an eighth-grader 
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materials in mathematics F companies are producing enrichment 
little or nothing from the SewTu’ *5 the adopted text incorporates 
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The National Council of Teachers of Mathematics publishes some 
excellent enrichment materials. Two illustrations are Ringenberg’s A 
Portrait of 2 and Smith and Ginsburg’s Numbers and Numerals. The 
Webster Publishing Company has a series called "Exploring Mathe- 
matics on Your Own.” Some titles are Sets, Sentences and Operations; 
The World of Statistics ; Computing Devices; Short Cuts in Computing ; 
Understanding Numeration Systems; and Fun with Mathematics . Also, the 
Harper & Row enrichment series, cited previously, includes booklets 
for eighth grade. Some titles are “Calendar Fun,” “Binary Numbers,” 
“Prime Numbers,” and “Guzintas” (as you would surmise, the last one 
is on division). And for the teacher who desires more complete in- 
formation in this area, the National Council of Teachers of Mathe- 
matics publishes Schaaf’s Recreational Mathematics. This is bibliographic 
in nature and cites several thousand sources of assistance for the teacher. 


Something to Think About 

1. A student asks why he has to study the metric system when he never 
uses it. How would you answer him? 

2. What should be the role of business applications in upper elementary 
mathematics ? 

3. Describe several examples of what we mean by “generalizing re- 
lationships.” 

4. Does the fact that many new topics are coming into eighth-grade 
arithmetic mean that the earlier program was too easy ? Explain. 

5. Can the numeral 11021 occur in a base-2 number system? Explain. 

6. Would you consider it in order to teach base 5 to a student who has 
trouble with base 10? Defend your position. 

7. If we teach phases of algebra and geometry in grade eight, what 
happens in grade nine or ten, where such topics have traditionally been 
taught ? 
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are now witnessing a revolution 
in the teaching of mathematics. Emphasis has changed from mere 
facility in computing or manipulating according to rules to understand- 
ing the rules plus facility in applying them. Historically, much of man’s 
difficulty with mathematics has been his inability to make number 
symbols and operations identical with the world he perceives. This is 
true although abstract number certainly arose from man’s concrete use 
of number. Our scientific and technical age demands more from us in 
the use and understanding of number. Yesterday’s “social utility” may 
not meet the needs of tomorrow’s complexities. Number applications 
m old and new ways are needed in the elementary grades. 

This chapter discusses the following topics : 

A. The Number Scale 

B. Measurement 

C. Elementary Algebra 

D. Elementary Geometry 

E. Probability and Statistics 

F. Systems of Numeration with Other 
Bases 
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We shall use the terms point, straight 
A. The Number Scale /in*, and length without definition. 

Some intuitive idea of a point and 
a line certainly develops early in a child. It is possible for us to represent 
numbers as points on a line. We choose some position on a line segment 
as our starting point and label it zero. We then choose some conven- 
ient length and lay off intervals from zero. The points thus located 
are labeled 1, 2, 3, 4, , our natural numbers (Fig. 13.1). Note that 
we marked off the points labeled by the natural numbers to the right 
of the zero point, or origin. Although only a small part of a number 
me may be illustrated, note that we have an infinite sequence of points 
m a one-to-one correspondence with our natural numbers. If the 
length cf the interval from 0 to I is taken as the unit oflength, then 
each number tells tts distance from 0 in terms of this unit. 

t integers uerc developed as an extension of the natural numbers. 

L ind ? T ',T xn l the integm (Fig - 13 - 2 >’ ™p'y number 

•rXh r y Clther V de of,hc Th' positive direction is to 

the right, the negative direction to the left. 

NUMBER OPERATIONS 
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Figure 13.3 

remembering that the positive direction is to the right, the negative to 
the left. To add a positive number, we move that many units to the 
right. To add a negative number, we move that many units to the left. 
Thus (+4) + (+2) means that we start at +4 and move 2 units to 
the right; (+4) + (—2) means that we start at 4-4 and move 2 units 
to the left (Fig. 13.4). 

Subtraction may be demonstrated on the number line by remem- 
bering that subtraction is the inverse of addition. Thus (+3) — (4-2) 
means 4-3 = (4-2) 4- ? , and (4-3) - (-2) means 4-3 = 

( — 2) 4- ? . Thus, we start at 4-2 and move 1 unit right to 4-3, 

or we start at —2 and move 5 units right to 4-3, indicating that 
(+3) - (+2) = +1 and (4-3) - (-2) = 4-5 (Fig. 13.5). 

Show by drawings that to subtract a “ signed ” number you may change the sign 
and add. 



Rational and real points 

We have seen how the integers may be represented by points spaced 
along a line. Each point is separated from the point on either side. 
We know which is the next point. Such a set of points or numbers is 
called a discrete set. On the number line there is a gap or space between 
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a point and the next point. The rational numbers may also be repre- 
sented by points on a line. Since rational points are ordered, we have 
• ° r CrC SCt P°* nts ' This means that, given any two rational 
S T e e Ca V r i Ch 0ne U the S reato Stance from aero, or the 
betlerJ^V 15 fU " her rr0m Zer ° lhan is i- Now • m may note that 
another ratio ^* 1 ““mb"* there is always 

between •j.r.r j f ' * '* I “ us > ^cre is an infinite set of points 

be dense. ” ’ e ga P s secm to be filled. Such a set is said to 

the reaUumben. t 'nius U thM 1 , nUmb " S , are is °morphic to a subset of 
rationals even thouvh tl ’ ■* are lrTallona > numbers “between” the 

V2 eannot h 8 ratIonals form a <*“« *«. For example, the 
between . “ a ra,iTOal - but k "»" S ‘ B» somewhere 

The real numbers comp^te'l'he ITh" W ' iUustrate V2 ’ 
point on the line corresponds to “"h" I" 6 <F ‘ g ' 13-7) because cvcr y 
number there is a point on the numb” hi” ' aml ^ 
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GRAPHS AND THE NUMBER LINE 

The number line may be used to graph or give a visual illustration 
of the solution set of a mathematical statement. Some examples 
follow: 

In the domain of natural numbers, what is the solution set for 
* < 5? The large dots on the line (Fig. 13.8) show the solution set. 

In the domain of the integers, what is the solution set (Fig. 13.9) of 
-3 <*<+3? 

In the domain of the nonnegative real numbers, what is the solution 
set for x -f 1 >4? The solution set (Fig. 13.10) consists of all real 
numbers larger than 3 and 3 itself. The heavy line indicates that all 
re al numbers equal to, and larger than, 3 make up the solution set. 

Note that a number and its negative are the same distance from the 
°ngin. This distance is called the absolute value of the numbers. It is 
symbolized by placing the number between vertical bars. Note that 

((M I +3 1 = | —3 | = 3 

3 means the same as “ -f 3.” A numeral with no sign is understood 
*° re P rese nt a positive number. 


Various forms of measurement per- 
B ' Mea *urement haps make up man’s most frequent 

, uses of number. In fact, hardly any 

P a se of our life is without measurement of some sort. We have seen 
0W Idea of one*to-one correspondence between sets can be used to 
generate a basic concept of number, the cardinal or natural numbers. 
15 idea could be used only when we had sets composed of discrete 
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elements. Early man probably used some kind of matching process to 
satisfy his need for measuring continuous properties, such as length, 
weight, or volume. These were properties not composed of discrete 
elements which could be counted. What, then, is the nature of 
measurement? 


MEASURES AND UNUS 

Basically, measurement is a comparison process. Some unit is 
arbitrarily selected for the property to be measured. The measure of 
the property in some particular case is a number telling how many 
units o t e property are present in the case under consideration. For 
example we use the/ooi as a common unit to measure length. Using a 
rule marked in feet, we compare it with some object whose length we 
The number tdUng how man y fect of length we find 
who 1 mm 7 0f the 0bject - A11 measure ments are approximations 
measure! CUraCy dCP “ dS UP ° n instrument we use “> determine the 

some omnenf, we have a known unit and apply it to 

measures^ ,1 deternune how man y “nits arc contained. Estimating 
fim-hand exn, ‘ mPOr,ant of " CT >day life. We need to have somt 
it means little t Ml* Standard units adopted for use. Thus, 

no ex P : “: , :;h 1 t L ch u dd ,}r m is 10! rect wide if ,hc chiid has had 
com7c d ityo™ourMusT^anTco are mUall >', defin ' :d b f law ' The 

English svsfem oft • u ^ commerce made this necessary. The 

and m r urcs has b = en Es,abusbad £ ° r 

metric uni, stSVuSosr-"^ b " n d ' fi " ed in ° f 

in commerce. 1 sc,entl ^ c work and in other countries 


ADDITIVE MEASURES 


if wcTavc me'asurTroMwu'o TT" 5 arc This means that 

the measure of the two ■ ’• these measu res added gives us 

■"fh. 1^^ z:::iz 3 o z\ ot m ^ ° f 

measures are not additive The • , ^ may bc add itivc. Some 

decibels. Yet, ordinarily, ° f S ° U " d =* 3 ia 

together do not give 20 decibels n r ^ i° UrCCS ° r Eoun d heard 
nected in scries proride 12 volts h ! ° Und ' Two 6-volt batteries con- 
P U volts, bu, connected in parallel they provide 
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6 volts. Most measures of concern to elementary-grade students will 
be additive, but some caution should be exercised in computation 
with measures. 

COMPUTATIONS WITH MEASURES 

Since measurement is a comparison with some kind of standard unit, 
it necessarily involves some error. If we are to measure the width of a 
room with a 6-foot carpenter’s rule, we must lay the rule down, mark 
the end, place the rule on this mark, and so on. We can never be 
precise about our marks and our laying down of the rule. Even the 
measuring of liquids in a laboratory cannot be exact. A liter measure 
has a fine line indicating the level of the liquid to give I liter. But the 
surface of a liquid is not perfectly flat. What point on the curved 
surface do you make even with the line ? Examples of weight, time, or 
other properties could be cited to indicate that all measures are 
approximations. 

Accuracy in measurement. Precision in measurement is limited by the 
instruments we use and by our own limitations. Most carpenters’ 
rules are marked off in sixteenths of an inch. This means the user, by 
being very careful, can measure a length to the nearest sixteenth of an 
inch. Some carpenters’ rules may be marked off in thirty-seconds and 
even sixty-fourths of an inch, but few persons can distinguish such 
markings in making a measurement. Thus, the precision of the meas- 
uring instrument and our own physical limitations limit preciseness in 
measurement. If our rule is marked off in sixteenths of an inch, then 
we must make a judgment as to the nearest sixteenth. Suppose we are 
measuring the width of a board. The width appears to fall somewhere 
between 5}^ and 5j|. We must decide which mark on the rule comes 
closer to the edge of the board. If the edge seems to fall about halfway 
between the marks, two persons may decide differently and thus 
report two different measures. The smallest unit used in a measure 
determines its precision. 

Accuracy in measurement refers to the ratio of the possible error to 
the total error. Suppose our board measured 5jj inches. This means the 
measure was nearer 5j£ than 5]£ or that is, the measure was 
between 5p and 5p. The true width of the board could differ from 
our measure by, at most, ^ inch. The accuracy is ^ -H 5}j. The 
accuracy is X ± 


1 
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We often read that the distance to the sun is 93,000,000 miles to the 
nearest 1 million miles. This is an accuracy' of ybT. Which is the more 
accurate our measure of the width of the board or the measure of the 
distance to the sun? Note that we may compare accuracy of different 
kinds of measures, but not preciseness. 

Approximations. Irrational numbers may be expressed as infinite 
decimals. They may be written with whatever degree of accuracy we 
™h. Thus, we may write V2 = 1.41 and sr = 3.14. The rational i 
may e written .33. Each of these numbers is an approximation. 
Measures are also approximations. When decimal notation is used for 
measures preciseness is usually indicated by the last significant digit, 
lhus, 5.6 centimeters is precise to the nearest tenth of a centimeter, 
uhereas 5.63 centimeters is precise to the nearest hundredth of a 
centimeter. Sometimes precision is written by indicating a correction. 

between^’ tha ‘ the measure lies 

between 5.58 and 5.62 centimeters. 

is riwavsX?^ 6 ?®? k im P ortant - Each ‘he digits 1 to 9 
(1-9) All difrit a * n u Til 1 * S ! gnificant if “ between two other digits 
3 006 70 03 P A ’ n f ° lo "’ lns nt,mbeK arc significant: .304, 570.4, 

digits (Loi ztmTn “ ifit “ “> lhe “ of all cthe; 

0.06 0000015 A ,he foUomng numbers are not significant: .0067, 
sign^Tl ™ ^ «■ -idered 

Fr T en " y ’ ^ -th measures, 

'Ve E may 8 sris 1 TZt^'Tr^ T* 

placing digits by zeros in in, R ° un dmg-off is done by re- 

a decimal fraction bv simo]' 5 "*- 01 - Wh j! C numbcrs - We round off 
digits with zeros from right to ldT/nT d'^' t"' dr ° P ° r rCP ' aCe 
digit dropped or replaced h , dcc,maI n ™eral. If the last 

dig., is left «i, i,.' Tt£l * d” V han 5 ' thc remaining 
then 5, the last remainirm • ™ PPCd ° r re P Iaced by zero is more 

dropped or replaced bv zero ilfe ' ! '? crcascd b y 1. If the last digit 


■comes an even digit. Exempt,,, 

037 rounded to nearest ten is 640 
5-13 rounded to nearest tenth is 5.4 
8.3,0 rounded to nearest hundredth is 8.38. 
rounded to nearest hundred is 6-100. 
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We could follow a rule of increasing any last remaining digit by one 
if the last digit dropped or changed to zero is 5 or more. 

Often we need to add approximate numbers or measures with 
different degrees of preciseness. The sum of measures can be no more 
precise than the least precise of the measures being added. Ordinarily, 
we follow a rule of rounding off all measures to have the same precise- 
ness as the least precise measure before adding. Example: What is the 
total of the following weights: 136 grams, 12.5 grams, 2.63 grams? 

The least precise measure is 136 grams which is expressed to the 
nearest gram. Rounding off, we have 

136 is 136 
12.5 is 12 
2.63 is 3 
Total 151 grams 

In multiplying numbers that are approximations or measures, we 
round off the product so that it has the same number of significant 
digits as there are in the number with the fewer significant digits. This 
is only a rough guide or rule and does not always insure that the prod- 
uct has the same accuracy as the least accurate of the numbers being 
multiplied. Example: A room measures 9.3 by 14.7 feet. Find its area. 
Multiplying we have, 

14.7 

9.3 

441 

1323 

136.71 

Compute area with maximum and minimum value of measures and 
show that only the first two digits on the left can be known for certain. 

SYSTEMS OF MEASURES 

The measures most commonly taught in the elementary grades 
include length, weight, capacity (liquid and dry), time, and square 
measure. Buckingham 1 gives a rather detailed account of how each 
of these measures developed in other countries and in the United 
States. 

1 Burdette R. Buckingham, Elementary Arithmetic (Boston : Ginn & Company, 
1953), pp. 456-735. 
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The systems of common measures used in the United States are 
derived from those of England. For centuries, various monarchs, ruling 
groups, and scientific societies aided in standardizing units in England 
and other European countries. In the United States, the Constitution 
gives Congress powers to fix standards of measure. Standard units of 
measure have been defined by Congress, though control of measuring 
instruments has been left to the states. (Tables of the common units of 
measure in the United States are given in this chapter.) 

Common Units of Measure 
Measures of Length 

12 inches = 1 foot 5280 feet — 1 mile 

3 feet — 1 yard 1760 yards = 1 mile 

5| yards = 1 rod 320 rods = 1 mile 

6 feet = 1 Fathom 6080 feet = 1 nautical mile 

Measures of Weight 

16 ounces = 1 pound 2000 pounds = 1 ton 

100 pounds s=s 1 hundredweight 2240 pounds = 1 long ton 

Measures of Capacity ( liquid ) 

2 cups = 1 pint 4 quarts = 1 gallon 

2 pints = 1 quart 31J gallons = I barrel 

Measures of Capacity (dry) 

2 pints = I quart 4 decks = 1 bushel 

8 quarts — 1 peck (Dry and liquid quarts are not equal.) 
Measures of Time 

60 seconds = 1 minute 28 to 31 days = 1 calendar month 

60 mmmes = l hour 365 days = 1 common year 

24 hour, = 1 day 366 days = 1 leap year 

7 days = 1 week 100 ycats = 1 century 

Square Measures 

144 square inches = 1 square foot 
9 square feet = 1 square yard 
30} square yards = 1 square rod 
160 square rods = 1 acre 

640 acres = I square mile (section) 

36 square miles = 1 township 
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The metric system. The metric system has been adopted for scientific 
and technical use in all countries and for everyday use in most countries 
except the United States and England. The system was an attempt to 
construct units of measure related to our decimal system of numeration. 
The ratios between units in the metric system are in powers of 10. 

Basic units in the metric system are the meter, the gram, and the 
liter, which are measures of length, weight, and volume. Other units 
are formed from these by using a standard set of prefixes. Conversion 
from one unit to the next unit is a matter of multiplying or dividing 
by 10. 

The metric system relates length, weight, and volume. A cubic 
centimeter of water under standard conditions weighs a gram. Thus, a 
liter of water (1000 cubic centimeters) has a weight of 1000 grams, or 
a kilogram. No such simple relationship exists in the English system 
of measures. 


megamcter — 1,000,000 units 

kilometer = 1,000 units 

hectometer = 100 units 

decameter = 10 units 
meter = basic unit 


1 

decimeter = — unit 

I 

centimeter = — — unit 
100 

1 

millimeter — — — unit 
1000 

1 

micrometer = . - ' . • unit 

1,000,000 


Since we have one system of measures in everyday use and another, 
the metric system, for scientific measurement, occasionally there is 
need to convert from one system to the other. Some of the most 
frequently used conversion constants are as follows : 


centimeter = .3937 inch 

meter — 39.37 inches 
kilometer = .62137 mile 

kilogram = 2.2046 pounds 

liter — 1.0567 liquid quarts 


inch = 2.54 centimeters 
foot = .3048 meter 

mile = 1.6093 kilometers 
ounce — 28.35 grams 
pound = .4536 kilogram 

liquid quart = .9464 liter 


The metric system also has a unit for land measure called the are, 
which is 100 square meters. The hectare is 100 ares, or 10,000 square 
meters. A square mile is 259 hectares. An acre is .4046 hectare. 
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There are several reasons for teaching the metric system. Its structure 
is like our decimal system. Working with its units may help develop 
insight into the structure of our system of numeration. 


The notion of set may be useful in 
c. Elementary Algebra developing elementary algebraic 

concepts. In fact, our use of sets 
in developing some basic ideas about numbers has employed simple 
mathematical statements or sentences. These are the building blocks 
for more advanced algebraic concepts. 


SETS AND ALGEBRA 


Sets of numbers and number pairs are frequently encountered in 
real-life situations. Our early experiences in counting a set of objects 
involves pairing the objects with the number names one, two, three, 
and so on. We observe number pairs daily in graphs and charts of 
various kinds. We have observed how useful the number-pair concept 
is in developing our number systems. 

Mathematical statements or sentences are frequently encountered in 
arithmetic and simple algebra. We make judgments as to whether such 
statements are true or false. Such judgments are also made about 
statements outside the realm of mathematics. Consider the following 
sentence . John is in my class at school.” Suppose the word, “John,” 

is rep ace y a blank to get is in my class at school.” This 

is called an open sentence, and it is neither true nor false. It becomes true 
r a se only when a name is inserted in place of the blank. We may 
place some symbol, such as a letter, in place of the name. We then have 
° m my class at sch ° o1 ” This letter is called a 
Z , ' - J,*' "f” ° ran >' ^ the class may be substituted 

make th b , e ’ haVC “ tru,: Any other name would 

make the sentence false. 1 

form orr™ dC 0r s .* m ^ e a ^diEa, open sentences usually take the 
iorm orequahons or inequalities. Example: 

* + 5 = 12 
y - 3 > 5 
3z = 15 
at < 4 
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The role of the letters in the preceding open sentences is that of place 
holder for some set of objects in the universe of objects being considered. 
The set of objects within the universe which may be substituted for 
the letter to give true sentences is called the solution set. The solution 
sets in the universe of natural numbers for the open sentences above are 

{7} 

{9, 10, 11,...} 

{ 5 } 

{0, 1, 2, 3} 

These sentences are called sentences in one variable. In algebra, we may 
be concerned with sentences with more than one variable. 

SOLVING EQUATIONS AND INEQUALITIES 

The solution set for an equation may be found by trying each 
number in the universal set to see whether the open sentence repre- 
sented by the equation becomes a true sentence. This is, of course, 
usually an impossible task. Finding the solution set is called solving the 
equation. Simple equations in one variable may be solved by making 
use of a concept of balance in an equation. Previously, we have 
defined the “equals” mark as indicating that two symbols or sets of 
symbols are different names for the same thing. On this basis, we 
assume the following operations will not change the balance of the 
equation: 

1. Adding the same number to each side of the equation 

2. Subtracting the same number from each side of the equation 

3. Multiplying each side of the equation by the same number 

4. Dividing each side of the equation by the same number. (Re- 
member that division by zero is excluded.) 

Suppose we wish to solve the equation x -f- 5 = 12. Subtract 5 from 
both sides of the equation. 

* + 5 = 12 
- 5 -5 

x =7 

To solve 3z = 15, divide both sides by 3: 

3z _ 15 
~3 ~ 3 
z — 5 
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Solve the equation 5x — 4 = 26. First, add 4 to both sides. 

5x - 4 = 26 
+ 4+4 
5x — 30 

Then, divide both sides by 5. 

5x _30 
5 ” 5 
x — 6 

In each case we found, among the universe of integers, that integer 
which makes a true statement when substituted for the variable. The 
universe may be restricted to natural numbers or it may be the integers 
or the rationals. Arithmetic and simple algebra as taught in the 
elementary grades seldom make use of the real numbers. 

The assumptions about equations do not apply to inequalities. The 
solutton set to the simple inequalities encountered in arithmetic may 
c oun y inspection. Sometimes graphing solution sets on the 
number lmc may be of value. 


FORMULAS 


Srv!m?i “ Ppli “ tion J of " umb ' r may be represented by formulas, 
ferula ' may ‘ nv ° lvcd in a formula as wdl as numbers. The 

“rZTm™ ' ^ C ° miderinS !»»“»*• The 


percentage = rate x base 

L"7,he le, C ,e« n * arc *»«be» to substitute 

one «naHe ‘ ,1 “ but «■ We then have an equation 

What is 15% of GO? ° Ur Pr ° ' m “ ‘° S ° Ive ,he ct l uation - Example: 


P = r x b 
P = .15 x 60 
P =9 


Note that either rate or base mav i,„ „■ • . . 

we must solve for the missing variable 8 “ 8 ' V '" “ am P ,c - and 
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Examples of formulas frequently encountered in arithmetic are 


Per Cent 
Percentage: 

p — r x b = rb 

Base: 

II 

w 

II 

Rate: 

r-P* b= I 

Interest 

Interest: 

i = p x r x t = } 

Distance 

Distance traveled: d = rt 

Distance traveled by falling body: s 

Temperature 

Fahrenheit: 

F = -G + 32 

5 

Centigrade: 

C = | (F — 32) 


Pythagorean Theorem 

c 2 = a 2 + b 2 

(hypotenuse 2 = sum of squares of legs of right triangle) 
Intelligence 

_ MA (Mental Age) 

CA (Chronological Age) 


Geometry is taught in the elemen- 
D. Elementary Geometry tar)- grades on an informal basis. 

Informal geometry deals with the 
length, area, volume, and shape of various kinds of figures. Simple 
constructions and measurements arc used to verify statements about 
geometrical figures. This process contrasts svith formal geometry which 
uses logical arguments to prove theorems about various kinds of 
figures. 
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NATURE Of GEOMETRY 


The basic elements of geometry are points, lines, surfaces, and solids. 
These are undefined elements. Using these elements, basic assumptions 
called postulates are accepted without proof. Along with the undefined 
elements and postulates, definitions may be made. Now, statements 
called theorems may be proved using the undefined elements, the postu- 
lates, and definitions. These theorems once proved may be used to 
prove other theorems. The entire body of geometry is composed of 
its basic elements, definitions, postulates, and theorems. 

Geometry may be divided into metric and nonmetric concepts. 
Metric concepts, as the name suggests, are concerned with measure- 
ments. Length, area, volume, size of angles arc ideas involving 
measurement. Nonmetric concepts are concerned with points, lines, 
angles, curves, and various relationships that exist among them other 
than measures of length, area, volume, or size. 

NONMETRIC CONCEPTS 


The number line on which numbers correspond to points has already 
een described. A line may be considered as a set of points. Lines 
th re ^ rcs ^ ntc as Allows (Fig. 13.11). Arrows are used to indicate 
ha, 'he line extends indefinitely in either direction. The dot nnd 
mean a ? 3 P ° int on ,h ' lin =- * H»e we will always 

(Fie 13 10?% • se £ mcnt ma y b e represented as follows 

S rs t>° ints A ^ B are said to be the end P oints of lhe Une 

point Haw an ^ two P omts on a line there is always another 

two points dete” • * °“ r definition of rational numbers? Notice that any 

-ris ::™ s R a?dT h ber ,h r po! t and Hn - s t 

are used to represent them. d H maritS ° n the papCr Simpl ly 

line lying^n a k p^int I A n u n 1 J ing °V Uni: \ A 150 . we may think of a 
may be considered a one-dimensional 



figure 13.12 
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concept, but a set of lines lying on a point (Fig. 13.13) may be used to 
help us form some idea of a plane or two-dimensional concept. I low 
many lines on a point ? How many points on a line? A plane is also an 
undefined mathematical term. We may use some fiat surface, such as 
a table top, to help us form some concept of a plane. Note that points 
and lines lie on a plane. On a plane we may have sets of points and 
sets of lines. 

Notice that a straight line divides a plane into two half planes (I'hr 


Curves. Straight lines, broken lines, circles, and other such ficnircs 
(Fig. 13.15) are called Thus, almost any “continuous" set of 
points may be called a curve. Higher mathematics has a very precise 
way of defining a continuous curve which is beyond the scope of this 


Circles, triangles, parallelograms, and figures such -i* j|,„ r u 
(Fig. 13.16) are called simp le closed curves . A simple cloicd Curve' dividr! 



Figure 13.15 
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the set of points in the plane on which the figure lies into three subsets. 

lese are t e points outside the curve, those inside the curve, and 
hose on the curve. A line segment (Fig. 13.17) determined by a point 
" i in a simp e closed curve and a point without the curve has at least 
one point in common with the curve itself. 

simlr T ? WayS t0 te ^ ' v ^ et ^er a point is within or without a 
One tect ^ lg ' * s point A inside or outside the curve? 

segment uT * P ° int obviousl y ™tside the curve. Draw line 
then Doint 4 • • 6 j Cgt ? ent * nteTsects curve an odd number of times, 

ections tl 15 thC ^ K there is an number of inter- 

sections, then point A is outside the curve. 



Figure 13.18 




ELEMENTARY GEOMETRY 371 


Figure 13.19 


Figure 13.20 

Curves, such as a figure eight (Fig. 13.19), which cross over 
themselves, are not simple closed curves. Nonmetric concepts have 
been called projective geometry. Also, these concepts gave rise to topology 
or rubber-sheet geometry where characteristics of various geometrical 
figures not related to distance are studied. 

Angles. A half line or ray is represented in Fig. 13.20. Point 0 
is said to be the end point of the ray. If two rays have the same end 
point, they are said to form an angle (Fig. 13.21). The point 0 is the 
vertex of the angle, and the rays are the sides of the angle. Point A is 
said to be in the interior of the angle. 

METRIC CONCEPTS 

Metric concepts are concerned with measurements. When something 
is to be measured, we must have a unit of measure. The measure then 
is a number indicating how many units are contained. A unit of 
measure for angles is the degree. Consider the following (Fig. 13.22) 
angles. The angle represented in (6) may be considered as an angle of 
0 degrees or one of 360 degrees, written 360°. A degree, then is rU of 
the distance around a point. Names have been given to angles based 
on their size. Angles are measured (Fig. 13.23) by a protractor. A 
protractor has a vertex point and a zero point which are made to 
coincide with the vertex and one ray of the angle. The size of the angle 
is read where the other ray intersects the protractor. 
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Constructions. Traditionally, the compass and straightedge have been 
used in making geometric constructions. Figure 13.24 shows some basic 
constructions which students should know; for example, 


!• Bisecting a line segment 

2. Bisecting an angle 

3. Drawing a perpendicular to a line from a point not on the line 

4. Drawing a perpendicular to a line at a point on the line 

5. Drawing an angle equal to a given angle 

“" a • Formulas arc very useful in stating 
of eeoietn- t a ? thma ' Ca pr,nci P Ic or ™>e- The perimeter and area 
list (Fir limn ^ UreS maF statct * as formulas. The accompanying 
areas * *P ves somc com monly used formulas for perimeter and 


Formulas for surface and volume. Some 
face and volume of three-dimensional 



commonly used formulas for sur- 
figures are shown in Fig. 13.26. 


Figure 13.23 





Figure 13.24 


SQUARE 

Perimeter: P = s + s + s + s = 4$ 

Area: A = s x s = s* 

RECTANGLE 

Perimeter: P = I 4- w -f / + w = 2/ + 2w = 2(1 + w) 
Area: A = Iw 


TRIANGLE 

Perimeter: P = AB + BC + AC = o + fc + c 
Area: A = Jbf) 


CIRCLE 

Circumference: C = 2n-r =» n-d 
Area: A = ?rr* 

TRAPEZOID 

Area: A » |fi(o + b) 

(Note that a trapezoid is a quadrilateral having one pair 


of opposite sides parallel.) 


Figure 13.25 



374 NUMBER APPLICATIONS FOR THE TEACHER 



THEOREM OF PYTHAGORAS 


RECTANGULAR SOLID 

Surface area: S = 2 wh + 7hl Iwl 

Volume: V = Iwh 

CUBE 

Surface area: S = 6s’ 

Volume: V = s* 

CYLINDER 

Lateral surface: L c= 2nrh 
Volume: V = nr *h 

CONE 

Lateral surface: L « n rs 
Volume: V - f^r’h 

SPHERE 

Surface: S = 4nt* 

Volume: V-=J w r* 

Figure 13.26 


h ‘ h ' T S ‘, "T and USrful ° r ,h ' orcms is th«t relating the 

O e legs of a nght triangle. It may be stated as follows : 

» - s t0 the 

algebraically and ^■"“«™° ” lraled ° r “P roved ” hundreds of ways, 





Fi 2ure 13.27 




ELEMENTARY GEOMETRY 375 



A well-known instance of failure to have whole numbers for all 
sides of a right triangle came in efforts to find the length of the diagonal 
(Fig. 13.28} of a unit square. According to the Pythagorean theorem, 
the diagonal d is 

rf 2 = 1= + l 2 

= 1 + 1 = 2 , 

or d = V2, which is an irrational number. Show that the diagonal of any 
square of side s is V 2s. 

An important and highly useful 
E. Probability and Statistics concept is that of probability or 

chance. Unless we look for it, we 
are likely to overlook the many ways in which chance enters our 
everyday lives. Our weatherman predicts probable showers. Some 
predictions may even state that the chances of rain are 85 in 100, or 
22 in 100 for tomorrow. Our insurance rates are based on probable 
life expectancies. A team may be given a 50-50 chance of winning. 


PROBABILITY 

If a certain event can happen in h ways and fail to happen in/ ways, 

h 

then the probability of the event happening is said to be h The 

probability of the event failing to happen is Thus ’ we see that a 

chance or probability is a ratio or fraction which may take on values 
from 0 to 1. For example, suppose we have a bag containing 9 white 
beans and 6 black beans. We say the probability of drawing a white 
bean from the bag is its, and of drawing a black bean is A- Obviously, if 
we draw a bean from the bag it is going to be either white or black. 
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What, exactly, is the meaning of these ratios? The meaning may be 
found in the following: Suppose we draw a bean from the bag 1500 
times, each time returning the bean to the bag. Then the number of 
white beans drawn will be very close to 900. This does not mean that 
the number must be exactly 900 or that it could not differ from 900 
by 10, 20, or even 50. 

When we toss a coin, we say the probability of getting heads is 
Again, this does not mean that if we toss the coin two times we must get 
a head and tail. We may get 2 heads or 2 tails. It is correct to say that 
it is more likely that we will get a head and tail than 2 heads or 2 tails. 
What, exactly, can we say about this? Suppose we toss 2 coins. We 
have the following possibilities: 

hhy kt, tk, tt 

There are 4 possibilities. One of these is 2 heads, so the probability of 
getting 2 heads is J. Two of the possibilities are a head and tail (order 
does not matter), so the probability of getting a head and tail is f 
ro a i lty egan as a study of real-life events as did most mathe- 
matical topics Probability theory, however, now may be studied 
eventf ^ math ' maUcal sub i ect not necessarily related to any actual 


DATA AND GRAPHS 


th JprobWsXinfprXrAtten t 0 ™ 3 ' 3 X' ^ lmportant parts of 

tables or (rrmi, * \ ’ ^ ttenllon to the organization of data into 

the elementary grades^ 3 pr ° fi ' able part of arithmetic instruction in 

Sc°cs a are«ul,r pi i ! f" USUa,1 f ba ° p two kinds-scorcs or measures. 

scoX z ** 

of correct answers on a test Mr number ; ‘representing the number 
approximations rounded to the a ’ "“X " hHght ° r wdght ’ are 
are treated alike in elementary stafedcX ' d ' B °‘ h ’‘“‘k ° f ^ 
In cases where there are a tar«r i. 
considered, freauenev A„t„k .■ ™ number scores or measures to be 
the data. A tabic that indXta tX aid in understanding 

intervals is called a fr,au„~ j , . num ber of scores or measures in 

bution or scores on a readimr t ", Luted on pagc 377 is a distri " 
reading test with 50 questions. 
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Test Score 
Intervals 
46-50 
41-45 
36-40 
31-35 
26-30 
21-25 
16-20 
11-15 
6-10 


Number of 
Pupils 
2 
4 
7 
6 
6 
3 
2 
1 
1 


JV = 32 


A graph of the frequency distribution is called a histogram. Test 
intervals are along the horizontal axis; frequency o scores in eac 
interval, are along the vertical axis. The number s own on 
horizontal axis of the graph (Fig. 13.29) is the upper lmi 
interval. 


CENTRAL TENDENCY 


Data may be studied in other ways than reading tables or gr p . 
Certain mathematical concepts may help ns describe importa 
features of a set of data and allow comparisons of sets of data. One 
feature is called the central tendency. The most useful of the seve 



Figure 13.29 
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measures of central tendency is the average, or arithmetic mean. Most 
pupils become familiar with this measure when their test scores are 
averaged” to determine a mark for a course. The mean is simply the 
sum of the scores or measures divided by the number of scores or 
measures. It is usually denoted by M. 


M = 


sum of scores 
number of scores 


Suppose 15 


pupils make the 
10 
9 
8 
8 
7 
7 
7 
7 
6 
5 
5 
3 
3 
3 

_2 

90 


following scores on a 1 0-question quiz. 
The mean is M = 52 = 6. Another 
measure of central tendency is called 
the median. This is the middle score 
in a set of scores arranged in order 
of size. In this example, the eighth 
score from the bottom is 7, which 
is the median score for the group. 
The median has some advantages in 
describing a set of data in that it is 
not affected by an extremely large 
or small score as is the mean. A still 
rougher measure of central tendency 
is the mode. This is simply the score 
most frequently found in a distri- 
bution. In our example, the mode is 
also 7. 


Score or meaure'IbouT wMtZIhe'oth, 5 m ° S ‘ frcqi,entIy found 

cluster. Two sets nf riot other scores or measures tend to 

still differ greatly How dn7l ^ Same avera S e or mean and 
duster? How sp end ,3 3 ° Ut ' he mca " d ° thc measures 

of a set of scoZ u “he " ^ °" e ° f th <= s P rad 

and lowest scores is calledZf „„„ ' d ‘ ffe] ; enc ' bctwecn thc hi S hest 
spread, or variability. 15 a very rough measure of 

difference brtwra 'any ^™’? Ilty is callcd th = standard deviation. The 
is called the deviation about ^ of scores and the mean of the set 
scores: mean. Consider our 1 0-question quiz 
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Square of 

Scores Deviation Deviation 


10 

9 

8 

8 

7 

7 

7 

7 

6 

5 

5 

3 

3 

3 

2 


4 

3 

2 

2 

1 

1 

1 

1 

0 

-1 

-1 

-3 

-3 

-3 

-4 


16 

9 

4 

4 

I 

1 

1 

1 

0 

1 

1 

9 

9 

9 

16 


90 0 82 

Note that the scores above the mean give positive deviations, and those 
below the mean give negative deviations. The sum of the deviations 
about the mean is always zero. The last column contains the deviations 
squared which are all positive numbers. The average of the squared 
deviations is 82 4- 15 = 5.47. Persons who are interested in statistics 
also use this number as a measure of the spread or variability of a set 
of numbers or scores. It is called the variance of the set of scores. The 
square root of the variance is called the standard deviation , and it is also 
used to measure the spread of scores. Both these measures have wide 
application in the study of statistics. If V stands for variance and SD 
for standard deviation, note that 

sum of squares of deviations 
number of deviations 

SD = VV 

The greater the spread, or variability, of a set of numbers, the larger 
their standard deviation. 
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F. Systems of Numeration with 
Other Bases 


polynomial. 


We are familiar with writing num- 
bers in our base- 10 positional 
system of numeration. A number 
such as 374 may be written as a 


374 = 3(10 2 ) + 7(10) + 4 


The polynomial way of writing numbers in a positional system will 
help us learn to write numbers in systems of numerals with bases other 
than 10. Generalizations learned from these exercises may help us 
understand our base- 10 system better. 


BINARY SYSTEM 


The binary system of numeration uses only the symbols 0 and 1. 
^ q C r e 5^“ tcd “ shown in ( Fi S- 13.30). Note that 1 (base 2) is 
f ( ,wi! 0 ™ * at the next numcral ^ the system is 10. Also, 100 
follows 11 (base 2) just as 100 follows 99 (base 10). 

binarv and mult iP licat ion facts are very simple in the 

binary system. Addition facts are 


0 

+0 

0 

Multiplication facts are 

0 

x0 


0 

+ 1 


0 

Xl 


1 

+0 

1 


1 

±1 

10 

1 

xl 


se numeral. It should be rememberec 
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that each position in a base-2 numeral denotes a power of 2 (the base). 
Therefore, 

101101 = 1 ( 2 5 ) + 0 ( 2 *) + 1 ( 2 3 ) + 1 ( 2 2 ) + 0 ( 2 ') + 1 
= 2 s + 2 3 + 2 2 + 1 
= 32+8+4 + 1 
= 45 

The base-10 numeral 45 may be converted back to the equivalent 
base-2 numeral by successive division by 2. 


Divide by 2 


Remainder 


2)45 

22 1 

2)22 

11 0 

2)H 

5 1 

2)5 

2 1 

2)2 

1 0 

2)1 

0 1 


Reading the remainders up after successive division by 2, we get the 
base-2 numeral 101 101, which is equivalent to the base- 10 numeral 45. 
Addition and multiplication examples are demonstrated : 

Reason as follows : 

11011 1 + 1 is the base 10; write 0 and carry 0 

+ 1101 0 + 0 + 1 is base 10; write 0 and carry 0 

101000 (J) + 1 + 0 is base 10; write 0 and carry 0 

(I) + 1 + I may be considered in two steps: 

(J) + 1 is base 10, 10 + 1 is II 
Write 1 and carry 0 

0 + 1 is 10; write 10 
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non 

xlOl 

11011 

11011 

10000111 


Reason as follows: 

Write 11011 

Skip two places to left and write 11011 again 
Next, to add: 

Write 1 
Write 1 

1 + 0 is 1 ; write 1 
1 + 1 is 10; write 0 and carry 0 
CD -h 0 -h 1 is 10; write 0 and carry 0 
0 + 1 is 10; write 0 and carry 0 
0 *f 1 is 10; write 10 


e quinary system of numerals uses the symbols 0, 1, 2, 3, 4. The 

tW , ew "“ merals used in counting are shown in Fig. 13.31. Note 

in the 1 ha ls . ft s ^ stem 10 comes after 4 and 100 after 44, whereas 

f Tmdls , 0 J ; S !? tCm 10 comts after 9 and 100 after 99. What numeral 
precedes tuoo m the gumary system? 

As 8 ™.! add ' ,I0n and multiplication facts are found in Fig. 13.32. 

sucha table S ^th h h 0n8 m th ' fore « oin 8 tab K tWnk how meaningless 
a, able Wtthbase-IQ numer als could be to a child. Try regrouping 
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5 
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S3 
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in groups of 5, and remember the polynomial way of writing numbers. 
For example, 3x4, we know, is 12 (in base-10 numerals) which is 
2 groups of 5 and 2 more. This is 22 in the base-5 system of numerals. 
Suppose you did not have the base-10 system to reason in, how would 

you find the 22? (Group by ’s and write in polynomial form, 

then write in positional form.) 

Rules for converting from quinary to base- 10 form and back will be 
demonstrated. Write 21034 s in base-10 numerals. 

21034 s = 2(5 4 ) + 1(5 3 ) + 0(5 2 ) + 3(5 l ) + 4 
= 2(625) + 1(125) + 3(5) + 4 
= 1250 + 125 + 15 +4 
= 1394 

To convert 1 394 10 back to base-5 numerals, divide successively by 5. 
Divide by 5 Remainder 


5 )1394 


278 4 

5 )278 

55 3 

5)55 

11 0 

5)_n_ 

2 1 

5)2 

0 2 


Reading the remainders up, we get the base-5 numeral 21034 which 
represents the same number as the base- 10 numeral 1394. 

Addition and multiplication examples in base-5 numerals will be 
demonstrated. 

Reason as follows: 

1322 3 + 2 is the base 10; write 0 and carry (J) 

+413 (T) + 1 + 2 is 4; write 4 

2240 4 + 3 is the base 10 and 2 more; write 2 and carry ( ) ) 

(D + 1 is 2; write 2 
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413 

x32 

1331 

2244 

24321 


Reason as follows : 

2 X 3 is base 10 and 1 more; write I and carry (J) 

2 x 1 is 2, 2 +® «3; write 3 

2 x 4 is base 10 and 3 more; write 13 
Next: 

3 x 3 is base 10 and 4 more; write 4 and carry (T) 

3 X 1 is 3, 3 + (J) is 4; write 4 

3 X 4 is 2 bases, or 20, and 2 more; write 22 
Next, to add: 

Write 1 

4 + 3 is base 10 and 2 over; write 2 and carry 0 

1 + 4 + 3 is base 10 and 3 over: write 3 and carry 0) 
1 + 2 + 1 is 4; write 4 
Write 2 


THE DUODECIMAL SYSTEM 

tmed'i’nClT? in o th e- “ dozen ”- base system of numerals were illus- 
han the d?Z i r du ° dedmal ^tem uses more symbols 

tom that ofTh' T ’ “ S rClati °" 10 ‘ he dcdmal system is different 
numerals are represent "n ^ ^ ^ C ° Unli " g 

veSnt.Ltit U d d by m e al “Tt ” dCCimal a " d 

decimal Convert 10 

means in base-12 numeraU P °' yn0m,al form. Thus, 2T8E5,, 


2T8E5 1z 2(10*) + r(10*) + 8(10*) + £(lot) + 5 
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2T8E5 12 = 2(12 4 ) + 10(12 3 ) + 8(12 2 ) + 11(12) + 5 

= 2(20736) + 10(1728) + 8(144) + 11(12) + 5 
= 41472 + 17280 + 1152 + 132 + 5 
= 60,041 

To convert back to the base-12 system, we divide successively by 12 
and change the remainders to base- 12 numerals where necessary. 

Remainder Remainder 

Divide by 12 Base- 10 Numerals Base- 12 Numerals 

12 )60041 

5003 5 v 5 

12 )5003 

416 11 ► £ 

12 )416 

34 8 » 8 

12)34 

2 10 > T 

12)2 

0 2 > 2 

Reading up, we get the base- 12 number 2T8E5. 

To add or multiply with duodecimal numerals meaningfully, we 
must regroup into dozens and units. This is exactly what we try to 
teach elementary school pupils to do in the decimal system. Conversion 
to the tens system may be done to check work. Examples of addition 
and multiplication will be demonstrated. 

Find 8 + 7 in the base-12 system. Re-group 8 + 7 to get (8+4) + 

3 = 1 base and 3, or 13. We write 8 + 7 = 13. Note that although 

the base in the duodecimal system is also written “10,” it means a 

dozen, or 12, in the decimal system. Note the following number facts 
in base- 12 numerals. 

9 + l = T 8 +2 = T 7+3 = T 

9+2 =E 8+3 =E 7+4 =E 

9+3 = 10 8+4 = 10 7 + 5 = 10 

9+4 = 11 8+5 = 11 7 + 6 = 11 

T +1 = E £+1=10 
T + 2 = 10 E + 2 = 11 

T + 3 = ll £ + 3 = 12 
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If we know the basic number facts, then we may add base-12 numbers 
by our well-known procedure. 

Reason as follows: 


+?564 5 + 4 is 9; write 9 

__ 6 + E is 1 base and 5, or 1 5 ; write 5 and carry ffi 

® + 5 + 8 is 1 base and 2, or 12 ; write 2 and cany ffi 
ffi + 1 + Tis 1 base, or 10; write 0 and carry ® 
ffi + 2 is 3; write 3 

To muUiply trith base-12 numerals, much regrouping is required 
Tn, domg ,t Wtthou, a table. You then realize why it is diZltTo 

facts' and mean! "gM to children. The zero 

table ( F tT3 ,4, c P C m not shown ! " ‘he following 

numerauf ^ PP “ e >° U '™ h “ 32 by ,8 in base-12 


Reason as follows : 

8X2 = 1 base and 4, or 14; write 4 and carry ffi 
8x3=2 bases, or 20, 20 -f ffi = 21 ; write 21 
1 x 2 = 2; write 2 

1 X 3 = 3; write 3 
Next, to add: 

Write 4 

2 + 1 =3; write 3 
3+2=5; write 5 




32 

X18 

214 

!L 

534 


figure 13.34 
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To check, change to base- 10 numerals and multiply. 

32 12 >■ 3(12) + 2 = 38 

18 lg ► 1(12) + 8 = 20 

534 ► 5(12 2 ) + 3(12) + 4 760 

= 5(144) + 3(12) + 4 
= 720 +36 +4 
= 760 


Something to Think About 

1. Represent the following numbers on a number line: 

6, V'j Vi 3, 1.66 . . . , — 4, — f , the real numbers between 2 and 3. 

2. Make several mathematical statements and demonstrate the solution 
set of each. Include some statements with the following signs: >, <, 
=, +. 

3. Why is a measurement always an approximation ? 

4. Demonstrate by an example the meaning of accuracy in measurement. 

5. Why do we round off in computation with measures? Give an 
example. 

6. In what sense may we state that algebra is a generalization of 
arithmetic? 

7. What is meant by “solving” an equation? Demonstrate. 

8. What is a nonmetric concept in geometry? A metric concept? 

9. How may a number line be used to clarify operations on positive and 
negative integers? 

10. Of what use is a knowledge of formulas for perimeter, area, and 
volume of geometric figures ? 

11. Find and explain one of the many ways of proving the Pythagorean 
theorem. 

12. Collect a set of data. The data may be scores of some kind or 
measurements. Make a frequency distribution and histogram for the 
set of data. Find the mean and standard deviation. 

1 3. Select some small numbers expressed in the base- 1 0 system of numerals 
and find the base-2, base-5, and base-12 numerals for them. Do this 
by letting dots represent the numbers and then regrouping the dots so 
as to indicate the numerals in the new base. 
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Brune, Irvin H. “Geometry in the Grades,” The Arithmetic Teacher, B 
(May, 1961), 210-19. 

Practical suggestions in developing a point of view regarding geometrical 
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(Changes in elementary school 
mathematics, like those in the secondary school, are affecting content, 
methods of teaching, and grade placement of topics. Generally, the 
grade placement of topics is being examined, and some topics are 
being pushed down into lower grades. There seems to be some hope 
of actually putting in practice the concept of teaching arithmetic 
“meaningfully.” This is not a new concept, but it fits into plans to 
“mathematize” arithmetic. 

This text has stressed making mathematics meaningful and under- 
standable to children. No radical departures in arithmetic programs 
have been suggested. It has become apparent, however, that elemen- 
tary school arithmetic teachers have been woefully unprepared for the 
job of teaching a modern arithmetic program. Emphasis, therefore, 
has been placed on some of the formal developments of arithmetic 
topics. 

This chapter presents a brief summary of the following: 

A. Changes in Elementary School 
Mathematics 

B. Teaching Machines and Programs 

C. Issues in Teaching Elementary School 
Mathematics 
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There has been a great deal of 
A. Changes In Elementary School criticism of the mathematics prO- 
Mathematics gram j n t h e U p p er elementary 
r grades. Weaknesses noted were (1) 

little new material was introduced in these grades; (2) applications 
emphasized business and financial mailers; (3) reteaching was not 
needed by all students; and (4) the rapid learner was not challenged. 
Increased use of machines to do routine computations is causing a shift 
of emphasts from computational skill to deeper understandings in 

mat n'r ° ther ™ ds ’ social of number is changing. Social 
mage of number m the future will require much greater understanding 
of number and number operations. S 

net names"anH -T ‘° gUard against the aeceptance of 

b UeveThat set a COnV ' y n0 new conce P ts - Thus, “any 

believe that sets and set language suddenly have been given an im- 

™‘ of P ro POttion to their contributions to the elementary 

and formal logic haveteedtd too ft" * bd ‘ e . Ve Boolean al S cbra 

mathematics A well l m uch attention in the so-called new 

during formal tus ^of svZirf ,e T', kS Kiucat0r ftds that intro - 
the weight of mathematic i h' ° 81C ,he coIle B e kvel is against 
developed. 2 otthe oTh er hanJT' 0 "°" ° f * hought is 

school mathematics mav be v’ ^ ^ the teachm S of elementary 
mathematics itself and its mn ^ • 3S & result the maturing of 
activities. 3 “ m0re mtimate rel ^ion to man’s everyday 


PROPOSALS FOR CHANGE 

A number of individuals „ , 

experiments and have written s a gI i OUpS have conducted long-term 
elementary mathematics. Under Tns'd X ‘ b ° 0llS a ” d m ° n °S ra P h s on 
push some topics down one or ™" m arc programs which 

presented, and introduce new change ,he wa y t0 P ics are 

The School Mathematics Study Groun h gradcs - 

y Group has done considerable work 

A m " Teac ^* n ® Mud™ Malhemal.es,” 

saunders MacLane, “Th^ p-c, 

'Iwinltd, ”Th , 5. (November 
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on new mathematical topics for the junior high grades and the 
elementary grades. The SMSG had a director and an advisory com- 
mittee composed of mathematicians, high school mathematics teachers, 
educational consultants, and others. Projects included the development 
of experimental units for use at the elementary and junior high levels 
and the writing of sample textbooks and monographs on various 
mathematical topics. Many schools are using these materials to 
supplement regular textbooks and programs. Some are using SMSG 
publications as the textbook in grades seven and eight. 

The University of Illinois Arithmetic Project was a five-year experi- 
ment in arithmetic for grades one through six. The purpose of the 
project was developing better content for elementary mathematics and 
improved ways of presenting it to children. Introduction of more 
sophisticated mathematical concepts at a younger age seems to be 
indicated by the results. Real curriculum changes may be a result of 
this project. 

The University of Maryland Mathematics Project has been con- 
cerned with grades seven and eight. Its study has been guided by an 
advisory committee representing the fields of mathematics, science, 
engineering, and education at the university, as well as the U.S. Office 
of Education, Maryland State Department of Education, and adjacent 
public school systems. The staff of the project and teachers of experi- 
mental classes near the university have developed experimental 
materials for seventh and eighth-grade arithmetic. These materials have 
been used in a large number of experimental classes. Results are 
available to persons and groups interested in experimenting with 
mathematics programs at these grade levels. 

Geometry for the primary grades has been a subject for experimenta- 
tion at Stanford by Hawley and Suppes. A text containing simple 
materials on lines, circles, and constructions was developed and taught 
to several thousand primary-grade children. Children learned quickly. 
Work is continuing in this area. Suppes is also experimenting with 
materials on elementary set theory. First-grade children are learning 
about operations with sets along with ideas on numbers. Concrete 
work with sets may help to make number ideas more meaningful. 

The Madison Project, operating in New York and Connecticut, has 
been concerned with improving mathematics programs from grade 
four through the junior high grades. A two-year algebra program, 
suitable for children down to grade three, has been developed along 
with workbook materials. The program has met with success in a 
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from a few dollars to thousands of dollars. It has developed, however, 
that the heart of the process is not the machine but the program, or 
text material, used with it. Consequently, a steadily increasing amount 
of attention has been given to the development and use of good 
programs. 

One type of program, the so-called linear variety, presents a concept 
by breaking it down into a large number of very small steps. As a 
student advances through the program, the sequence is essentially this: 
(1) a small bit of information is presented; (2) he is confronted with a 
question of a type that, if he has mastered the material in earlier frames, 
he should be able to answer correctly; (3) having arrived at his answer 
or response, he turns a page or activates a machine so that he now sees 
a confirmation frame. Because of the minute steps with which he moves 
forward, the student usually is able to answer correctly. This means that 
he encounters success, or is rewarded, frequently as he advances through 
the program. 

Another type of programing uses the “scrambled text.” In this 
program, the student follows the first two steps as just listed, but the 
confirmation process is different. Let us say that, after a new bit of 
information is presented, the student is confronted with a four-option 
multiple-choice question based upon it. Each answer carries a reference 
to another page of the text. If the student picks the correct response, 
the page to which he is referred tells him his answer is correct, explains 
why it is correct, then presents the next step in the mastery process. If, 
however, he picks an incorrect response, the page to which he is 
referred tells him his answer is wrong, explains the misconceptions that 
were probably involved, and refers him back to his original frame to 
try again. 


SOME USES 

You probably have concluded by now that a program is not designed 
to replace a teacher but that it does have merit as an aid in teaching. 
In addition to the psychological principle of reinforcement, this method 
involves certain other features that are potentially helpful; thus (1) 
each individual can progress at his own rate; (2) each is continually 
informed as to his progress; (3) it is a good way for a student to self- 
administer drill. 

When we view the exceptional learner — either the high-ability or 
low-ability student — as one whose learning pattern is a departure from 
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the norm, we may see an opportunity to make effective use or an 
individualized approach. Programed arithmetic materials may turn 
out to be very helpful in individualizing our teaching for the excep- 
tional learner. There may, however, be some danger of doing just the 
opposite. These materials may be misused in such a way as to give 
arithmetic instruction a routine sameness for all children. 

Publicity surrounding the introduction of teaching machines and 
programed materials makes it necessary to proceed carefully in their 
use. So important is this matter that ajoint committee of the American 
Educational Research Association, the American Psychological Associ- 
ation and the Department of Audio-Visual Instruction, NEA, has 
issued a statement on the use of self-instructional materials and devices. 
The committee noted that these materials and devices represent a 
The ro "•o'" uhon of S 1 ' 21 importance to American education, 
m erialTw CC ’ h °' VeVCr ’ ,hat <° evaluate these 

Mowing rr 1 ’, SUgS “‘ ed SOmc ,cn,a,ive guidelines. The 
following have been adapted from the statement of the committee: 

bv a teach* C ' tmC a pr0granl °f instructional materials and not 
requires maCh ‘ nC ' CValu “™ of a teaching machine 

for each ™ZZl ^ 

2 ' partie a ula P r r Sne m 0n 'y P-grams which fit a 

P rucular machine can be considered available Tor use with it. 

mode, ror example)"^' S' °. r a particular sub j ect ( arith - 

"-“'"P-"- which the a edu;;," 

selfdmtruc^onal ^program "o anSWCr raa " rial d0 “ n °‘ makc a 

small steps requinne fren, ^ Program proceeds by 

program must be carefuUv'd' "^h"* fosponscs. Items in such a 

r °P frat lon, each hem was meamm teach! 3 ' StUdCntS PCrf ° rm 

5 ' *•**-'*«» adapt to individual 

Some ,s pes of such materials flirther' d T” 1 “ hi5 °" n ra,C * 
material, based™ b> ' P r ° ndin K “hranch- 


mg" to alternate material based , 
student's needs. 


> questions which diagnose the 



TEACHING MACHINES AND PROGRAMS 397 


6. Most self-instructional materials provide a record of the student’s 
responses. A purchaser should inquire about the extent of revision 
of materials based on student response. 

7. The effectiveness of a self-instructional program should be based 
on what students learn and remember from the program. A 
purchaser should find out what data are available and the con- 
ditions under which the data were obtained. 

8. Experimentation with self-instructional materials and devices 
should be encouraged before any large-scale adoption. 


ARITHMETIC PROGRAMS 

A number of companies are now publishing arithmetic programs for 
use in teaching machines. Some companies have available the so-called 
scrambled textbooks on various topics in arithmetic. The following 
list (continued on page 398) gives some of these companies and their 
materials. 


Company 

Astra Corporation 
31 Church Street 
New London, Conn. 


TMI-Grolier 

525 Lexington Avenue 
New York 22, N.Y. 


Materials 

Machine Programs: 

390 Arithmetic Facts 
Introduction to and Functions of 
Fractions 

Introduction to and Functions of 
Decimals 

Percentages and Denominate Numbers 

Machine Programs: 

Addition and Subtraction 
Multiplication and Division 
Decimal Numbers 
Fractions 


Programed Workbooks: 

Lower Primary Arithmetic 
Upper Primary Arithmetic 
Addition and Subtraction 
Multiplication and Division 
Fractions 

(all for use in special education classes) 

General Programmed Teaching Machine Programs: 

Corporation Fractions I 

1719 Girard NE Fractions II 

Albuquerque, New Mexico Ratios, Proportions, and Percentages 


Devereaux Teaching Aids 
Box 717 
Devon, Pa. 
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Company Materials 

Field Enterprises Educational Machine Programs: 

Corporation Reviewing Addition Facts 

Merchandise Plaza Reviewing Subtraction Facts 

Chicago 54, 111. Reviewing Multiplication Facts 

Reviewing Division Facts 
Reviewing Fractions 
Reviewing Decimals 

The foregoing is only a partial listing of companies publishing 
programs in arithmetic. The authors have made no evaluation of these 
programs and do not intend this list to be a recommendation of these 
programs. More complete lists of programs and publishers are avail- 
able/ 
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Content. Drastic departures from traditional arithmetic content have 
been sponsored by a variety of groups, most of which were mentioned 
earlier. As is true of most innovations, the advocates saw the new 
content as being patently superior to the traditional type, whereas 
critics saw little good in the new material. Evaluation of the new topics 
will actually require a considerable period of time and a great deal of 
research. Hence, the study of content continues to be an important 
area of research. 

Grade placement . Although it is assumed that many teachers will vary 
content according to the ability of their students, there is no escaping 
the fact that arithmetic content in a particular grade is greatly in- 
fluenced by the textbook or texts and courses of study. Certain topics 
have been up and down the grade scale for many years and still have 
not stabilized. Indeed, the placement of all topics is a matter of con- 
stant study. For example, some programs complete the presentation of 
multiplication facts in fourth grade. But couldn’t this be done in third 
grade? Would learning be more permanent if this phase were com- 
pleted in fifth grade ? 

Some attention has been given to the use of geometric tools in the 
lower elementary grades. The proponents argue that small children 
can use such instruments successfully. Skeptics agree but wonder 
whether it is worth the time and effort to teach these topics to young 
children. Indeed, this illustrates the pattern that holds for many areas 
of study: some say it can and should be done; others wonder whether it 
is that which is most needed at the level in question. 


HOW SHALL IT SC TAUGHT 1 

The whole area of method in elementary mathematics is replete with 
unanswered questions. A few of these are: 

1 . What is the role of drill ? Psychological studies have indicated that 
prolonged periods of drill are of doubtful value. On the other 
hand, many elementary teachers insist that there is no substitute 
for well-directed drill in certain phases of their work. The role of 
self-administered drill through the use of programed materials is 
and will probably continue to be a major issue in elementary 
mathematics teaching. 

2. What is the best use of concrete materials in teaching elementary 
mathematics? The widespread usage of counters and related 
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objects, particularly in introducing certain topics in arithmetic, is 
evidence of teacher attitude. On the other hand, one might well 
ask why we should make such materials available to children but 
later deny them the use of these same materials. 

3. How much emphasis should be given to teaching for under- 
standing? Were earlier methods, based largely upon memorizing 
and applying rules, entirely unsuccessful? What shall we do with 
those students who have difficulty in understanding a process but 
are quite successful in applications, and vice versa? Related to this 
is the never-ending difficulty of trying to teach problem solving. 
Few areas in the teaching of elementary mathematics need 
systematic study more than does this one. 

The list of issues dealing with “How Shall It Be Taught” could be 
continued almost indefinitely. The ones just mentioned, however, 
illustrate the type of questions that await answers. 
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Something to Think About 

L On the basis of articles in. professional journals, describe the usage of 
programed materials in teaching elementary school mathematics. 

2. Compare a new edition of an elementary school mathematics textbook 
with the edition that preceded it. How has the so-called modern 
movement influenced the content of the new edition? 

3. What seem to be the current beliefs about giving prospective elementary 
school teachers the necessary mathematics background during their 
college work? 

4. How would you explain the teaching of set theory in the elementary 
grades to a skeptical parent? 

5. Using The Arithmetic Teacher and other sources, prepare a report on one 
of the various experimental projects that has affected arithmetic 
content and grade placement of topics. 

6. Select a problem or issue confronting elementary mathematics teachers. 
Prepare a report outlining several views on the problem or issue. 


Selected References 

Clark, John R. “Looking Ahead at Instruction in Arithmetic,” The 
Arithmetic Teacher , 8 (December, 1961), 388-94. 

Discusses major aspects of the instructional program in arithmetic in the coming 
decade. 

Fry, Edward. Teaching Machines and Programmed Learning. New York: 
McGraw-Hill Book Company, Inc., 1962. 

A full coverage of teaching machines, how to write programs , and research on 
the place of programs in our educational system. 

Grossnickle, Foster E., and Leo J. Brueckner. Discovering Meanings in 
Elementary School Mathematics. Philadelphia: Holt, Rinehart & Winston, 
Inc., 1963. 

Part I presents a discussion of the modern arithmetic program and the problems 
faced by the arithmetic teacher. 

Spitzer, Herbert F. The Teaching of Arithmetic, 3d ed. Boston: Houghton 
Mifflin Company, 1961. 

Contains a very good account of issues in the teaching of arithmetic. 
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Stalurow, Lawrence. Teaching By Machine. Cooperative Research Mono- 
graph No. 6, Office of Education. Washington, D.C.: Government 
Printing Office, 1961. 

A icry good account of leaching machines, programing, and related topics. 
Contains a taluabU list of references. 

Thorpe, Cleata B. Teaching Elementary Arithmetic. New York: Harper & 
Row, Publishers, 1962. 

A brief discussion of changes in content, methodology, and materials of 
arithmetic is presented in chapter 3. 

Weaver, J. Fred. “Experimental Projects and Research,” The Arithmetic 
Teacher, Vol. 8 and 9, 1961-62. 

Each issue contains reports on experimental projects and research affecting 
content, materials, and methods in arithmetic. 



INDEX 


Abacus, 4, 158-159 
Addition 

associative law, 41, 43, 171 
cancellation laws, 167 
cardinal numbers, 162-163, 164-165 
commutative law, 170-171 
early terms for, 151 
fractions, 230 
for grade: 
one, 83-86 
two, 105-110, 114 
three, 131-137 
four, 199-200 
five, 225-226 
six, 248 
seven, 311-312 
eight, 335 
integers, 170-171 
modem concept, 161 
on number 2ine, 354-355 
of natural numbers, 40-41, 42, 43 
Addition cubes, 86 
Aids (teaching materials) 
to computation, 157-161 
for grade 

one, 75-77, 80-81, 86, 89 
two, 103-105, 112, 116-121 
three, 129, 137, 141, 142, 144 
four, 202, 206, 209, 211, 216 
five, 231-232, 236, 238, 239-240 
six, 249, 257, 266, 26S-269 
seven, 320 

eight, 336, 338-339, 344 
role of, 14-15 
Algebra 

equations and inequalities, 365-366 
formulas, 366-367 
grade eight, 344-345 
and sets, 364-365 
Algorism, term, 150 
Anthmequiz device, 89, 141 
Arithmetic, term, 150 
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Associative law, of addition and multiplication, 
41, 43, 171, 173 

Audiovisual aids, tee Films and filmstrips 


Base and place concepts, 40 
Bases, of number systems, 44-45, 380-387 
binary, 45, 51, 380-382 
decimal, 44, 50, 150, 157 
duodecimal, 384-387 
quinary, 44, 51-52, 382-384 
vigesimal, 45 

Binary base, 45, 51, 380-382 
Binary operations, 40-41, 43, 167 
"Borrowing,’’ 135-136 
"Bridging,” 132-133 
Budgets, grade six, 266-267 


Calculating machines, 160, tee also Computers, 

electronic 

Cancellation laws, 167 
Cardinals, 9, 45-47, 63-64, 74-75 
addition, 162-163, 164-165 
cancellation laws, 167 
finite and infinite, 167 
multipbcation, 165-166 
number systems, 167-168 
one (integer), 167 
special elements, 166-167 
statements and variables, 163-164 
as subset of positive integers, 176 
subtraction, 168-169 
Carrying, in addition, 133-135 
Centra! tendency, in data, 377-378 
Changes, in teaching, 391-400 
Checking, 156-137, 140-141, 156-157 
Chinese numerals, 49 
Classes, tee Sets and classes 
Clocks. 120-121, 131 



Crade three, 127-146 
addition, 131-137 
aids, 129, 137, 141, 142, 144 
drill, 132 
fractions, 141-142 
group counting, 130-131 
measurement, 142-144 
multiplication and division, 137-141 
number system, 129 
place holder and place value, 130 
problem solving, 137, 142 
program, 129-144 
rapid learners, 145-146 
Homan numerals, 131 
slow learners, 144-145 
subtraction, 131-137 
tests, 128-129 
Grade four, 193-218 
addition, 199-200 
aids, 202, 206, 209, 211, 216 
applications, 211-213 
concrete materials, 201-202 
division, 204-206 
fractions, 206-208 
large numbers, 195-196 
measurement, 209-211 
mixed numbers, 208-209 
multiplication, 202-204 
number operations, 195-211 
ordinal numbers, 197 
place value, 196-197 
problem solving, 213-216 
rapid learners, 217-218 
Roman numerals, 198-199 
slow learners, 216-217 
subtraction, 200-201 
testing and diagnosis, 194-195 
tests, 194-195, 215-216 
zero, 197-198 
Crade five, 221-242 
addition, 225-226 
aids, 231-232, 236, 238, 239-240 
applications, 236-238 
decimals, 223-224, 232 
division, 227-229 
estimating answers, 226 
fractions, 223, 229-232 
large numbers, 222 
measurement, 232-236 
mixed numbers, 230-231 
multiplication, 226-227 
number operations, 222-232 
plate laVne, 2.2.1-dTS 
problem solving, 238-240 
rapid learners, 241-242 
Roman numerals, 224 
rounding numbers, 224-225 
slow learners, 240-241 
subtraction, 226 
Grade six, 245-273 
addition, 243 

aids, 249, 257, 266, 268-269 
applications, 266-269 
budgets, 266-267 
curriculum, 271-272 
decimals, 247, 257-261 
division, 248-249 
fractions, 249-257 
generalizations, 270-271 
large numbers, 246-247 
letters and symbols, 269-270 
maps, 263 

measurement, 263-266 
multiplication, 248-249 
number operations, 246-263 
per cent, 261-263 


Grade six (continued) 
problem solving, 269-271 
rapid learners, 273 
Roman numerals, 247 
rounding numbers, 247 
slow learners, 272-273 
subtraction, 248 
Grade seven, 307-330 
addition, 311-312 
aids, 320 

applications, 314-315 
decimal fractions, 313 
diagnosis, 308-309 
division, 311 
fractions, 312-313 
geometry, 320-323 
graphs, 314 

measurement, 319-320, 322-323 
multiplication, 311-312 
nature of numbers, 310-311 
per cent, 317-319 
problem solving, 325-328 
program, 309-325 
rapid learners, 329-330 
reteaching, 310-315 
sets and numbers, 323-325 
slow learners, 329 
testing, 308-309 
whole numbers, 311-312 
Crade eight, 333-349 
addition, 335 
aids, 336, 338-339, 344 
algebra. 344-345 
business applications, 346 
fractions, 336 

generalized relationships, 340 
geometry, 340-342 
graphs, 342-343 
measurement, 338-340 
number structure, 334-335 
per cent, 336-338 
program, 334-347 
Pythagorean theorem, 340 
rapid learners, 343-349 
reteaching, 334-338 
scaled drawings, 339-340 
sets and sentences, 345 
slow learners, 347-348 
statistics, 346-347 
whole numbers, 335 
Graphs and tables, 
and data, 376-377 
5m grade- 
four, 213 
five, 237 
six. 267-268 
seven, 314 
eight, 342-343 
and number line, 357 
Greek numerals, 50 
Group counting, 105, 130-131 
Grouping, 113-115 


IQ tests, 121, 123; tee also Tests 
Illinois, University of, 39, 393 
Infinite cardinal numbers, 167 
Infinite decimals, 187-188 
Integers, tee also Cardinals, 
addition, 170-171 
associative law, 171, 173 
closure, 176 

commutative law, 170-171, 172-173 
defined, 169 



Problem solving (continued) 
for grade: 

two, 112-113. 116 
three, 137, 142 
(our, 213-216 
five, 238-240 
six, 269-271 
seven, 325-328 
methods of teaching, 22-23 
Processing numerals, 162, 279 
Product, term, 153 
Programming, (or computers, 161 
Projective geometry, 371 
Proportion and ratio, 297-299, 315-316 
Pythagorean theorem, 340, 374-375 


Quantitative thinking, 23-24, 82, 214 
Quinary base, 44, 51-52, 382-384 
Quotient, term, 177 


Rapid learners: 
in grade: 
one, 94-95 
two, 122-124 
three, 145-146 
four. 217-218 
five, 241-242 
six, 273 
seven, 329-330 
eight, 348-349 

Ratio and proportion, 297-299, 315-316 
Rational counting, 65, 74 
Rational numbers: 
closure, 175, 170 
division, 176-177 
fractions as number system, 177 
as number system, 182-183 
one (integer), 180 
operations with, 178-179 
rational:, 177-179, 188 
special elements, 180-181 
zero, properties of, 180-181 
Real numbers, 182-188 
decimals, 185-187 
expressions and equations, 183 
irrational numbers, 184-165 
rationals, 188 
seal numbers, 187-188 
Remainder, term, 151 
Repeating decimals, 186-187 
Roman numerals, 48-49, 131, 146, 162, 168, 
198-199, 224. 247 

Roots and powers, 155-150, 294-297 
Rote counting, 65, 74 
Rounding numbers, 224-225, 247 
Roundwg-off, in measurement. 360-361 
Rulers, 121 


Scale drawings, 237-238. 268, 339-340 
School Mathematics Study Group, 392-393 
Scientific notation. 296-297 
Semiquantitative concepts, 82-83, 117 
Sets and classes, 36, 37, 46-47, 53-65, 151, 
162-163 

algebra, 364-365 
cardinals, 63-64 
complementary, 56, 59, 60 
counting, 64 
disjoint, 56 
elements, 53, 54 
equality, 54, 59-60, 61, 63 


Sets and classes (continued) 
finite, 167 
improper subsets, 55 
infinite, 64, 167 
intersection of, 56, 57, 59, 60 
intuitive concepts of, 56-57 
logic and learning, 65 
members, 53, 54 
natural numbers, 64 
null sets, 54, 55, 56, 57, 58, 62 
number, defined, 61-64 
and numbers, 323-325 
one-to-one correspondence, 60-61 
operations on, 55 
plurality, 60, 64 
proper subsets, 55, 59 
and sentences, 345 
set, defined, 53 
sets of sets, 54 
solution, 183 
Standard, 62-63 
subsets, 55, 59 
successors of, 61-62, 63 
viteftwlvi wjjrew.cAfcS.KW., 34 
union of, 55-56, 57. 58, 59 
universal, 56, 57, 59, 164 
Venn diagrams, 56-60 
Sexagesimal base, 45 
Slide rules, 160 
Slow learners: 
in gTade: 
one. 92-94 
two, 121-122 
three, 144-145 
four, 218-217 
five. 240-241 
six, 272-273 
seven, 329 
eight, 347-348 
Social utility, 7, 8, 13-14 
Solfban, 159 
Stanford University, 393 
Statistics, 346-347, 375-387 
Structure, in number systems, 168 
Subtraction - 

additive method, 152 
cancellation lawj, 167 
cardinal numbers, 168-169 
complementary plan, 151-152 
decomposition method, 136, 152 
in division, 115 
early terms for, 151 
equal-additions method, 152 
for grade: 
one, 87-89 
two, 110-113 
three, 131-137 
four, 200-201 
five. 226 
six, 248 
integers, 175 
on number line, 355 
symbol for, 175 
Suan-pan, 158-159 
Sum, term, 151 
Symbolic logic, 36-37 


Tables and graphs, tee Graphs and tables 
Teachers and teaching 
aims, 7-9 

background, 17-18 
changes in, 391-400 
content, 9-11, 20-21 
cum cul urns, 4-18 
development of, 3-30 



